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1 Review

Definition 1.1. C! function f : Q — C is holomorphic if Of = 0. Denote the set of all holomorphic
functions on 2 as A(Q)

Lemma 1.2. If f is holomorphic, then / fdz =0
aQ

Proof.

fdz = / d(fdz) = / of Ndz =0
[2:9] Q Q
Poincare-Lelong formula

Theorem 1.3 (Poincaré-Lelong formula). Since A = &2 + 8?, = 40,0; = 40;0,, dz Ndz =

1 1
_9idxAdy = —2idp. Tn the distributional sense, —% ~ = log(x®+) is the fundamental

solution of Laplacian equation in dimension 2, i.e. Alog(x? + y?) = 4718, we have

Alog |z|?dz Adz = 4nédz Adz < 90log |z|? = 27tisdx A dy
Note. dlog|z|?> = dlog(z) + dlog(z) = dz—z is integrable around 0

Proof. We prove a slightly general result. For any ¢ € C2°(R2), by definition we have

/ $d0log |z — w|? = —/ 0¢ A dlog |z — w?
Q Q

~lim/] 0 A dlog |z — w?
e—0 ‘Z—W]Ee

~lim /Lleed (polog |z — w|?)

= lim pdlog |z — w|?

€20 Jiz_w)=e

Cauchy’s formula

Theorem 1.4 (Cauchy’s formula). If f € CY<), then

// zfdz A dz 1 / f
— dz
T omi 2m 0 Z—W

Proof. By Poincaré-Lelong formula 1.3, we have

i// fodlog |z — w|?

——j/ Gf/\ﬁlog|z—w|2+—/ folog|z — w|?

]/ zfdz A dz /
27t Qm 0 Z —

Corollary 1.5. If f € C'(Q) N A(R), then by Cauchy’s formula 1.4, we know
1

2 Jogoz — W

f(w)

I

[l

flw) =

Which is C*® in w | fo)
() () = T2 2|
frw) 27ti /aQ (z —w)n+l z



Cauchy’s estimate
Corollary 1.6 (Cauchy’s estimate). For K C Q compact, there are constants C, such that for
any f € A(Q)
sup |f™(z)| < CullfllLuiey
zeK

Proof. Consider a bump function ¥ with suppx C €2 and ¥ = 1 on K, then for any w € K

B xf)dz ANdz 1 xf
f(w)—%/]i+7. dz

27 Joq z — W
B // fodz/\dz
_2m

/] zX fdz ANdz
T omi O\K z —

can be bounded on 2\ K O

0z X

Corollary 1.7. A(Q2) C C(Q) is closed, thus a Fréchet space

Proof. Suppose {fj} C A(S2) converges to f in C(2), but since

1 fi(z)

27t Joo z — W

filw) = dz

1t

27 Jooz — W

flw) = dz which implies of = 0 O

Montel’s theorem
Theorem 1.8 (Montel’s theorem). Suppose {f; } C A(Q2) are uniformly bounded on each compact
subset, then there is a subsequence f;, uniformly converges on compact subsets

Proof. For K C Q compact, by Cauchy’s estimate 1.6, f; are Lipschitz with the same Cy, by
Ascoli-Arzela theorem, f; are equicontinuous, thus have convergent subsequence, and then use

diagonal argument by exhaust €2 with compact subsets K O
Riemann extension theorem

Theorem 1.9 (Riemann extension theorem). E C €2 is a discrete subset, f € A(Q\ E), and f is
bounded around each point in E, then f can be extended to a unique f € A(2)

Proof. For zy € E, suppose such f exists, then by Cauchy’s formula 1.4, for any w € D(zo, r)

o1 f(z)
flw) = oni /6D(ZOJ’) z - Wdz

Thus we just take this as a definition, then

) ) 1 f(Z) 1 f(Z)
flw) —flw) = 57— /aD(ZO,r) z—wit om /aD(w.e) 7w
1 f(z)

T o 8D(zg,e) Z — W

dz

Which can be show to arbitrarily small as € — 0



d bar theorem
Theorem 1.10. If a = g(z)dz is a smooth (0,1)-form on 2, then there exists u € C*(Q2) such
that ou = a

Proof. suppose such a u exists, then by Cauchy’s formula 1.4

/f z)dz ANdz 1 / u(z)
u(w + — dz
T omi 27 Jogoz — W

z = 0. This motivates us to first assume a has compact support, and define

1 g(z)dz ANdz
utw) = g [ T

Then d & C \dz A dz
z /\ z glz + zNdz
ulw +€) = 2m/] Qm/]
Hence
Bt (w) // zg z)dz Ndz
2m
=— [] al —w|* A8
ol / A oglz —w[" A dg
=g(w)
Therefore 0u = a. In general, consider a compact exhaustion Q = UKi’ where K; = K;,

K; cC Kj,1, ensured by Corollary 2.6, let x; be a cutoff function such that y; = 1 on K; and

suppxi C Ki.1, then there exists f; such that of; = x;a, by Runge’s theorem 2.2, there exists
1

h; € O(K;) such that |fiy1 — fi — hi||k, < o . Now define

N N
uy = fi+ Y (fest = fo = he) = fyer = Y hy

k=1



Converges uniformly on compact subsets to u, and duy = a on K; for any i < N



2 Runge’s theorem
Definition 2.1. K C Q2 is compact, define
O(K) = {f|k : f is holomorphic in a neighborhood of K}

Then for we have restriction map p : O(Q) — O(K), let ||f|x = max If(z)] to be the L norm
zc
Runge’s theorem

Theorem 2.2 (Runge’s theorem). The following are equivalent
1. The image of p is dense
2. No connected component of 2\ K is relatively compact in Q2
3. If £ € Q\ K, then there exists f € O(2) such that [f(€)] > ||If|k

Definition 2.3. For K C Q2 compact, the holomorphic convex hull of K relative to Q is

K=Kq={zeQ:|flz)| < |If]

Kk, Vf € 0(Q)}

Clearly K C K
Proposition 2.4.

1. Kis compact

2. |flx = Iflx for all f € O(S2)
3. K=K

4. If £ € Q\ K, then there exists f € O(RQ) such that |f(€)] > ||f]k

Proof.

1. K is bounded by considering f = z. Suppose z; € K converges to &, if £ € Q°, then
1 .
f = - will be unbounded on K, thus & € Q, but then for any f € O(R), |f(&)| =

lim If(zi)| < |fllx, thus £ € K

2. By definition, |f|lx < [Iflk, Yf € O(R), and ||f|k < |fllx, Vf € O(R) is obvious

3. K= {zeQ:[f(2) < [fllg = Il ¥f € 0Q)} = K
4. By definition

O
1 A
Example 2.5. K is the unit circle. If 2 is the anulus {2 <lz| < 2}, then K = K. If Q is the
A 1
disc {|z] < 2}, then K = {|z| < 1} is the unit disc. Just consider f = z and f = p
Compact exhaustion of a domain

Corollary 2.6. Any domain  has an exhaustion by compact sets K; = K; such that

Kicc Kizy Cc Kiyqg CcCc 2

Vanishing theorem

Theorem 2.7. U = {U;} is an open cover of &, then H'(1,0) = 0



Proof. Let {¢:} be a partion of unity. For any cocycle {gi;} € Z'(U, O), consider h; = Z igij,

j
then

h; — h; = Zd)kgik - Z¢k9jk
k &
= Zd’k(gik - Jik)
k
= drgij
k

= Jij

Hence 0h; — 6h; = 0, {Oh;} define a well-defined smooth (0,1) form. By Theorem 1.10, there
exist a holomorphic fuction u such that ou = 0h;, define f; = h; — u, then of; = 0, i.e. {fi}’s
are holomorphic, and gi; = f; — f. In other words, {gi;} is the image of {f;} € C*(U, ) under
the coboundary map O

Theorem 2.8 (Mittag-Leffler theorem). 2 C C is an open set, E C Q is a discrete subset, then
there exists a meromorphic function f with prescribed principal parts on E

Proof. There exists and open cover U = {U;} and f; € S(U;) with the prescribed principal
parts round each point of E, then f; — f; € O(U; n Uj) is a coycle, by Theorem 2.7, there exist
holomorphic functions {g;} such that f; — f; = gi — gj on U; N U}, then f; — gi = f; — gj defines a
global meromorphic function f such that f — f; = —g; on U; which is holomorphic O

Weierstrass theorem
Theorem 2.9 (Weierstrass theorem). E C € is discrete, then

1. There is f € JL(2) with arbitrary orders precisely at E
2. Any f € J(Q2) can be written as f = g/h for g, h € O(Q)
Proof.
1. First take care of poles, and then multiply by ap(z — zp)™ for each zero z, that converges
2.
O

Definition 2.10. Open subset Q C C™ is called a domain of holomorphy if for any p € Q\ €,
there is no holomorphic function g defined on an open set U 3 p with g =f on UNQX

Theorem 2.11. For any proper open subset 2 C C is a domain of holomorphic

Proof. Suppose p € 0, p € U is a neighborhood, g € O(U) such that f = g on Qn U,
then there exists {&,} discrete and converging to p. By Weierstrass theorem 2.9, there exists
f € O(R) having exactly {& } as zeros, but then g has to be identically zero, so is f which is a
contradiction O



3 Subharmonic functions
Definition 3.1. 2 C C is a domain. u: Q2 — RU {—oo} is upper semicontinuous if for y € R the
set {u < y} is open

Definition 3.2. An upper semicontinuous function u is subharmonic if is not identitcally —oo,
and for each U CC Q and harmonic function h on U with u < h on 80U, we have u < h for all
zeU

Example 3.3. If u € C%(Q2) and Au > 0, then u is subharmonic

Theorem 3.4. 1. If {u; } are subharmonic and u = sup u; is finite and upper semicontinuous,
then u is subharmonic

2. If u; > u;4q1 are subharmonic, then u = lim u; is subharmonic
Proof.
1. By definition

2. {u <y} =UJ{w <y} is open, hence u is upper semicontinuous. Suppose u < h on oU
for some U CC €2 and harmonic function h. For any € > 0, consider

F; = {x € dU|u;(x) > h(x) + €}

are compact, thus (| F; = @ implies that a finite intersection is empty, hence u < h + €

O
Fact 3.5. If u is subharmonic on €, then u € L1 ()
Theorem 3.6. Subharmonic function u satisfies the sub-mean value property
1 ;
u(z) < %/0 u(z + re®)de (3.1)

For almost all r sufficiently small

Proof. u is integrable on circle of radius r about z for sufficiently small r, we can find continuous
functions h, > u, on the circle such that h, — u in L', extend h, to harmonic functions, then

1 271

. 1 271 )
u(z) < hnlz) = o Jy hn(z + re'®)do — g/o u(z + re')de

Proposition 3.7. Subharminoc functions satisfies Au > 0 in the weak sense
] uAd > 0,¥ € C2(Q),é > 0
Q
Proof. Multiply ¢ on both sides of (3.1) and integrate over Q we get

/QQJTU(Z)(Z)(Z)d[J < /Qd)(z) /02]T u(z + re®)dodp
271

- / u(z) | ¢z —re'®)dodp
Q 0

Then we get
27t .
0< / u(z) oz — re'?) — ¢p(z)dodp
Q 0
27t
= / u(z)/ ~9,0(z)re'® — 0,0(z)re 1 + p(z)r?e?® + Fo(z)r’e % 1 20,8,¢(z)r* + O(r*)dodp
Q 0

27t
= / u(z) 1A(j)(z)r2 + O(r*)dodp
Q o 2

Divide % and let r — 0 0



Proposition 3.8. Subharmonicity is a local property, i.e. suppose u is upper semicontinuous on
2, and locally subharmonic, then u is subharmonic on €2

Proof. Suppose h is harmonic, U CC 2, u < h on 09, consider v = u — h, assume supy v =
M > 0, then by the upper semicontinuity, we know that F = {v = M} is compact in U, there
exists zg € OF obtains the least distance from OU, then for any small r > 0, F will miss an arc
of positive measure if dB(zo, r), hence

1 .
ﬂv(zo +relf)do < M

But this contradicts sub-mean value property O

Example 3.9. If f;,--- ,fr € O(), not all zero, then u = log(|f1|> + - -+ + |fx|?) is subharmonic
since log |f| is harmonic and Au > 0



4 Almost complex structure

Definition 4.1. V is a real vector space, an almost complex structure is an endomorphism J : V —
V such that J2 = —I. Let V*0 @ Vo' = Vi be the +i eigenspaces of |

Proposition 4.2. We can find basis such that V = R?" such that J = <(I) _OI> For local
0

coordinate (xj,y;) of a complex manifold, { —, — t is such a basis, —, — are the *i
6xi ayi 6Zi aZi

eigenvectors. This motivates the definition of a real isomorphism p: V — V19 v Q(V —iJv),

then pJ = ip. Suppose V, W both have almost complex structures, given an R-linear map
T:V - W, let T: V0 —» W0 be given by the commutative diagram

v T . w

0| lp

ViO W10

T is complex linear if TJ = JT <= Ti = iT. Alternatively, extend T to a map Ve — We, and
this conditions is exactly that this extension preserves (1,0) and (0, 1) subspaces

Lemma 4.3 (Osgood’s lemma). If f : Q — C is continuous and holomorphic in each variable,
then it is analytic

Proof. Tterate Cauchy’s formula and use Fubini’s theorem to write

(1 " fw)dw
fle) = <27Ti> A/vvieA(zi,rf) (Wi —z4) - (Wn — 2zp)

1 g
CTRr e e R WY g

Then a convergent power series expression follows, with

. 1 "/ f(w)dw
! 27t wEeA(z,r) (Wi - Zl)i1+1 co (Wn - Zn)i"+1

The total order of an analytic function f at £ is the smallest value of |I| for which ¢; # 0 O

Then

Definition 4.4. A set E C Q is called thin if for every € € E there is a polydisk A(&,r) CcC Q
and g € A(A(&,r)) such that E N A(&,r) C Z(g). Note that for n = 1, this is equivalent to
discrete

Theorem 4.5 (Riemann extension theorem). If f € A(SQ2\ E) where E is a thin set, and f is locally
bounded on €2, then there exists f € A(Q2) such that f = f on the complement of E

Proof. Let k be the total order of g at &€ By an application of Rouché’s theorem (and after
modifying r and a change of variables), we can assume that for each zq,---,z,_1 the function
Zn+— g(z1,+-+,Zn_1, 2y) has exactly k zeros and none on the boundary O

In higher dimensions, to solve 0 equation, there must be a integrability condition. Indeed, if we
can solve the equation, then 0 = é*u = da, i.e. we require a to be 0 closed

Proposition 4.6. Let n > 2. If a is a smooth compactly supported (0,1) form on C™ with da = 0,
then there is a u € C°, with du = «

Proof.
O

Corollary 4.7 (Hartogs theorem). Let K C €2 be compact with Q\ K connected. If f € A(Q\K),
there exists f € A(Q2) that is equal to f on the complement of K

10



Proof. Let ¢ € CX(2) be =1 in a neighborhood of K, let a = ol(1 — @)f). Then « is o-closed
and compactly supported. Hence, there is uc C°(C™) with 0u = a. Then let f = (1 — ¢)f —u,
f € A(Q), since u is compactly supported, f = f on Q\ K O

Note. The assumption that 2\ K is connected is necessary. For example, let K C B(0,1) =
{|z| < 1} be the set where |z| = }, and take

fla) = z, if1/2<z] <1
o ifjz] <1/2

Then there is no holomorphic extension to B(0, 1)

Proposition 4.8. If « is a smooth d-closed (0,1) form on a polydisk A = A(0,r), then a = du
for some u € C®(A)

Proof. Just like in the one variable case, exhaust A by nested closed polydiscs K;. Use cut-
off functions to find u;, Ou; in a neighborhood of K;. Then u;j,1 — u; is holomorphic in a
neighborhood of K;. Now by the power series expansion, there is a polynomial p; such that
uivs —u;i — pillk, < 27 The rest follows as in the proof of the one variable case O

Note. We heavily used the geometric properties of the polydisc
Corollary 4.9 (Cousin theorem). U = {u;} is an open cover of polydisc A, then HY(A,U) = 0
Theorem 4.10. If a € C5 (A), ¢ > 1, 6a = 0. Then a = 8u for some u € Cy . _)(A)

Remark 4.11. This states that the Dolbeault cohomology groups Hg'q (A)=0

Proof. Induct on k = 1,---,n, the smallest integer such that a only involves dzj,--- ,dZzg.
If k = 1, then q = 1 and we have already proven the result. Suppose the result is true
for k — 1. Write a = w A dz, + B, where w and 3 only involve dzy,---,dZr_1. We have
0 = dat = 0w A dz + 0B. This implies both w, B are holomorphic in the variables zp,1,: - ,Zn.
Apply the one variable solution to find 1, 01 = w AdZzy, + 0, here o only involves dzy, - -+ ,dZg_1.
Now a — Ou = f — 0 is O-closed. By induction, we can write B — 0 = 0v, and so we set
u=v+pu O

Example 4.12. Let Q C C? be a domain. For &€ € Q, let Q* = Q\ {£}. Then Hg'i(Q*) # {0}

Proof. Without loss of generality assume € = (0,0). Consider the (0, 1)-form
1, _ . = Zo
w = —(—2z9dzy + z1dZzs) = 0

r* z1r?

Clearly, w is smooth on ¥, and 0w = 0. Suppose w = du for u € C®(Q*). Then f(zy,z9) =

Z
zZiu — —; is holomorphic on Q*\ {z; = 0}, and it is locally bounded on *. By Riemann
extension, it is holomorphic on 2*. By Hartogs, it extends to Q2. But for zo + 0 we clearly have

1
f(0,zy) = — contradiction O
2
Proposition 4.13. K C Q2 is compact
1. Ko is closed in Q

2. Kg is not necessarily closed in C". E.g. if n > 2, let Q = B"\ {0}, K = {|z| = 1/2}. Then
by Hartogs’ theorem, Ko = Bf), \ {0}

3. Ko C B(K), the closed convex hull of K. In particular, Ko is bounded

Proof. Let w ¢ G(K), zp € B(K) minimizes distance to w, let €& € (C")* define a supporting
hyperplane for G(K) so that B(K) C Re(&,z) < 0 and Re(&,w) > 0. Let f(z) = exp(&, z),
If(z)| = expRe(€&, z) which violates the definition, so w ¢ Kq O

11



Definition 4.14. A domain Q2 C C" is holomorphically convex if for every compact K C €,
Kg is compact. If €2 is convex, then it is holomorphically convex. If n = 1, all domains are
holomorphically convex. The previous counter-example shows this is not true if n > 2

Proposition 4.15. 2 C C" is holomorphically convex <= every discrete, infinite set {z;} C Q
there is f € A(Q2) with |f(z;)] unbounded

Proof. «: If Kq is not compact there is a discrete infinite subset {z;} C K. But then |f(z;)| <
Ifllx, Vi, f € A(2). This contradicts the existence of f € A(Q2) where |f(z;)| is unbounded

=: Exhaust 2 by nested compact sets Kj, Kj = K;. We may assume z; € Kj;1 \ K;. We can
find f; € A(R2) such that f;(z;) = 1, ||fj||k, < 1, by taking power, ||fj|k, can actually be arbitrarily
small. Let gj € A(2) be such that gj(z;) = 1, gj(zj) = 0 for i < j. Now define A; by
j—1
A=j =) hgifilz)
i=1
Assume ||A;gifi|k, < 277. Now let f(z) = Y372, Aigifi(z). This converges uniformly on compact
sets, and so f € A(Q). Finally
j j-1
flzj) = Y Migifi(z) = Aigifi(z) + Y higifilz)) =
i=1 i=1

O

Definition 4.16. 2 C C" is called a domain of holomorphy if there is f € A(R2) such that for any
p € 2\ Q and any Q" about p, there is no g € A(€2’) such that g = f on Q' N Q

Theorem 4.17. 2 C C" is holomorphically convex <= it is a domain of holomorphy
Corollary 4.18. A convex domain in C" is a domain of holomorphy

Proof. = is similar to the one variable case. < is a theorem of Oka (this will be generalized)
= Fix a polydisc A about the origin. For & € Q, let Ag = £ + rA, where r is the supremum
such that £ + rA C Q. Let E C Q be countable dense. Let {&;} be a sequence containing every
point of E infinitely may times. Write Q = (JKj. Since Kj CC 2, Jzj € Ag, with z; ¢ IA{,-‘
Choose f; € A(Q), filzj) = 1, Ifillx, < 27. Set f(z) = [](1 - f;). Then f converges uniformly
on compact sets, so f € A(2). Now f has zeros of order > j at z;. Any continuation of f would
have a zero of infinite order

=: Let d(z) = suppncar, d(K) = inf,exd(z). Claim d(K) = d(K) > 0. This will imply
K cc Q. Let f € A(Q) so that the radius of convergence at z is d(z), let § < d(K), Ks =

! .
Uwex Alw, 6). By Cauchy estimates: ||D'f||x < ﬁ”ﬂ[;{w But D'f € A(RQ), so for z € K,

I .
|D'f(z)| < |ID'f||k < m”]‘[[Ké. This implies that the radius of convergence at z € K is at least
8, i.e. d(z) > 6, and so d(K) > d(K). Since K C K, the other inequality is trivial O

12



Proposition 4.19. If {Q }4cr are domains of holomorphy in C", then the interior € of (,c; Qq
is also a domain of holomorphy

Proof. K C 2 is compact. For each a € I, K C Q C 2, which implies Ko C KQa. This implies
do, (Ko,) < do,(Kg), for all a. Since Q4 is holomorphically convex, dg, (Ka,) = dg, (K). Hence
do(K) < do, (K) < dg,(Kg). Finally, this implies do(K) < do(Kg). As before, we conclude that
do(K) = d(Kg), and so Kq is compact, so Q is holomorphically convex O

Claim. Suppose Q2 is a domain of holomorphy. Let fi,--- , fy € A(R2), and define
Q. ={zeQ|filz)] <c,j=1,--- ,N}
Then €2, is also a domain of holomorphy

Proof. Let K C Q.. Let z € Ko. Then in particular, for any j = 1,---, N, |fi(z)] < |Ifill < c-
So z € Q.. Now RQC C Ko € Q and so RQC is compact O]

Claim. Let u:Q C C" — C™ be hol~omorphic, with @ a domain of holomorphy. If ' C C™ is
a domain of holomorphy, then so is = u=1(<)

Proof. Let K C Q2 C Q be compact. Since f(Q C Ko C Q, it suffices to show RQ is closed in Q.
Let zj — z € Q, z;Kg. Notice that u(Kg) C u(K)g. Hence u(z) € @, and so z € Q O

Lemma 4.20. Let Q C C" be a domain of holomorphy, and K C Q. Suppose f € A(Q2) is such
that |f(z)| < d(z) for all z € K, then |[f(&)| < d(&) for all £ € Kq

Proof. We first claim that if u € A(S), then the power series expansion of u at & € K¢ converges
on A(£,|f(£)]). This will prove the Lemma, because we can take u to be teh function with no
analytic continuation beyond 2

Proof of the claim: Let 0 < § < 1, as before, the Cauchy estimates provide for some constant

M that .
6
IDIU(Z)I% <M,V¥ze K
Now D'u(z)f(z)l!l € A(Q), so the same estimate holds on Kq. This means the radius of conver-
gence at € € Kq is a t least 6|f(€)]. Since § was arbitrary, this proves the claim O

Fundamental consequence: Let D CC €2 be a 1-dimensional disc
1. Suppose f is a polynomial in one variable such that —logd(z) < Re f(z), for z € oD
2. Let f be the restriction of F € A(S). Then |e~F?| < d(z), z € 8D
3. By the maximum principle, D C EB/D\Q
4. From the Lemma, we have |e F?| < d(z), z € 8D
5. This in turn implies —logd(z) < Ref on D

Approximating harmonic functions by polynomials, we conclude that u = —logd is subharmonic
on any complex line in

13



5 Hartogs theorem

Theorem 5.1.

14



6 Pseudoconvexity

Definition 6.1. An upper semicontinuous function ¢ : Q C C" — [—00, 00) is plurisubharmonic
if the restriction of ¢ to every complex line L N 2, L = C, is subharmonic. Let P(Q2) be the set
of plurisubharmonic (psh) functions on Q2

Proposition 6.2. ¢ € C*(Q) is psh <= for all £ € C" and all z € Q, the complex Hessian is
positive semidefinite

Z 6216' (268 2 0

i,j=1
¢ is strictly psh if > holds for every € + 0

Remark 6.3. A real (1,1) form on Q can be written as
n
w(z) =i Z gi;(z)dz; A dz;
ij=1

where g;; is a Hermitian matrix. We say that w > O(resp. w > 0) if (g;;(2)) is positive semidefi-
nite(resp. positive definite) for every z € Q. This means that for each £ € C", € £ 0

n
) " g;(z)&&; > Ofresp. w > 0)
ij=1
In the case w > 0, g;; defines a Hermitian metric on €2, and w is its associate Kahler form
Proof. A line j: L — C" is given by a choice £ # 0 in C", so that j(T) = zg + T, then
7*(dzi) = &dt,5*(dz) = &dT

- L2
J*(i60¢) = 6z-g; (2)&& | idT Adt
ij=1 e
n 82¢

= | X azaz, @65 | 2n
ij !

On the other hand . .
J*(i00¢) = i0,0,(¢p o)) = Alp 0j)2dp
O

Definition 6.4. A domain Q2 C C" is pseudoconvex if there exists a continuous psh exhaustion
function ¢, i.e.
= {z € Qlp(z) <c} cc

For every c € R

Fact 6.5 (Richberg). If Q2 is pseudoconvex, there is a C™ strictly psh exhaustion function on Q
(see Demailly’s book)

Theorem 6.6. 2 C Q2 is a domain of holomorphy iff it is pseudoconvex

Proof. Recall d(z) = supa(,ncor- =: We have shown that —logd(z) is psh. It is also contin-
uous. We claim that u(z) = |z|*> — logd(z) does the job Closedness: If z; — w € Q\ Q, then
d(z;) — 0, so u diverges Boundedness: Fix any w € Q\ , then

d(z) < |z —w| < [z] + |w]|
so for |z| large
logd(z) < 2log|z| < %]zl

This means a bound on u implies a bound on |z| O
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Example 6.7. 1. Geometrically convex sets are pseudoconvex(e.g. balls and polydisks)
2. If {Qq} are pseudoconvex, then the interior € of ()4 is pseudoconvex
3. Annuli or punctured domains are not pseudoconvex

4. Let @ C C" be pseudoconvex, fi,---,fr € A(RQ), then Q = QA V(f1) U--- U V(fy) is
pseudoconvex. Indeed, if ¢ is the psh exhaustion function on €2, take ¢ = ¢ — log If1] -
—log |fe| on 2

Proposition 6.8. Suppose 2 C C" is pseudoconvex. Then —logd(z) is psh

Proof. D cc Qisadisc, f on D, F € A(RQ) restricts to f, suppose —logd(z) < Ref(z), z € dD,
or equivalently d(z) > |e /|, z € D. We want to show this holds in D. Fix w € A(0,1). Let

K={z+Awe'?|zc8D,0< A <1}

Then K C Q
A={ef01]lz+Awe @ cQVzeD,0<A <A}

Notice that A # &, since 0 € A. We want show that A = [0,1]. A is clearly open. Suppose
Ai /¢, A € A, let ¢ be a continuous psh exhasution function on €2, then for each j, z € D,
oz + Awe ™ (2)) < supy ¢, but since this is a compact set, ¢ € A O

Pseudoconvexity is a property of the boundary of 2

Proposition 6.9. Q C C". Suppose that for every & € Q there is an open set £ € U such that
U N Q is pseudoconvex. Then Q2 is a pseudoconex

Proof. Let & € 09, set Q = UN Q. For z sufficiently close to &, d(z) = do(z) = dg(z), so
—log d(z) is psh in a neighborhood of 8Q(say, Q\F for smote closed F).Find a smooth proper psh
function ¥ on C" such that ¢(z) > —logd(z) for z € F. Now let ¢(z) = max{y(z), —logd(z)}.
Then ¢ is a continuous psh exhaustion function O

Definition 6.10.  C C" have a C? boundary. In a neighborhood U of zg € 8Q we can find a
C? defining function p: U — R, i.e.

QNU={zeUlp(z) <0}, Vp+0ondQ2nU

The Levi form L,, at the point zg is the quadratic form Hess(p) restricted to V,, = T,,02 N
J(T,,02). Alternatively, let & € C™ satisfy Y-, az = 0. Then we define

-y

i,j=1

6z]8' 20)&i€;

Here, if £ is the vector corresponding to v then L(v) = L(€)
d(z)>=d(w)-r
Lemma 6.11. Let z,w € Q, £ € A0, r) such that z = w + & Then d(z) > d(w) —

Proof. Let n be in some polydisk about 0, such that z + n € 82, and d(z) = max |n;|. Then
w + & + n € 02. This implies

d(w) < max (£ + n);| < max |&] + max || < r + d(2)
] ] ]

O

Proposition 6.12. Q2 is pseudoconvex <= the Levi form is everywhere positive semidefinite on

o2
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—dg(z) zeQ
Proof. =: p(z) = 10 z € 8Q, then p is C?. The function ¢ = —logd is C? and psh
~de(z) ze S
Pé 1 &d 1 ad(z) éd(z)

aZiaZj h _d(Z) aZiaZj * d(Z)2 aZi azi

So for z € Q

1
O<Za él‘g’_zd 6262,

l]_
Now let z — 022
&: Suppose ¢ = aTar logd(zg + Twg) > 0. logd(zo + T™wy) = logd(zo) + Re(AT + Bt?) +
c|t|? + o(|t]?). Choose & € 0A(0,d(zo)) such that zo + & € 09, max; |&;| = d(zo). Let
z(T) = zo + TWy + & exp(AT + B1?). By Lemma 6.11

d(z(t)) > d(zo + Two) — d(z0)| exp(AT + B1?)|
> |exp(AT + Br?)|(e°I"2 — 1)

Now d(z(0)) = 0. The inequalitity implies

~-d(z(7)

-0, -2 _d
o orar

T=

In other words

6p -
Ozazaz )<O

i=1 i,j=1
This contradicts L) > 0 O]
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7 Hormander’s L? estimate

Definition 7.1. Hy, Hy are complex Hilbert space, T : Hy — Hy is an unbounded operator, if it is
a linear map defined on some linear subspace D(T) < Hj called the domain of T. T is densely
defined if D(T) is dense in Hy. T is closed if the graph Gr(T) = {(x, Tx) € Hy x Hy|x € D(T)} is
closed. T has closed range if R(T) = {Tx € Hp|x € D(T)} is closed in Hp. Write N(T) = ker T

Definition 7.2. T : Hy — H, is a densely defined unbounded operator, its adjoint T* : Hy — H;
is defined as an unbounded operator as follows

o D(T*) consists of y € Hy such that the funcitonal (T(-),y) : D(T) — C is continuous
e By the Hahn-Banach theorem, (T(—),y) extends to a linear functional on Hj

e By the Riesz representation theorem and denseness, there is a vector T*y € Hj such that
(Tx,y) = (x, T*y)

Proposition 7.3. If T is densely defined, then T* is closed

Proof. Let yj € D(T*), y; = v, and xj = T*y; — x. We need to show y € D(T*) and x = T*y.
Fix u € D(T). Then

lullx| > (u,x) = li]rn(u,xj) = lign(u, T*y;) = Iign(Tu,y,-) = (Tu,y)

So the map u+ (Tu,y) is bounded on D(T) by |x|. This implies y € D(T*) and x = T*y O
Fact 7.4. If T, T* are densely defined then T is closed, and (T*)* = T - )
Gr(T*)=Gr(-T) perp
Lemma 7.5. If T is closed and densely defined, then Gr(T*) = Gr(—T)* in Hy x Hy
Proof. We have inclusion C since
(T*y,9), (x, =Tx)) = (T*y,x) = (¥, Tx) = 0

Now if {(x,y), (u, =Tu)) = (x,u) — (y, Tu) = 0 for all u € D(T), then u+ (Tu,y) = (u,x) is
bounded on D(T), so y € D(T*), and x = T*y O

Theorem 7.6. If T is closed and densely defined, then so is T*. Moreover, N(T*) = R(T)* and
N(T) = R(T*)+

Note. (VH)t =V

Proof. By Lemma 7.5, any (u, v) € Hy x Hy can be written as
(u,v) = (x,-Tx) + (T"y,y),x € D(T),y € D(T*)

Taking u = 0, then v = y+ TT*y. This implies (v, y) = |y|>+|T*y|?. If v € D(T*)*, then y = 0,
and so v = 0. Hence D(T*) must be dense. N(T*) = R(T)* follows form (Tx,y) = (x, T*y) O

T closed, densely defined, equivalent conditions for R(T) closed

Proposition 7.7. Let T : Hy — Hj be closed and densely defined. The following are equivalent
1. R(T) is closed
2. 9C such that |x| < C|Tx| for all x € D(T) n R(T*)
3. R(T*) is closed
4. 3C such that |y| < C|T*y| for all y € D(T*) n R(T)

Proof. 2.=1.: Suppose Txj — y, then x; converges, say to x, (xj, Txj) = (x,y)
To show 1.=2., recall N(T) = R(T*)*. Hence T is continuous and 1-1 from D(T) N R(T*) onto
the closed subspace R(T). Hence the inverse is continuous by the closed graph theorem. This

proves 2.
3. =4
2.=4.:
(Tx,y)| = [(x, T*)| < |x||T"y| < C|Tx[|T"y]|
So [{z,¥)| < C|T*y||z| for z € R(T), y € D(T*) O
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Definition 7.8. Now consider densely defined closed unbounded operators Hj R H, 3, Hs

satisfying So T = 0. The harmonic elements are

FCy = N(S) N N(T*)

there is an orthogonal decomposition Hy = (s @ (N(S) N N(T*))* = ¥, @ R(T) @ R(S*), so
N(S) = ¥, ® R(T)

Theorem 7.9. There is C > 0 such that for all y € D(S) N D(T*)

ly| < C(ISy| + |T*y|) (7.1)
i.e. the basic estimate holds & H(y, = 0 and R(T), R(S*) are closed

Proof. =: If y € ¥y, then |y| < C(|Sy| + |T*y|) = 0, hence F» = 0. If y € R(T) N D(T*), then
y € N(S) and |y| < C|T*y|, by Proposition 7.7, R(T) is closed, similarly, R(S*) is closed <:
H, = R(T)®R(S*) and y € D(S)ND(T*), write y = y1 +¥o, ¥1 € R(T)ND(T*), y» € R(S*)ND(S).
Apply the previous estimates and the triangle inequality

| < 91| + vo| < C1|T*y| + Co|Sy| < C(ISy| + |T*y])
O
Dip.q)(2) C L?p’q) (2) be the smooth (p,q)-forms with compact support in Q. Consider the

u121bounded operator 0 : L(Qp‘q)(Q) - L(2p,q+1)(Q) with domain D(6) = {u € L(Qp‘q)(Q)Iéu €
L

(pqu)(Q)}, the derivative is in the sense of distributions (du,a)> = (u,d*a) for a €
Dip,q+1)(S2). 0" is called the formal adjoint of 8. Then du € L? if there is a constant C > 0 such

that l{u,0*a)| < Clla|. In this case, the Hahn-Banach and Riesz representation theorem,
(u,0%a) = (v,a)

Proposition 7.10. 0: L(Qp’ @ (Q) — L(Qp'q +1)(Q) is a closed operator

Proof. u; — u in L2, u; € D(9), 0u; — a. Let B € Dipq11)(2), then
(w,78) = lim {u, &'B) = lim (Bus,B) = (a,B)

So the map B+ (u, 8*B) is bounded and du = «, thus 0 is closed O

Example 7.11. Consider T = i% on L?([0,1]), with D(T) consisting of f,f’ € L?. One can show
f € D(T) is (absolutely) continuous on [0, 1]. By integration by parts

f—(Tf.g) = {f, Tg) + i(f(1)g(1) - f(0)g(0))

This is not continuous with respect to the L? topology on f, unless g(0) = g(1) = 0. Thus T* is
the same operator T, but with a different domain of definition

The problem is that while compactly supported functions are dense in L? topology, they are not
dense in the L? topology, i.e. the graph norm |[u| + ||oul|
Methods to fix this

1. Homander uses a clever choice of (three) weights to prove the basic estimate
2. If Q has sufficiently nice boundary, define boundary conditions (the 6-Neumann problem)
3. Change the geometry of 2 to carry a complete Kéhler metric

We will follow the last option (Demially, Gaffney)

Equivalent conditions of completeness and compact exhaustion
Lemma 7.12. (M, g) is a Riemannian manifold, the following are equivalent

1. (M, g) is complete (Hopf-Rinow theorem)
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2. 3 compact exhaustion function ¥ with |d|g <1

3. 3 compact exhaustion K; C K?
iy < 27

and 0 < ¥ supported in K; 1, = 1 on Kj, such that

i+1

Proof. 1.=2.: Fix xg € M, Let {p(x) = %d(xo,x). Smooth ¢g to P with | — ¢o| < 1, by
convolution with some g € C™, compactly supported near 0 and [g = 1 2.=3.: Choose a

1 t<1
smooth function p : R — [0, 1] with p(f) = {O ) ; 5 and |p'(t)] < 2. Then let K; = {(x) <
20411 i(x) = p(27 " Mh(x)) 3.=2.: Set Y = Y2211 — ) 2.=1. [Y(x) v)| < dlx,y), {xi}
is a Cauchy sequence, then {x;} lies in the set {3 < C} for some C. Smce thls is compact, the
sequence converges, so (M, g) is complete O

Corollary 7.13. Let  have a complete Riemannian metric w. Then Dyp q)(€2) is dense in graph
norm of 0

Proof. Set u; = u¢; as in Lemma 7.12, 3. Then u; — u in L?, and_éui = ouy; + udyY; — ou in
L2. Now choose v; € Dp,)(R2) so that ||v; — Uiz = [vi —uillz2 + [[0vi — Ouir2 < 1/i, the result
follows O

Corollary 7.14. (2, w) is complete, 6* with domain

D(3") = {a € L2 ,.1)(Q)|Fac Lﬁp,q)(m}

(p.q+1)
is the adjoint of T* of T = 0

Proof. D(T*) C D(5*). Let u € 9y, )(2) € D(T). If a € D(T*), then there is a constant C > 0
such that [(0u, a)| < Clu|. But then by definition, |(u, 8*a)| < Clu|. Since Dp,q)(R2) is dense
in L?, this implies 0*a € L?

D(a*) C D(T*). If 6"« € L?, there is a constant C > 0 such that [(u, 8*a)| < Clul|. Fix u € D(T).
Let u; € Dip,q)(L2) so that u; — u and ou; — ou in L% Then since (u;, 8*a) = (0u;, a), we have
|(6u, a)| < Clul, and so a € D(T*) O
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8 Kahler metrics

Definition 8.1. 2 C C". A hermitian metric on 2 is a positive definite hermitian valued smooth
function g = (g;). The Kdihler form associated to g is w = iZ?,,ei gidzi A dzj, note that

® = w. We assume that g is tensorial, in the sense that w is a well-defined (1, 1)-form on €,

0
gi = <6z' 82> This gives a pointwise hermitian inner product on (1,0)-forms: a = a;dz;,
i j
B = Bjdz;

(a.B) =Y aiBig

ij=1
(g) is the inverse matrix of (gij). Extend this to (p,0)-forms by
<(X1 AR /\ap,31 A ,Bp> = det(ai,ﬁj>

Extend this to (p,q)-forms by taking the product of this. This gives a complex anti-linear
isometry

wn
®: AP - AP g A% = (a, B)—
n!

wn
T is the volume form. Inducing L? inner products

(@p) = [ anip

Define the Lefschetz operator
L:AP9 - APTLO o s A
Let A = L*. Note that L"(1) = ", A™* = C

Example 8.2. If F'is of type (1,1), write F =}, . Fsdz; AdZ;. Then AF =3}, Fi;gif. If a is of
type (1,0)

B wnfi 0 "
iaNan 1) = |af T
g:i
Definition 8.3. A hermitian metric is called Kéhler if dw = 0 (w is closed), equivalently, agZ]k =
i
9k
Bz,-

Proposition 8.4. w is Kéhler iff about any point there are coordinates such that g is euclidean
to order two

Proof. We may always choose local coordinate so that gi;(O) = bij, gi; = 6ij + A;zk + Bgzk +
O(|z|?). The Kéhler condition implies: Af]-. = A;j' The fact that g;; is hermitian implies BS-_ = Aif;
Wi OWyy OWpy

azj = 6mi + A;mzl’. Now gmﬁaizl aZi

Define Wy = zm + sAL. z;zj, then

24m = ;5. This implies

gij(z) = & + Akzp + Bizy + O|z]°)
= gl; + f]m;AfmZk + g“-gAﬁ—le + O([Z|2)
O

Proposition 8.5 (Kihler identities). (€2, w) has a Kéhler metric. Then the formal L? adjoints are
given by &* = —i[A, 3], 8" = i[\, 9]

Proof. Tt suffices to prove these for the euclidean metric. Then is a direct computation O

21



Example 8.6. 2 C C, AlidzAdz) =1, f € D,0)(2), B € Dyo1)(2), B = B(z)dz. Then
(3f,B) = / 0,1 Bz)idz A dz
Q
= - / fozB(z)idz A dz
Q
- / 1B
Q
- [ riiiopiidz ndz
Q

= —]fWaﬁ)idz/\dz
Q

= (f, —iA3B)
= (f.0B)
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9 Solving 0 equation
Theorem 9.1. If 2 C C" is pseudoconnvex, then there is a complete Kéhler metric on €2

Proof. From Richberg’s lemma, there is a smooth strictly plurisubharmonic exhaustion function
Y on 2. By adding a constant, we can assume ¢ > 0. Let wy denote the euclidean Kéhler form
on Q, and consider: w = wy + i00Y?, i00Y? is semi-positive definite

W= wy + iOP A O + iYpddY > wy + i0Y A 0P

W' > W AW+ iIOP AP AW > iOP A BY A W]

w2 . ! 2 "
— > —iOYP A D = Zloy|2 —
n!"nlw/\ lp/\(n—l)! n|¢|“’n!
So |dl, = V2|6Y|, < C. Completeness follows from Lemma 7.12 O

Definition 9.2. Let dpp = w™/n! be a Kéhler metric on @, ¢ € C%(Q2) be an exhaustion function.
Define L(2p,q) (2, ) to be the completion of smooth (p, q)-forms with respect to the norm

el = ]Q la2e~¢dp

The same density theorems apply as for unweighted spaces
For compactly supported a

/(3u,a>e‘¢du = /(u,e¢3*(e_¢a))e_¢du
) Q

The new adjoint is —i[A, 8], 0 = e®de~® = 0 — d¢. Moreover

/Q(aqgu,a)e*d’du = ]Q(a(e%’u),a)d,u = /(u,é*oc)e*‘bd,u

Q
So 5 = i[A, d]
Definition 9.3. The Laplacian is A = d*d + dd*. The Dolbeault laplacians are
DE) = é*é-l- éé*,Da = 6’(;8(1) + 6¢6j5
The curvature is the pure imaginary (1,1) form
F¢ = 88¢, + 6¢5 = 65(1)
Lemma 9.4. Oy — Op = [iFy, A]

Proof.
0%0 = —i[A, 6¢]3 = —i/\6¢5 + iad,/\é

00" = 8(—1[A,6¢]) = —i3A8¢ + 136¢,A
—6264) = —i[A,8]6¢ = —iAéad, + 18A8¢
—64)6:; = —8¢(i[]\,6]) = —i6¢]\6+ i8¢3A

Corollary 9.5. For a € D(d) n D(6%)
16a]|® + |6"a]|* = ([iFs, M, a)

Proof. (8sa, a) > 0 can be throw away, and (Oza, a) give the left hand side by integration by
parts O
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Lemma 9.6. Write iFy = f;;dz; A dz;. If there is Cy > 0 such that Zf &&’] > Co|&|? for all
£ e C" and all z € Q, then there is Cy > 0 such that

([iFs, M, @) > Ci|lal”
for all a € LY, (2, w),q > 1

Note that [iF, A] = 0 on (n,0) forms. In particular, the condition that q > 1 is necessary. The
applications of theis result extends to (p, q) froms, q > 1. We will only prove a couple of special
cases. For the general result see Demailly

Example 9.7. Consider an (n,1) form a. Let 6; denote an orthonormal frame for T"°Q. Write
w = iZijAQj, and

a=iZai(z)01/\---/\0n/\9i

Write iFy = 3. ;6 A 6;

& o
U1 0z;0z;
We will replace a given ¢y with ¢ = x o ¢, for an appropriate increasing convex function y
Set M(t) = (ming,;>¢ m(z))~!. Then M(t) is a positive, continuous, increasing function of t.
Note that M(¢pg(z))m(z) > 1

Write ——(2)&& > m(z)|€|%, where m is a continuous function, m(z) > 0 for all z € Q.
j

Claim. We can find a smooth M > M that is increasing

Assuming the claim, set x(t f M(t)dt. Then ¥ is convex, and x'(t) > M(t). Set ¢ = x o ¢y.
Then ¢ is psh exhaustion functlon and

’ 82¢0
Z o az, (2)6& > % oo 5100

S (2068 2 M(¢o(2))m(2)|€]” > €]
i,j J

Proof of claim. This is probably obvious, by here is one idea: Let 1 : R — R be smooth with
compact support in (—1,1), 0 < ¥ < 1 and fR P =1. Set

= ] M(s)(s —t —1)ds = / M(t + t +1)yY(t)dT
R R

The first equality proves that M is smooth. By the second equality

RI(t) > / M(t)p(r)dr = M(t)
R

Also by the second equality, for § > 0
M(t + 8) — M(t) = /(M(T +t+1) -Mr+t+1))Yr)dr >0
R

So M is increasing O

Summary: Q C C" pseudoconvex, w complete. For an (n, q) form «, q > 1, and a € D(6)nD(5*),
we have proved the basic estimate

6ac]ls + [0 atlly = Cllafls
This implies that 0 has closed range and that the harmonics ™9 = {0}, i.e. ker d = im0

Theorem 9.8. If a € L(inq)(Q, ¢), @ > 1, and da = 0, then there is u € L (Q,qb) such that

0

(n,g-1)

afl
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Note. In applications, having the estimate on the norms is crucial. Notice that || depends on
the Kéahler metric w and the weight ¢. We can get rid of the dependence on w, i.e. prove the
same result for the euclidean metric, by taking a limit of solutions for metrics we = Wy + €w
as € — 0 (see Demailly). On the other hand, ¢ is necessary. Optimizing the choice of ¢ is an
important issue we will skip for now. Finally, the result holds more generally for (p,q) forms:
NP T*Q = \"PTQ @ A\ T*Q, so trivializing A" P TS reduces the problem to this case. More
importantly. This is not exactly what we want, since we are trying to solve 0 for all smooth a,
not just those that are integrable. Let L(Qp’q)(Q,loc) denote the (p,q) forms that are locally L2.
Notice that here the metric w and weight ¢ are irrelevant

Theorem 9.9. If a € LY, (2,1oc), ¢ > 1, and da = O, then there is u € L(Qp‘q_i)(Q,loc) such
that ou = «

Proof. The idea is to find some weight ¢ such that o € L(Qp’ q)(Q, $), and then apply the previous

result. We again choose the form ¢ = x o ¢, where ¥ is increasing and convex. To do this, let
Ki={z e Q|p(z) < i}, and let & = Hoc||%2(Ki). Now choose x so that e %@ (4 — £) < 271 then

/ Ia]%"a’du < e"X(i)/ |a12du < e X(g,, — 0) <27
Ki\K; Ki\K;

Hence
la|?e~%dp = / la?e~%dp < 271 < o0
) - >
O

Elliptic regularity: The result applies, in particular, to the case where a is smooth. However,
the theorem just concludes that the solution du = « is locally in L?. We want to improve this

Theorem 9.10. If « is a smooth (p,q)-form on Q, q > 1, with da = 0, then there is a smooth
(p,q — 1)-form on Q such that du = «

Proof. First consider the case q 1, i.e. u is a function. We know that 80 = 6*9, so
|6u| < ||6u|. In particular, if a € L%(Q,loc), then u is in L2(2,1loc) (one distributional
derivative in L?). Now differentiate the equation du = « k times to conclude that u € L2(%2,loc)
for arbitrary k. On the other hand, the Sobolev embedding theorem implies L% — CJ for
k > n +j. Hence, if a is smooth, so is u

If g > 2, then we have

1

L}, 4-1(Q ¢) = R(8) & R(&")

Moreover, N(_é)_L = R_(a*). Hence, u may be taken to be in the range of 6*. Since (8*)> = 0, we
have Uzu = 6*0u = 0*a. Let A = dd* + d*d be the ordinary or de Rham Laplacian. Then in
standard basis and euclidean metric, A acts on the coefficients of (p, q)-forms O

Claim. A = 20,
Proof. Write d = 0 + 0, d* = 0* + 0", then
A =0y + 0y + 00* + 8°0 + 00* + 98
But the cross terms vanish: e.g. since & = 0
00" = ig[A\, 0] = iONO
0*0 = i[A,0]0 = —iONO

The result now follows, since [y = [y O
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It follows that if a € L}(S2,loc), then Au = 28« is in L?(2,loc). We now appeal to the following
interior estimate: if U cC U’ cC 2, then there is a constant C > 0 such that

lulliz 0 < € (Ilgw) + 18uly0,)

for all smooth (p,q)-forms. By “bootstrapping” the equation, we conclude that if ou = a,
J0*u = 0, for a smooth, then u is in L,%(Q,loc) for any k, and hence is smooth by Sobolev
embedding

Theorem 9.11. If Q C C" is pseudoconvex, then H¥,(Q) = 0 for k > n

Remark 9.12. This is sharp, i.e. it is possible that HJp (2) = 0. For example A; = {% < lzi| < 2},
Q=A;x---xAplet Y=S"x... xS cQ, and

B dzy A---Ndzy,
- Zi...zn

dZ1 dzn .
ﬁ=/ —/ = (271i)"
/y lz]=1 Z1 |za|=1 Zn

Claim. Suppose B is a k-form such that df is of type (k + 1,0). Then B is cohomologous to a
(k, 0)-form

B

Then dB = 98 = 0, and

Hence 0 # [B] € HiR ()

Proof. Write 8 = 251:0 Bik-q.,q)- Proof by induction on l. The case I = 0 is trivial. Assumel > 1
and that the result holds for [ — 1. We have

l
dB =B+ B =Y PBurqa+ Brqa
q=0

Thus 6B-1 = 0, Br-1; = Ou, for a smooth (k —I,1 —1) form u. Let B = B —du. Then
B = Y4 0Bi-qq» dB = dB, !

Remark 9.13. Another proof use Morse theory: ¢ is a C* psh exhaustion function, Morse

function on 2. The complex Hessian ¢ > 0 bound the number of negative eigenvalues of

Z;0Z;
the real Hessian

Lefschetz hyperplane theorem:
Solution to the Levi problem

Theorem 9.14. 2 C C" is a domain of holomorphy iff it is pseudoconvex. We have already
proved =, by showing that —logd(z) is a psh exhaustion function. We also showed that being
a domain of holomorphy is equivalent to being holomorphically convex

Theorem 9.15. If we can solve 0 on  C C", then it is a domain of holomorphy
Proof. Let & € C(O;"q)(ﬁ), q > 1,and & = 0. Set B = z,;'0¢ A 7*&. Then B € CZX’ (Q).

p.q+1)
Moreover, 98 = 0. By the hypothesis of the theorem, there is u € Cz’pqu) (Q) such that du = B.

Consider & = ¢7*& — zou. Then da = 0. Hence, there is v € Cfy _; (Q) such that 9v = a.

Finally, since z, vanishes and ¢ = 1 on j(€2) This proves the claim. By the induction hypothesis,
Q is a domain of holomorphy. Hence, there is f € A(€) that blows up at £ As in the first part
of the argument above, there is u € C®(Q) such that f = ¢*f — z,u € A(Q), and j*f = f.
Hence, f blows up at & O

26



10 Proper mapping theroems

Theorem 10.1 (Remmert theorem). If f : X — V is proper and V C X is an analytic subvariety
of X, then f(V) C V is an analytic subvariety of ¥

Theorem 10.2 (Remmert-Stein theorem). V C X is an analytic subvariety, W C X\ V is an
irreducible analytic subvariety. If dimV < dim W, then the W C X is an irreducible analytic
subvariety

Remark 10.3. The assumption on dimension is necessary. For example, take the graph in C* C
CP? of an entire function f. Suppose f has essential singularity at infinity

Corollary 10.4. X is an analytic space, V is an analytic subvariety, W C X'\ V is an analytic
subvariety. If dim V is less than the dimension of any irreducible components of W, then W C X
is an analytic subvariety

Theorem 10.5 (Chow’s theorem). V C CP" is an analytic subvariety, then V is a projective
algebraic variety

Remark 10.6. X is a Kahler manifold. X is a Moisezon manifold(meaning the algebraic of
dimension of X = dim X). A theorem of Moisezon says Kahler + Moisezon = projective. There
is an equivalence between Hodge manifolds(Kahler manifolds with integral Kahler class) and
projective algberaic manifolds

Corollary 10.7. Every compact Riemann surface is an algebraic curve A holomorphic map be-
tween nonsingular projective algebraic varieties is a morphism of varieties Every memomorphic
function on CP" is rational

Definition 10.8. ¢ : X — V is holomorphic. & — X, & — V¥ are sheaves of Ox, Oy modules.
The sheaf ¢~'F has presheaf is intuitively ¢~ F(U) = F(p(U)). Alternatively, the espace étalé
X xy F, at the level of stalks, (¢1F), = Fgp,). By composition with ¢ defines a sheaf map
010y — Ox, making Oy, & into ¢~ Oy modules

O*F = Ox ®¢-10, ¢ F
There are canonical maps ¢*(¢,8) — 8, F — ¢.(d*F) through

8(p(o7'(U))) — 8(U), F(U) —» F(o~ ($(U)))
More generally, there is a canonical bijection Homg, (¢*F, 8) < Homg, (F, $.8)

Fact 10.9. ¢, is left exact. ¢* is right exact. ¢*Oy = Ox. If F is coherent, then ¢p*F is coherent.
.8 is not necessarily coherent even if & is. For example, let ¢ : C — C* be the exponential
map, then ¢,0O¢ is infinitely generated

Theorem 10.10 (Grauert-Remmert, Direct image theorem). ¢ : X — VY is finite, & — X is
coherent, then ¢,& is coherent. Moreover, ¢, is right exact

Example 10.11. X = C?\ {0}, V = C, ¢(z1,29) = z1. Let D = {(0,25) € X} = C*. ¢(D) = {0},
let p be the ideal sheaf, Ox — Ox/9p — 0, let f = 1/z5 is holomorphic on D, but is not in the
image of ¢,O0x — ¢.(Ox/9p) by Hartogs’s theorem. Thus ¢, is not right exact

Example 10.12. X = {0}, V = C, ¢ is the inclusion. Consider injection 0 — Oy =% Oy. The
induced map ¢*Oy — ¢*Oy is zero, hence ¢* is not left exact

R.8(V) = H(97'(V),8)
Problem: & — X is coherent, R'¢,& — Y might not be coherent

Theorem 10.13 (Grauert’s proper coherence theorem). X, Y are complex spaces. ¢ : X — Y is
proper, & — X is coherent, then R'¢,& — Y is coherent for all i

Note. If Y is a point, then X is compact, this gives the Cartan-Serre theorem
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