808F 20 FALL ASSIGNMENT 2

In these exercises we show some results on temperedness and square-integrability for irreducible
unitary representations of GLy(R)*.

1. PRINCIPAL SERIES
cosf sinf

Let G = GLy(R)" and K = {[ sinf cosf

] .0 € [0,2m)} 2 SO(2).

1.1. Matrix identity. Suppose that z,Z € R, a1, a9, d1,d2 € Rsg, 0,6 € [0,27) satisfy

11 cos§ sinf| |1 z||lax O |1 z||ax O cos¢  sing
(1.1) —sinf cosf| [0 1]|0 az| [0 1||0 ao| |—sing cos¢

Verify the following;:

- . . - aias a1 tan@
a :\/a2 xsinf — cos0)? + a2sin®0, G = — tangp = —M
? 2( JPrarsind, as ¢ az(1 — ztan6)
Deduce
~ . . a1a2 a1a9
a :\/a cos & + asx sin )2 + a2 sin® df = —=do = d
! (a1 cos ¢+ az ?) 2 2 a? ¢ (a1 cos ¢ + azwsin )2 + a3 sin® ¢ ¢

where in the last equality, we view x, a1, as as constants and ¢ as variable.

1.2. Integral identity. For j = 1,2, let x; : R* — C* be the quasi-character defined by x;(z) =
|z|%sgn(xz) where s; € C and ¢; € {0,1}. Consider the normalized induction H(s1, sz, €1,€2)> 1=
i%(x1 ® x2), which consists of functions f € C>(G) such that

b S 1 ngl €1 €2
([ o)) =ttt el b sente) o), voe 6

as
Let .
1 =z 2 0 cosa  sina
g=u [0 1} [yo y_;] [—sina cosa] , U,y €Rog,z € Ry € [0,2m).

Denote p := s1 + s2 and s := %(51 — 89 4 1). Show that for all f1, fo € H(s1, $2, €1, €2)°°,

fi(keg) = u'y~*[(y cos ¢ + wsin ) +sin® ¢]° f1(kg), 0,¢ as in (1.1).

2m 2m
——do — . —1 _: e(s)— w7~ d
f1ug) FalFug gy = w2 [ [y eoso asing)? 4y~ s 6PN (ko Falka 5
0 0

cosf sinf
where kg := {— sinf cos 9}
1.3. Unitary principal series. Consider the inner product (f1, f2) : fK fi(k )dk: on H(sy, $2,€1,€2)>

Conclude that
(1) Any g € G induces a bounded linear operator on H(sy, o, €1, €2)*°
(2) When s1, s2 € iR, the inner product is G-invariant.
1
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1.4. Asymptotics of matrix coefficients. Consider the pairing
(< -) : H(s1,52,€1,€2) X H(=51,—52,€1,62) = C

Defined by (f1, fa) := 027r f1(ke) fa (ko) %. Conclude that this pairing is non-degenerate G-equivariant.
Hence realizes the duality between the two principal series.

Suppose moreover that fi, fo are eigen-vectors for K, consider the corresponding matrix coeffi-
cient for H (s, $2, €1, €2)>° defined as

©0(9):=(9- f1,f2), VYged
0

N[=

1
Denote a,, := [902 } Let o := Re(s) and assume 0 < ¢ < 1. Show that when y > 1,
Y

jus
2

2 Y . -
lplay)| < ;I\fll\oolllelooyl / (y*sin® 6 + cos® 0)7~'d
0

< [Nl allooly™ (1= y™2) 7% + Sy~ 2 (logy + log 3) if o =
= L2 Allsell follcly™ (1 =y + £ (52 (5) 7 — )] o #

x -1 E
(Hint: For the second inequality, break the integral ff into foy and fyil, estimate the first part

N

+
+

N[ N[

using Taylor expansion of cosf and the second part using the inequality sin 6 > % for 0 <0< )
Conclude that as y — 400, the asymptotic order of ¢(a,) is given by

logy : _ 1
ik 1f0’—§

Play) ~4y=7, if0<o<i,
ol ifl<o<i

1.5. Temperedness. Recall the Cartan decomposition SLo(R) = KA, K where A := { {8 a(_)l] ,a > 1}.

From this one gets the following integral formula

OC -1 dy
[ vwds= [ [ [ ethaka)—yyimLar,
SLo (R) K J1 K Yy

1

where a, := [W (_) ]
0 y

Use this formula to show that the unitary principal series and limit of discrete series (i.e. when

Re(s) = 3) are tempered, i.e. any K-finite matrix coefficients belong to L**¢(SLz(R)) for all € > 0.

Also show that the complementary series (i.e. when s € (0,1),s # %) are not tempered.

[N

2. DISCRETE SERIES

For each integer n > 2, we consider the realization of the discrete series D (n) for G := GLy(R)
as certain space of holomorphic functions on the upper half plane H. For simplicity, we require the
positive scalar matrices to act trivially, i.e. ;4 = 0 in standard notation.

Recall that L2 ;(H,n) is the space of holomorphic functions on H that are square integrable with
respect to the measure p,, := y" ?dady. In particular, y1,, induces an inner product on L2 ,(H,n).
Define the representation ,, of G on L% (H,n) by

(@) = ([0 = (ad 1) 02+ (G0, o= |0 1] G

bz +d
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2.1.  Use Cauchy integral formula to show that L2 (H, n) is complete, so that it is a Hilbert space.

2.2. Show that the Caley transform z — w = j;z = u + iv induces an isomorphism of Hilbert

spaces from L2 (H,n) to the Hilbert space L2 (D, n) consisting of holomorphic functions on the
4(1—|w|?)" 2dudv
S ewPr

open unit disc D that are square integrable with respect to the measure dv,, :=

1

cosf sinf] ,_;  [e? 0
C[sin@ cos&]c _{O e‘i‘g]

Also check that (conjugation inside GL2(C))

2.3. Check that the Caley transform C := F _ZZ] induces

CGCH=U(1,1)" = { {% g] ,a, B € C,lal* =8> > 0}

2.4. Using the isomorphism in § 2.2, we get a representation p, of G on LZ_(D,n). Let ¢ €
L2, (D,n) and let f(z) := ¢(Cz). Show that for all w € D we have

_ - _ 2 (1—w)"
(on(9)2)(w) = (Ta(9) )(C ™ w) = (detg)* v
Deduce that for all w € D,

(1 —w)™ 90 cosf sinf
(oulko)e)(w) = T o=y (€70 F0= | g cosd

e(C'gC'w), g= [Z Z} €G

2.5. Show that the functions {w™(1 — w)"}°_ form an orthonormal basis for L7 (D,n) and
w™(1 — w)™ has weight —2m — n under the action of K = SO(2). Deduce that the functions
(Z;)m (22_3)” }oo_, form an orthonormal basis of L? ,(H,n) consisting of eigenvectors for K.

Conclude that 7, = D~ (n).

2.6. Show that the map f — ¢ defines a G-equivariant embedding of Hilbert spaces L2 ,(H,n) <
L*(G/Zz}) (maybe up to a scalar) where G acts on the target by right regular representation and

0r(g) = f(tgi)det(g)2 (bi+d)™, g= {CCL Z} €G

Conclude that D~ (n) is isomorphic to a sub-representation of L2(G/Z,) and hence square-integrable.
1

Twist the representation m, by n = [0 1

] , draw similar conclusion for D (n).
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