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Abstract

In this thesis, first I talk about the finite field Nikodym problem, the finite field Kakeya problem,
the joints problem and the distinct distance problem[1], all these problems have been tried in
many ways before, topology, analysis, etc. It was very hard to make some progress. However,
using polynomials and some basic linear algebra, these problems could be solved easily, all of
them are based on a crucial fact summrized in the thesis as vanishing lemma

Next I present a fundamental result in algebraic geometry, Bézout’s theorem|[2], I chose a less used
proof method, which I think is more succint, elegant and natural, using a simple notion, resultant,
which roughly states a upper bound for intersections of two coprime irreducible algebraic curves
In the final part it’s about the renowned Roth’s theorem[3][4], rely mainly on the different
behaviors of polynomials of rational coefficients on rational points and general points
[Keywords| Combinatorial geometry; Bézout’s theorem; Roth’s theorem
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1 Introduction

Polynomial, a simple notion that everybody think they know everything about it, but in fact
we are often so shocked that we hardly know anything about it, especially when the degree or
its coefficients changes. Yet it has so many beautiful and elegant structures hidden behind it,
driving generations of generations of brilliant mathematicians to explore its wonderful mestery
This thesis mainly focuses on only some problems concerning a few combinatorial and algebraic
structures of polynomials which otherwise would be very hard to solve. For example, the finite
field Kakeya problem has been tried in many ways without succeeding, however it could be easily
solved by some arguments in linear algebra. So is many other problems in this thesis, all the
proofs are quite elementary, involving only some linear or abstract algebra, including the famous
Roth’s theorem. In essence, all the proofs are based on some simple algebraic structures(vector
spaces, rings, etc.) of polynomials and how they behave on the underlying fields (especially
vanishing property).

2 Combinatorial Geometry

2.1 Preliminaries
definition 1

Definition 1. Let Poly(F™) be the set of polynomials in n variables with coefficients in F, and
Poly 5 (F™) be the set of polynomials in n variables with coefficients in F and with degree no
more than D. Both of them are vector spaces over the field F

proposition 2
Proposition 2. Suppose S C F”, if dim Poly,(F") > |S|, then there is a non-zero polynomial
Q € Poly,(F™) vanishes on S

Proof. Let S = {pl, e ,p‘5|}. Consider the evaluation map
¢ : Poly ,(F") — F!¥|

Q — (Q(pl)’ o 7Q(p\5\))

which is a linear map with ker ¢ being the set of polynomials in Poly ,(F™) that vanish on S. If
dim Poly ;, (F™) > |S], then ker ¢ must be non-trivial. O

So it is a natural question to ask: how to compute dim Poly ,,(F")?
proposition 3
Proposition 3.

dim Poly , (F") = (D +”)
n

Proof. Since
— Dy Dy,
A= {.13] e T

DieN,Dl—i—m—&-DngD}

form a basis of Poly,(F"), define

B={(1 jn)

ji €Z+7j1 < <jn SD‘FTL}
then there is a natural bijective correspondence between A and B.
Dy D,
Tyt Ty ,_>(D1+1’... 7D1+...+Dn+n)

(jla T 7.771) — .’E‘{l_l ce x%l_jnf1—1
thus |A| = |B| = (Din) .

Remark. Note that on P
dim Poly , (F™) > T > (ChVi

n’ﬂ

Combining Proposition 2 and 3, we have



corollary 4
Corollary 4. S C F*,if |S| < (Dzn), then there is a non-zero polynomial P € Poly ,(F") that
vanishes on S

For computational convenience, we mostly use another corollary
corollary 5

Corollary 5. Let S C F™ be a finite set, there is a non-zero polynomial that vanishes on .S with
1
degree no more than n|S|»

Proof. Let D = {n|S|%J, then

nlS|v < D+1=|9| <
n

(D:inl)”< <D+n>

By Corollary 4, there is a non-zero polynomial P € Poly,(F") that vanishes on S O

Now let’s consider the behavior of a polynomial on lines
proposition 6
Proposition 6. If P € Poly,(F™) vanishes at D + 1 points on a line [, then P vanishes on !

Proof. There is a map
y:F—F't—at+b

Where a,b € F*, a # 0, and define Q(t) = P(y(t)) = P(at+b) which is a polynomial with degree
no more than D, since ) has D + 1 zeros, @ = 0, hence P vanishes on [ O

2.2 The finite field Nikodym problem

definition 7

Definition 7. F, is the finite field of ¢ elements. A set N C Fy is a Nikodym set if, for each
point « € Fy, there is a line L through x such that L —x C N

proposition 8

Proposition 8. If P € Poly,_;(Fy;) vanishes on all the points of Fy, then P = 0

Proof. When n = 1, this statement is obviously true, we use induction on n
Since

i

2

P(zy,-+ @) = Y Pi(a1,+ ,xp_1)),degP; < g —1
i=0
Fix any values of x1,--- ,x,_1, this is a polynomial with degree no more than ¢ — 1 hence a zero
polynomial, then by induction we have P; = 0, which concludes that P =0 O

As it turns out, a Nikodym set cannot be too small
theorem 9

Theorem 9. If N C Fy is a Nikodym set, then there is a constant c, such that [N| > ¢,q"

Proof. Suppose N C Iy is a Nikodym set such that |[N| < cg", by Corollary 5, there exists a
non-zero polynomial P vanishes on N with degP < n|N |%, assume

degP < q—1
then for every x € Fy;, P will be vanishing on ¢ — 1 points and thus vanishes on z according to
Proposition 6

We have thus concluded that P vanishes on all the points of Fy which contradicts Proposition
8. All we need to do is to find a constant ¢ that satisfies the inequality

degP§n|N|% <nc%q§q—1

—1\"
And any number ¢, < ( qnq) should suffice L]



2.3 The finite field Kakeya problem

definition 10
Definition 10. A set K C Fy is a Kakeya set if it contains a line in every direction.

Just like a Nikodym set, a Kakeya set cannot be too small as well
theorem 11

Theorem 11. If K C Fy is a Kakeya set, then there is a constant ¢, such that |K| > cng™

Proof. Suppose K C Fy is a Kakeya set such that |K| < cg", by Corollary 5, there exists a
non-zero polynomial P vanishes on K with degP < n|K|#, assume

degP < ¢q

Let P = H+(@, where H is the homogeneous polynomial of highest degree which is also non-zero,
every line in I} is of the form {at + b‘t eFy,a# O}, thus P(at + b) is a zero polynomial in ¢,

and this implies that H(a) = 0, hence H vanishes on [Fj’ which contradicts Proposition 8. All
we need to do is to find a constant ¢ that satisfies the inequality

degP < n|K|% < nc%q <gq

1
And any number ¢,, < — should suffice O
nn

2.4 The joints problem

definition 12
Definition 12. .Z is a set of lines in R", a r-rich point is a point lies in r lines of .Z which are
linearly independent, denote the set of r-rich points P.(.%).

You may be interested in how many joints that L lines can form
theorem 13

Theorem 13. % is a set of L lines in R3, then there is a constant C' such that |P.(£)| < CL?2

Proof. First note that if . is a set of lines with J joints, then there is one line that could contain
at most 3.J3 joints. Otherwise, there is a polynomial P with the least degree degP < 3.J 3 that
vanishes on all the joints. But then it vanishes on more than 3.J 3 points on each line, thus P
vanishes on .Z, at each joint, all the directional derivatives would be zero. Hence any derivative
of P is a polynomial with degree less than degP but still vanishes on all the joints, which is a
contradiction

Let J(L) be the maximal number of joints that L lines can form, clearly we have

J(L—-1)<J(L)
then there is one line that contains at most 3.J (L)% joints, thus we have
JL) < J(L—1)+3J(L)F < J(L—2)+2-3J(L)5 < < L-3J(L)3

which give us J(L) < CL? O

2.5 Generalization of Vanishing lemma
lemma 14

Lemma 14. Suppose P € Poly,(R"™) vanishes on D + 1 distinct (n — 1)-dimensional planes,
then P =0

Proof. For any point x not on any one of the planes, we can draw a line that intersects D + 1
distinct points with these planes, thus P(z) = 0, therefore P =0 O

Corollary 5 could be captured as a vanishing lemma,the Following Theorem could be seen as a

generalization of Corollary 5
theorem 15

Theorem 15. Given N distinct k-dimensional planes in R™, Then there is a polynomial P with
degree degP < CN#% that vanishes on all the planes, where C depends only on k,n



Proof. Restrict on a k-dimensional plane, P would be a polynomial in Poly , (R"~%), If we could
find D +1 distinct (k — 1)-dimensional planes on which P vanishes, then P would vanish on this
k-dimensional plane by Lemma 14. Carrying over this procecedure, If we could find N (D + 1)*
points on which P vanishes, then P vanishes on all these intermediate affine subspaces. Accroding
to Corollary 5, If we could choose D so that

k
n

D <nNw#(D+1)
then there exists a polynomial P satisfies all these requirements
D <nN#(D+1)% <n2<N=D=
— D" < n2%N=w
= D"k <pn2kN
= D < ni=F 27k No=k < ON#"=F

]
theorem 16

Theorem 16. If P € Poly,(R"™) is a non-zero polynomial, then Z(P), the zero set of P, has
Lebesgue measure zero.

Proof. We prove this by induction on n, we denote Lebesgue measure as
Assume
P=(zp,—a)™ - (zp —ar)"™ P,

Restricts on hyperplane x,, = a, P, would be a non-zero polynomial in Poly,(R"~!), by in-
duction hypothesis, u(Z(P1)) = 0, Since Z(P) is a closed set in R™, xz(py is a nonnegative
measurable function, according to Tonelli’s Theorem, we have

W(zP) = [ xar

k
S/ > Xz(en—ap) + Xz(P)
"
k
:/ ZXZ(xn—aj)+/ Xz(Py)

k
/ /ZXz(xnfaj) +/ (/ XZ(P1)>
Rn—1 Rj:l R Rn—1

=0

2.6 Distinct distance problem

definition 17
Definition 17. Let P C R", define

(MNP%:{@—ﬂ

nqu}

theorem 18
Theorem 18. P C R satisfies | dist(P)| < s, Then |P| < (”f“)

Proof. Let P = {p1,--- ,pn},dist(P) = {d1,--- ,ds}, then for each p; € P, define

S

fi@) =11 (& =p,> = d7)

r=1



then .
fi(pi) = 6i;(=1)° [ ] @2
r=1

where §;; is the Kronecker delta
hence f; are linearly independent in Poly(R™). On the other hand,

| — ;> — dZ = |x|* — 2p; - @ + |p;|* — d

is generated by 1,21, -+, 2y, ||, thus

S

fi@) =TT (= = 2p; - & + Ip|* — d7)

r=1

is generated by ("f“) polynomials in Poly(R™) by a similar argument as Proposition 3, so is

any linear combination of f;, Therefore, we have

P =N < <”+3+1)
- S

3 Bézout’s Theorem

3.1 Sylvester matrix and resultant

Next, we will talk about Bézout’s Theorem
definition 19

Definition 19. For p, ¢ € Poly(F), Assume

p(x) = ag +a1$+a2x2+...+amxm

q(x) =bo+ bz + bor? + - - + bpa”
Define its Sylvester matrix S(p, ¢) to be a (m + n) x (m + n) matrix

_ao 0 s 0 b() 0 0 T
aq ap s 0 bl bo 0
az ay 0 b b 0
ag bo
S(p,q) = :
Qm  Gm—1 - . bn bnfl
0 am - 10 by
; : C mer D b
L 0 0 ... G 0 0 ... b, |

Define the resultant Res(p, q) of p, ¢ to be det S(p, ¢), and using (p, q) for the greatest common
divisor of p, g
Define Coe(p) to be the vector of coefficients
Coe(p) = [a07 e aan}T
theorem 20
Theorem 20. Res(p,q) = 0 if and only if p,q has common roots.

Proof. Since
(p,g)=de spt+tg=d

For unique s,t € Poly(F) with degs < degg — degd, degt < degp — degd, this result is also known
as Bézout’s Theorem



Moreover
sp + tqg = 0, for some s,t with degs < deggq,degt < degp < (p,q) =d # 1

Where = is true because of the uniqueness of Bézout’s Theorem, and < is true because we
could take s = ¢/d,t = —p/d

Suppose
s(z) =co+ 1o+ cox® + -+ cpz®
t(z) = do + dix + doa® + -+ - + dja’
Then
Coe(sp +tq) = S(p,q) {ggigﬂ
Hence

sp + tq = 0, for some s,t with degs < degq, degt < degp < Res(p,q) =0
L]

Now we introduce a version of Fundamental Theorem of Algebra in CP*
theorem 21

Theorem 21. Suppose p € Poly(C?) is a homogenous polynomial of degree m then it can be
factored into linear factors.

Proof. Assume
p(z,y) = apx™ + a1xn_1y et an_lxyn—l + any"

Define
q(z) =ap+arz+ - +apz"

Then by the usual Fundamental Theorem of Algebra on C, hence ¢(z) can be factored into linear
factors
q(2) =C(z = A1)+ (2= An)
Therefore we have
p(x,y) = Cly — Mix) -+ (y — An)

3.2 Bézout’s Theorem

The next result is formally known as Bézout’s Theorem
theorem 22

Theorem 22. Suppose two curves in C? defined by polynomials p,q € Poly(C?) with (p,q) =1
and degp = m, degq = n, then the number of intersections of the two curves is no more than mn

Remark. (p,q) = 1 means that p and ¢ don’t have common factors, otherwise p, ¢ would have
infinitely many common roots

Proof. Suppose p, ¢ have more than mn common roots, say, mn—+1 common roots Py, -, Pypt1,
than after an affine transformation, we could assume that neither two of lines O P; will overlap
Suppose the homogenization of p, ¢ are

pley.2) = > cipa'y’ 2P =po(a,y)z" +pi(z,y)2" T+ A+ (2, y)
i+j+k=m

g(,y,2) = Y dg'y 2 = qo(w,9)2" + q(@,y)2 T+ 4 gu(w,y)
it+j+k=n

Where [z, y, 2] is the homogenous coordinate, and p;(z, y) are homogenous polynomial of degree
i

We could consider Res(p, ¢) which would be a homogenous polynomial of degree mn, and the
proof of this fact we defer to the next lemma. And Res(p,q) # 0, otherwise f,g would have
common roots in k(x,y)[z], by Gauss’s lemma, f, g would have common factors in k[z, y, 2]
According to Theorem 21, Res(p, ¢) could be factored into mn linear factors, then each P; should
lie on different linear factor, which is a contradiction O



lemma 23
Lemma 23. Res(p,q) is a homogenous polynomial of degree mn

Proof. we would prove that each term in the (m+n)! terms of the expansion of Sylvester matrix
S(p, q) is a homogenous polynomial of degree mnassume one term is

:l:Sil’l T SinanSin+l»n+1 T Sim+n,m+n

Where (i1 imin) € Sman 1S a permutation of 1,--- ,m + n, if we want this term not to be
zero, we need further to assume

]§2n+] S]—’—TL,]: 17 , M
Due to the arranging of S(p, ¢), we have the degree d of this term satisfies

m—+n m—+n n

k=Y ij=d+> k+> k
k=1 j=1 k=1

k=1

Thus we have d = mn O

4 Roth’s Theorem

4.1 History and developement

Our last topic would be a famous result in Diophantine approximation, Thue-Siegel-Roth’s
Theorem. But before we get to Roth’s Theorem, I would like to talk about some history and

developement
theorem 24

Theorem 24. For any irrational number « ,there are infinitely many rational numbers = such

that 1
ot
q q

Remark. This theorem is known as Dirichlet’s theorem, and note that the theorem won’t hold
if «v is rational

Proof. Define (z) = x — |z], thus

{Oa <Oé>, <20&>7 T <TLO£>} C [Oa 1)
Obviously, no two can be the same, assume

0 < (i1a) < (i2er) < -+ < (ipa)

1
hence there must be two adjacent terms with difference strictly less than —, thus there exist
n

integer ¢ < n and integer p such that

<1
pE

o — —

1 1
ga-pl<- <=
n q q

:

as n becomes larger, q must also becomes larger, otherwise |ga — p| won’t be small enough, if

, hence if there are only finitely many rationals T Where

(p,q) = d, then |ga —p| = d’%a_g

s
(r,s) = 1, then |sa — 7| must have a lower bound, thus as ¢ becomes larger, |ga — p| will certainly

be very large, which is a contradiction O
t%eorem 25
Theorem 25. The set S of those x € R such that there exist infinitely many fractions =, (p,q) =
q
1
1 such that |z — p‘ < is of measure zero, where € > 0
al — ¢t




Remark. Note that the condition could be changed into a weaker one

=)< o
Pl
q| ~ ¢*log(q)tte

Proof. First, let’s concentrate on x € [0, 1], consider

Ek:{xESﬂ[O,l]Hx—é‘gl 0<l<kz,(k,l):1}

k2+e’
Then
1 4
1(Ef) §2'W'(7€+1) S T
Thus Zu(Ek) < 00
k=1
+o00

According to Borel-Cantelli lemma, p(SN[0,1]) = 0, thus p(S) = Z w(SNn—1,n))=0 O

theorem 26
Theorem 26. If « is an irrational algebraic number of degree n, then there exists A > 0 such
that

Vp,q € Z,q>0,|la — =| > —

q’ﬂ

p‘A

Remark. This theorem is known as Liouville’s theorem, and note that the theorem won’t hold
if « is rational

Proof. Assume « is a root of an polynomial f € Z[z] of degree n, denote the maximum of | f'(z)|
in [ — 1, + 1] as M, and assume all the distinct roots of f in R are a1 < ag < -+ < Q.
Choose A small enough so that

1
A < min (1, M la; — aj|)
p

x‘ < é, thenf<p> # 0 and
q q" q

Suppose there is a fraction ‘B,q > 0, (p,q) = 1 such that
q

1
‘f (p) ‘ > —. By the intermediate theorem
q q

fla)—f (’q’) — ' (x0) <a Z)

For some zy € [ — 1, + 1], hence

Which would be a contradiction O

In fact, Liouville use this to construct the first transcendental number

<1

k=1

Suppose £ is an algebraic number of degree n, then by Liouville’s theorem

=E 4
q

34, n
q

10



Consider z—: =3, ﬁ and ¢, = ﬁ, then
P — 1
m
‘5 “lm 2w
k=m+1
1 > 1
~ 10(m+D)! kZ 10kTm+ D)1= (m+1)!
=0
1 =1
< 10(m+1)! Z 10%
k=0
110
T 1om+D! g
Thus A
1 10
— S f _ B < P =
qn q| — 100m+Dt 9

1
A< 501()(”*’“*1)"“ — 0(m — o)

Which would be a contradiction, hence £ is a transcendental number
Another way of saying Roth’s theorem is

a— Ll > a,K

Vi > 2,3C,., > 0, =

p‘O

However, simply use polynomial of one variable can at best reach Liouville’s result in some sense
If we pick P(z) € Q[z] with degP = r, and « is a root of order 4, then

(-5 G

Jj=i

Then we have

Thus we should have

N -1

. )

mﬁr@fiﬁ()
T

Hence we should make % as large as possible, but if « has order i, then r > ni < % > %, thus we
didn’t get a better result than Liouville’s. That is a motivation for using polynomials of multiple
variables

4.2 Thue-Siegel-Roth’s Theorem

Since Thue-Siegel-Roth’s Theorem is rather complicated, we will using a flexible proof technique,
postpone the details and the technical part of the theorem, first present its basic idea, make it

more readable, but before that, let’s introduce some notations first
definition 27

Definition 27. Let R = (r1, -+ ,7m),I = (i1, ,4m) € N™ be a multi-index, and define
Poly (F™) to be the set of polynomials with degree at x; no more than r;, and |I| = i1+ - - +im,
S .

R ry? ’ Tom

theorem 28
1

Theorem 28. If « is an irrational algebraic number, then for any k > 2, |a — p‘ < — has
q

only finitely many solutions

Remark. This theorem is known as Thue-Siegel-Roth’s Theorem, which could be seen as a
generalization of Dirichlet’s Theorem and Liouville’s theorem, and this result is sharp in the

sense that the solutions of|a — 4

1
< — is infinitely many if k = 2 and finitely many if x > 2
qK/

11



Proof. Step 1(Simplification):

First we simplify the question, we could assume « to be an algebraic integer

Suppose the theorem holds for all algebraic integers, if « is an algebraic number of degree n with
minimal polynomial

Sp— S s
Me (1) :x"+"71x”—1+...+71m+70
Tn—1 T1 To
Sp— s
Where 221 AR 29 are rational numbers, let M =7, _1---79, then we have
Tn—1 To
(Ma)™ 4+ ap_1(Ma)" ' 4 4 ay(Ma) +ag =0
Where a,,_1,- -+ ,aq are integers, thus M« is an algebraic integer, if
1
a_ﬂg
q q"

has infinitely many solutions, then ¢ could be taken sufficiently large, thus there exists ' > 2
so that

q
Where ¢ could be sufficiently large, on the other hand

1
q

-1

q

Should have only finitely many solutions, thus ¢ should have an upper bound, which would be
a contradiction »
Second, we could assume all the rational approximations to be in reduced forms, for if = satisfies

Q_ﬂ<1
ql — ¢~
r
P could be writen as a3 where (p1,q1) = 1, then
q Tq1
1 1
q q1 q q1

r

but there could only be finitely many Py satisfy the inequality, since ‘a — 191‘ is a fixed number,
rq1 q1

thus, there are infinitely many reduced rationals satisfy the inequality as long as there are

infinitely many rationals satisfy the inequality
Step 2(Idea):
Assume « is an algebraic integer of degree n with minimal polynomial

fx)=2"4ap_ 12" '+ -+ a1z +ao

The basic idea is to find a polynomial ) € Polyr(Z™) of somewhat bounded coefficients such
h
that @ (hl h"") # 0 but vanishes to a very high order at (a,--- , ), with — be reduced

q1’ ? gm
1

good approximations that satisfies

We have

1
a— < —, this would raise a contradiction

(3

hi h 1
Q(7"'a m)Zw
q1 dm q1" " dm

on one hand, and on the other hand, since

P B (Y ()T
Q((h7...,%)_ ZaIQ(a, ,a)(ql a) (qm a)

0<I<R

%

qi

12



h h i 1
(1_a> ...(m_a> Sﬁ
a Gm (¢ - am)"
Pick m, q1, 71 to be sufficiently large, pif:k g2, "+ ,qm even larger subsequently, and to simplify
things, select r3,--- , 7, so that q;J ~ qi', thus
1 > q—’n’LT‘l
q’{l N q:’rﬁ” ~ 11
And v . v
1 ( —ri Ty —riR(fh 4 i) —rik|L|
- =(l@a " gm m) ~qq ! m=q B
(qil e q;L;ln)N
Define
. 1
y=ming |5 0rQ(a, -+ ,a) #0
as a measure how much order does @ vanish at («, - ,«) by the name index of @ at (a,--- , )
with respect to R. When ¢; is quite large, then all 9;Q(c, - - - , &) would be somewhat bounded
so that
0% )| g
q1 qm
Hence

"< = —mr < =Ry

1
But in the construction of ), we could make sure X and 3 are as close as possible, therefore
m
we have achieved a contradiction
YK >m

Now let’s turn to the construction of @, choose m to be sufficiently large, then choose § > 0
to be small enough, and then choose ¢; very large, which will be chosen later, and then choose

g2, »qm, we need to make sure TJT—‘I > §~! for latter construction, since we want
J
log ¢; rj—1
Tl gTm = J ~ J
@ = m log g1 T
We simply let :
08 0.
_08j - 951
log g1
Then let r1 be arbitrarily large, and take ro,--- , 7., such that
lo lo
r gq << gq 1
log g; log g;
We have
lo lo
riy > 1 gad1 vy <1 g a1 11
log gj—1 log g;
Thus
r log q1 log q; 1
Tj—1 1Togg;_1 log g;j—1 20 S g1
) log ¢ log g5 log gm
T 1 log q; +1 L+ r1 10; qi 1+ r1 log q1

Given r; sufficiently large

I
[m N Og%}
log g1

13



theorem 29
Theorem 29. Following the idea and notations above, we could find an integer polynomial

Q € Z™ such that
h hom
Q(l ) #£0

Q1’ ’ dm
_ _ — 1+6
ql rl.”qmrm qu mr1( )
h h _xIn
’Q (1 n)‘ < gPrrInaQ),
q1 dm

—mri(1+6) > (36 — kIndQ)r
Where IndQ = % —tm— CpdT

Proof. Since
T1 1qul + -, IOng < mrq log(h + mlqum

log gm
=mrilogg [ 1+ 08 d
r1logq

< mrylogqi(1+9)

log g,
[rl > 0 log ql}

aq g > q;mr1(1+6)

Given r; sufficiently large

Thus

Define
Poly  (Z7) := {P e PolyR(Zm)‘O <0< B}

then we have
|Poly g 5(Z7)| = (B + 1) D (rmtD)

Given v, it is hard to find H € Polyy p(Z7) such that the index of H, Ind(H) > v, we will
use pigeonhole, by estimate the number of distinct value of ;W («, -« - , &) to ensure there exist
W1, Wy € Polyg g(Z) such that

ale(a7"' ,Oé) = aJWQ(aa"' 70{)

V|%| <, then H = W, — W, would be a desired polynomial. Consider the remainder r(z) of
OyW(z, -+ ,z) modulo f(z), then r(a) = 9;W(a,---, ). Define [W] to be the maximum of
the absolute value of W, then we have

™ T'm
a $T17...7xz;7l — X PP .
/(@ ) <.71) (]m)

But since (;) < 2", thus we have
[OsW (21, Tp)] < 27T T W]
since ;W (x1,- -+ ,xy) has no more than (r; +1)--- (r,, + 1) terms, hence
[OsW (2, )] < (11 + 1) -+ (1, + 1)27 7 m [W]
Then by the Lemma 30 we have
[r] < (rm + 1277 (14 [f]) W]

]
lemma 30

Lemma 30. P € Z[z| with degP = m > n, r is the remainder of P modulo f, then [r] <
(L+ [P
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Proof. Suppose P = ¢y + -+ + ¢, then P = Py + cpz™ " f with degPy < m, [P1] <
[P] + [P][f] = (1 + [f])[P], carry on this process, we have [r] < (1 + [f])™ " TL[P] O

Hence the number of distinct values of 9;W(a,---,a) = r(a) is at most
(2(7y, + 1)2m (14 [f])™[W] + 1)" for a single J, next we need to estimate the number
of distinct J such that ‘%‘ < 7, as we analyzed above, we want L =~ %, we might define
v =5 —&m with § > 0, then the number of distinct J is bounded by the Lemma 31

lemma 31

Lemma 31. S := {O <J< R’ || -2 < ffm}, then n(&) = 15| < (ri+1) -+ (rm + 1)(3’%52

Remark. The idea is to view Ji as random variables, then by the law of large numbers, there

Ts
can’t be too many away from the mean value

Proof. n(§) =3 ;.4 1, thus

n(f)e%52§ Z e 5(&I-5)
0<J<R

Tm

1 . X
=5y eI S N 1(F )

Jj1=0 Jm=0

i

Zef%ui—;l—é)

1 7i=0

-

K2

Since 1 +z <e®* <1+x+a? V|z| <1, thus

T

35D < 3 (1 . (
=0

Jj=0

J

1 &2
r2>+4(

<(r+1) <1+i>

52
<(r+1l)e+x

Therefore )
n(€) < (r41)- (rm+1)e” ¢

Since
2ry 4+ 1) (rp + )27 (14 [f]) W] 4 1 < 22F2(tFmm) (1 4 [f])™ B
We should make sure

n(ri41)(rmt+1)e” T€

(22t (14 1)) B) < BOTHD )

Or simply make sure

m g2

4

21+ [f)"B)" * <B
If We take B = ¢°™, for ¢; sufficiently large [log g1 > md~'log (16(1 + [f]))], we then have
2414 [f])™ <2V (14 [ < )

then we only need
e 7 <1 log(2n) < %52

But still £ = 0 as m — oo [Suppose €= {\/@J + 1}
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Now that we have H vanishes to high order at («,---,«), but we couldn’t make sure

H (% e ) # 0. However, we could find Jy with |‘]°| fairly small compare to 2 that

05, H <q1 ) # 0 and then simply choose Q = 0;,H. This relies upon the behavior of

integer polynomlals on rational points, which is fairly different than on irrational points, and
this makes all the difference, in the case where H has just one variable, this is easy, but when
H has many variables, we need to seek a way of making inductions on the number of variables,
and that would be the most tricky part. First we introduce the notion of generalized Wronskian

definition 32
Deﬁnition 32. Assume ¢, -+ ,pn—1 € Poly(F™), differential operator 9; = %83{ =
dJr .-, then the generalized Wronskian is defined to be

Sl gm! J !
aAo ®0 e 6A0 Pn—1
On,_1p0 -+ On, Pn—1
Where A; is some some operator 0y with |J| =
lemma 33
Lemma 33. Assume ¢, -, pn_1 € Q[z], then they are independent if and only if their Wron-
skian
%o T Pn—1
. ) . 20
1 n—1 n—1
(n—1)! dgm—1 $o (n 1)' dzn—1 Pn—1

Proof. If det (k, 1aF gol> # 0 and g, -+ ,@n_1 are linearly independent, then Jcg, -« ,¢,—1 are
not all zero, such that
Copo+ -t Cn—19n—1 =10

But then
1 dk 1 dk
CopyqprPo Tty ren =0
Which is a contradiction. The other direction is easy. O

We generalize the lemma above to the generalized Wronskian

lemma 34
Lemma 34. If g, - ,p—1 € Poly(Q™) are linearly independent, then there exists a general-
ized Wronskian det(Agp;) # 0
Proof. Choose k to be large enough, larger than the degrees of ¢;, then consider
6i(t) = i (1,15, ") e q
Which will still be linearly independent, otherwise, suppose @;(x1, - ,Zm) = C’g)xfl ez

then
Z Az(bz Z A ZC l)ts1+k52+ kM1

But sy 4+ ksg +-- -+ k™ s, will all be different like k-adic numbers by the Lemma 35, therefore
A; =0 O

lemma 35
Lemma 35. If two k-adic number sq + s1k + -+ + s,k™ and tg + t1k + --- + t, k™ are equal,
then S; = tz’

Proof. Since
So+$1k+"'+$nkn:t0+t1k+"'+tnkn

16



We have
‘(tn — Sn)k‘n‘ = ’(80 — to) + (51 — tl)k‘ —+ -4 (Sn—l — tn_l)kn_l

<k-—D(A+Ek+---+E"h
=k -1

Thus t,, = s,, carry on the process, we have s; = t; O

According to Lemma 33 above, we know that the Wronskian

1 d*
det (k!dtk(bl) #0
Since 4
7o = Ot Kt 10, 00 4+ -+ KMTHET T 1, o)
And
dk 1 T k k'ﬂL—l
@@:(fl(t)AkJr...+fr(t)Ak)go(t7t et )

Where AZ are of order k. Expand the Wronskian det (% (%gbl) to a sum of generalized Wron-

skian, go(t)Wo + - - - + gs(t)Ws, hence at least one of the generalized Wronskian W, # 0
In order to make induction on the number of variables, we use the next argument to separate

the variables
lemma36

Lemma 36. Given R € Poly(Z™), m > 2, R # 0, deg, R < r;, then 3] € Z such that

1<i<ry,+1and 3Aq,---,4A;_1 of orders 0,--- ,] — 1, and we can construct

F(zy, - ,zm) = det (qul!(?ng)

Where 0 # F € Poly(Z™), We can separate x,, from xq,- -, Zpy_1

F(zy, -, zm) =U(z1, - y2m-1)V(2m)
Where U € Poly(Z™™ '), V € Z[z], and deg, U < lr;, deg, V <lry,
Proof. We can write R in the form of

Yo(Tm)Po(T1, s Tm—1) + - + Y1 (Tm)Pr-1(T1, -+ Ti1)
Where [ is the smallest possible, such an expression always exists since
R(l‘1, R ’xm) = QSO(I'I, R 7$m—1) + 4 x:,:"ﬁz)rm(-rla R 7xm_1)

Which also implies that 1 < I < r,, + 1. Also %o, - ,¥;_1, ¢o, - ,P;—1 must be linearly
independent otherwise [ won’t be the smallest, thus according to lemma, there exist a Wronskian

1
W (zy,) = det <q'agmzpi) #0
And a generalized Wronskian

G(xh T ’xm—l) = det (Ap(bz) #0

Let )
F(z1, - ,xm) = WG =det (Ap|ang> #0
q

By Gauss’s lemma, after multiply a integer factor, we have
F(mla te 7xm) = U(x17 e ;xmfl)v(xm)

Where U € Poly(Z™™'), V € Z[z], and deg, U < lr;, deg, V <lry, O

17



Next, we estimate the coefficients of F’
lemma 37

Lemma 37. If [R] < B, then
[FI<((ri+1)-(rm+ 1))l N Blo(rit trm)l

Proof. Apﬁang has at most (r; +1)--- (r, + 1) terms and a upper bound of each term would

(Tl) . (Tm]_> (Tm)B < 27”1+"'+TmB
b1 Pm—1 S

And det (Apiﬁgm R) can be expanded to at most ! terms of product of [ terms. In conclusion

[FI<((ri+1)-(rm+ 1))l N Blo(rit - trm)l
O

We first dealt the case of just one variable
definition 38

Definition 38. O(B;q1,  * ,qm;71, " ,rm) = max{Ind(P)}, where P is taken over
Polyp p(Z™), and h; is taken over (h;,¢;) = 1, and the Ind(P) is at (%, e ,Z;’Z) with re-
spect to R
lemma 39
Lemma 39. log B
O(B;q;r) < —2
rlogq

Proof. Assume P € Polyg r(Z), (h,q) =1, 0 = Ind(P), then we know that % is a root of P of
order 6r, by Gauss’s lemma
P = (gz — )" g(x)

Where g € Z[z], thus we have ¢°" < B which gives the estimate

log B
rlogq

O(B;q;r) <

O

Before we jump into the case of multiple variables, we state some basic arithmetic properties of

index
lemma 40

Lemma 40.
Ind(P 4 @) > min (Ind(P), Ind(Q))

Ind(PQ) = Ind(P) + Ind(Q)

Proof. Assume P = Y crz!,Q = Y. dja’, then P+ Q = > (cr + dp)a!, PQ = > crdjz™/,
suppose

I I,
Lo = |22 = nd(P
Ry R, nd(P)
Jy J,
7:-:7:Id
R, ‘Rq nd(@)

If ¢; + dy # 0, then ¢ # 0 or dj # 0, thus
Ind(P + @) > min (Ind(P), Ind(Q))
cydy # 0, if and only if ¢; # 0 and d; # 0, thus

Ind(PQ) = Ind(P) + Ind(Q)

18



Finally, we discuss the case of multiple variables by making induction on the number of variables
lemma 41
Lemma 41.

e(qtlsrl;QM s GQms T, ,’I"m) S Om62m171
Proof. On one hand, since F = UV, [U],[V] < [F], Ind(F) = Ind(U) + Ind(V), and

[F] < ((7‘1 + 1) cee (’r‘m + 1))l l!ql15r12(7“1+--~+rm)l

< (QQ(M”'”T"')@”)I

Given ¢ large enough, thus
Ind(U) <10(q;"°" 51, Gm-1;0r1, -+, lrm—1)

Ind(V) < l@(q%l‘sr1 $Gm; Urm)

Hence
Ind(F) <1 (@(qf””;qh e Gme1i e Irr) G(qf”“;qm;lrm))

On the other hand, since F' = det (Apiagm R), and

1 e
Ind (A,, ;01 R) >Ind(R)— 22 — ... — Pm—1 4
g " T1 T"m—1 Tm—1
= Ind(R) - - — - p_1
1§
> Ind(R) - - - =
> Ind(R) — Ti —6

1
Ind (Ap'ang> > max {0, Tnd(R) — ‘1} s
q!

And in the expansion of det (Apéagm R), each of the I! terms in the expansion is of the form

1 _
+ (APU R) (Apoamm R) T (Apz—l (l_l)lalzmlR>

Thus .
-1
Ind(F) > Y max {o,Ind(R) - q} — 15

r
q=0 m

Denote & = @(q%l‘sr1 $q1, Q1301  Irm—1) —&—@(q%l‘s“;qm; Irm), 8 = IndR, then there are
two cases
Case I: Or,, > 1

q=0 Tm
=10 — (-1 — 15
2rm
> £0 — 19
-2



Which would implie

1@2%9—16:9§2(<I>+6)

Case II: 0r,, <

md(F) > Y <9— q) — 15

T
0<q<[0rm ] m

[67m ] ([67m] +1)

Which would implie

= ([0rm] +1)0 — o 16
|07
pr— 1 —_— — —
([Orm] + )(9 oo 15
0
2
> O s
2
1® > 67rm —16 =
2 2 1
6% < T—l(m(s) < @(qma) < 4(® +5) =

0 <2®+6)2 <2d2 +67)

In conclusion, we have

0 <20+ ®3 +63)

Since R is arbitrary, we have

O™ 1q1 i1, Tm) <2+ BF +57)

Already we have

Since

We have

Since

We have

Since

(g™ qusm) <6

2orlog g

(_) 21677 . ,l < 2%
((h ;42 7"2) > l’I“Q IOg o <
2167 1
@(q%l&l;(ll;lrl) < # 20
1 10g q1
O(q)™ 1 q1, g2 71,7m2) < 2(0% + 45+ (46)%)
< 2(0% +40% + 26%)
— 1462
2107 L
O(qim; gs;lr3) < lrliog(h <25
r3log g3

O(ai"™; qr, g2 Iy, lrs) < 1402

n|=

O g1, g2, q3i 1,72, m3) < 2(67 + (20 + 1407) + (26 + 1467)7)
< 2(5i + (2% + 146i) + (25% + 145%)%)

Il
>
[\}
(=%}

I

2lor1log g1
lrylogqy
O(¢2°™; g1, 4o, g3 1, ra, Irg) < 4207

O3 qu;lry) < <25
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We have
O(¢0™ 5 q1, @243, Gai 11,72, 73, 74) < 267 + (20 + 420%) + (26 + 4267)7)
< (6% 4 (265 + 4265 ) + (267 + 4257)32)
< 10458
And so on, we could write

2167, 1
Qg2 g ) < lrﬁliozgq% <26

) 1
@(q%lén;(ha s dm—13 lrla T 7lrm—l) < Cm_152m—2

Thus s
O(™ 5 q15 s qmiT1, )

<2 <5§ + (25 + Cm_g(szml—z) + (25 + cm_Q(sgm%a) é)

<2 (1 L (24 Cn)+(2+ Cm,l)%) sameT

Obviously, we need 2(1 + (2+ Cpm1) + (24 C’m_l)%) < Cyn, quick check we can simply take
C,, = 10™. But still we have

G(q(lsrl;qla"' s qmyT1, 0 7rm) < Cm(52ml—1 — 0((5 — 0)

Finally, we get a desired @) with the following property

07Q(a, -+ )| < (ri+1) -+ (ryy + )27 (14 [f])™[H]
< 2t (1 [
<221 ()"
< g

—~

Given ¢; large enough [as abovelog g > mé~—'log (16(1 + [f]))], and

dQ > v — Cppd =T = = — &m — Cpp 67T

‘Q <h1 e h'm,) ’ > ql_rl . q_rﬁl > ql_mrl(l+5)
= m =

SE

q1 ’ ’ dm
h1 h hy 1 h im
’Q<7...,m>'§ > |3IQ(a,~~~,a)‘<qa qﬂ,a
" m | £1>IndQ 1 m
< (A1) (DI Qs @)|gT - g
< omrigiinig e .q;‘m”%
< q?&r'l q;TINIndQ _ q£36—n1ndQ)r1

Thus we need
—mri(1+9) > (36 - K (% —&m — C’méz""%l)) r &

n(%—gm—cm(szm%l) >m(1+6)+30 &

n(lﬁcm(SW_ >>1+5+35@
m m
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—2 10m 7T
AT S Y
m

2
Which would be true given m large enough and ¢ small enough
1
—2 10m§ T —2
f<P Ztmooo), 0 4 4s< S Z(50)
K m
O
As a major implication, we state Thue’s theorem
theorem 42

Theorem 42. Suppose P(x,y) € Z[z,y| is an irreducible homogeneous polynomial with d =
degP > 3, then Thue’s equation P(x,y) = m has at most finitely many integer solutions, where
meEZ

Remark. This theorem is known as Thue’s theorem. When d = 2, theorem doesn’t hold. Con-
sider Diophantine equation 32 — 222 =1, let 2; = y; = 1, 25 = 3, y» = 2, and

Tpy1 = 2T + Tp_1
Ynt1l = 2Yn + Yn—1

Then we have y2 — 223 = (—1)™. Note that (z,y) should be best approximations of /2, since if
’%‘ #1/2, then

y? — Q;UQ’ > 1, thus we simply pick z,,,y, from the continued fractions ¥~ of V2

2)| = |A||z|~?, define Q(z) =
Zj:o a;z9, thus |Q (£)| = |A[lz[~9. Let j; be the roots of @, 3; would be distinct since @ is
irreducible, thus Q'(8;) # 0, choose some § > 0 such that Vz € (8; — 0,5, + 0),|Q(z)] >
11Q'(B))||z — B, since S_(Zi = Q(i:gﬁj) is continues with lim,_, g, ZQ_(;i = Q'(B;). Suppose
Thue’s equation has infinitely many solutions, then according to |Q (%) ’ = |A||z|~%, there would

Proof. Assume P(z,y) = Z;l:o ajz?~IyJ, then we have ’Z?ZO a; (¥)

be solution with |z| arbitrarily large, otherwise there would be solution with ‘%‘ arbitrarily

large, but that’s impossible since lim|.|_,o |Q(2)| = oo. Thus there should be solution such
that |Q (%)‘ arbitrarily small which means there should be infinitely many solutions satisfying
¥ ¢ (Bj—0,B;+0) for some j. On the other hand, if (2,y) is one such solution, since we already
have |Q (%ﬂ > 11Q'(55)] |Bj — %L thus |ﬁj — %| < %ﬁ, but by Roth’s Theorem, there
could only be finitely many solutions, and we have reached a contradiction O

5 Conclusion and Further Developement

Bézout’s theorem could be generalized to higher dimensional projectivce space with the inequality
replaced with equality

Roth’s theorem could be generalized to the following statement:

If « is an irrational algebraic number, then

1
H(&)"

has only finitely many solutions, where height H () is the maximum of the absolute values of the
coefficients of its primitive minimal polynomial, and xk > 2deg(¢), and infinitely many solutions
if k < 2deg(§)

There are also generalizations by LeVeque to arbitratry algebraic number field, and by Schmidt
to higher dimension which called Schmidt’s subspace theorem, and an analogue to p-adic metric
Roth’s theorem

Also, Serge Lang made a stronger conjecture, that if « is an irrational algebraic number, then

loo — €] <

Pl . 1
w Pl
q|  q*log(q)tte
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has only finitely many solutions

The proofs in this thesis, they often don’t construct a desired polynomial concretely, rather they
use a probabilistic method, or pegion hole’s principle by certifying only the existence of such a
polynomial

I have to say I'm astonished over and over again by how some simple yet powerful structure
hidden behind could link and shed light on so many interesting questions
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