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Chapter 1: Introduction

1.1 Background and motivation

Polylogarithms, denoted as Li,(z) = ]i k_:’ are a collection of multi-valued
holomorphic functions on C — {0, 1}, extended through analytic continuation. They
are named polylogarithms because Li;(z) = —log(1 — 2), thereby generalizing the
natural logarithm. One could also define their single-valued variants £, (z) (see

Definition 4.3.1). Polylogarithms satisfy various functional equations, including the

classical five-term relation

Lo(z) — Lo(y) + Lo (%) s (1 - :”1) 4Ly (1 - gj) —0 (1.1.1)

11—yt 1—y

Polylogarithms play a significant role in several areas of mathematics and physics.
They appear in formulas for scattering amplitudes in quantum field theory [3].
Moveover, L5 shows up in the formula for volumes of hyperbolic 3-simplices [4], and
Cheeger-Chern-Simons class for SL(2,C) [5].

Polylogarithms naturally give rise to a variation of mixed Hodge structures over
P! —{0,1, 00} [6]. Beilinson and Deligne constructed a matrix (see 4.0.1) composed of
polylogarithms, which we shall refer to as the variation matrix. The variation matrix

is the fundamental matrix to a linear differential equation defined on P! — {0, 1, cc0}.



They calculated its monodromy matrices, and showed that filtrations on its columns
define a variation of mixed Hodge structures.

Later, Goncharov made connections between polylogarithms and the conjec-
tural category of mixed Tate motives over a number field F' [7]. In particular, he
constructed groups B,(F) = Z[PL]/R,(F), where each generator [a], can be viewed
as representing L, (a), and R, (F) is a subgroup of Z[P}.] defined inductively, and
may be thought of as generated by functional relations for £,. For example, Ry(F')

is widely believed to be generated by all five-term relations

(]2 — [yl2 + [9]2_ [1 _x_1}2+ E:JCL (1.1.2)

x 11—yt

which corresponds to (1.1.1). These B groups fit into a chain complex I'(F,n), which

reads: (See (3.2.1) for the definitions of the differentials)

67171

Bo(F) 2 By y(F) @ F* 225 By o(F) @ AX2F* — -+ 2 A" F* (1.1.3)

Goncharov conjectured that the i-th cohomology group of T'(F,n) is rationally
isomorphic to the i-th motivic cohomology group H',(F,Q(n)). Notice that this is
only true rationally, and it fails to be true integrally even for n = 2.

There is also a multivariate analog of polylogarithm, called multiple polyloga-
rithms, introduced by Goncharov in [8]. The multiple polylogarithm Liy,, ... n, (21, , Z4)

is defined as the power series

k1 kq
ity
ni ng
kl ct kd

O<k1<-<kgq

for |z;| < 1. We refer to d and |n| = ny + - - - +ng as its depth and weight. Note that
multiple polylogarithms in depth 1 are the classical polylogarithms. Extended by
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analytic continuation, they are multi-valued holomorphic functions on a subvariety
S4(C) of C% by removing the locus of {x; = 0}; and {x;z;1 -z = 1};<x (see

Definition 2.3.1). It is tempting to ask the following questions:
Question 1.1.1.

i. Do the multiple polylogarithms also define variations of mixed Hodge structures
encoded by multiple polylogarithms? And how do we compute the monodromies

of multiple polylogarithms?

ii. Isthere an analog of Goncharov’s Bloch complex (1.1.3) with generators represent-

ing multiple polylogarithms, which computes the rational motivic cohomology?

The first question is partially addressed by Zhao [9] in the special case of
multiple logarithms, which are multiple polylogarithms with all indices equal to
one. The complex in the second question is supposed to be quasi-isomorphic to
the Chevalley-Eilenberg complex of the motivic Lie coalgebra associated to the
motivic Galois group [7]. Goncharov and Rudenko constructed such complexes up
to weight 4 using motivic correlators (see [10]). In contrast, our approach avoids
motivic correlators, relying simply on symbolic generators of multiple polylogarithms,
making the complexes applicable to arbitrary weights (see [1]). Later, Rudenko and
Matveiakin extended Goncharov and Rukendo’s work to handle all weights as well
(see [11]).

In [12], Zickert considered lifted polylogarithms £, as functions from C to

(2mi)"

C/ WZ’ where C is the universal abelian cover of P! — {0,1, 00}, modeled by

~

C = {(u,0) € C?e" + ¢ =1} (1.1.4)

3



here w,v should be thought of as log(z) and log(1 — x), respectively. The term
“lifted” refers to constructions over C. Goncharov previously argued that £,,, when
viewed as a map B,(C) — R by taking [a], to L£,(a), should make the following

diagram commutes
H,(C,Z(n)) — 22— C/(2ri)"Z

lg@ lReIm

ker(B,(C) 2 B,_1 ® C*) — = R

here b, is the cycle map (3.2.5), the left is the conjectural rational isomorphism, and
Relm is Re when n is odd and Im when n is even. Zickert then constructed the lifted
Bloch complex f((C, n) by defining B, (@) groups, whose generators are thought to
be En, and conjectured its i-th cohomology group is isomorphic to the i-th integral
motivic cohomology group H',(C,Z(n)), rather than just H%,(C,Q(n)). He believe
that £, would correspond to the cycle map b, in (1.1).

Moreover, Zickert proved (unpublished) that En introduces a lifted variation of
mixed Hodge structures over C. And he also defined the lifted Bloch complex I'(F, n)
for a field F' satisfying certain necessary conditions (see 3.4.2), and he conjectured its

1-th cohomology group is isomorphic to the i-th integral motivic cohomology group

H'(F,Z(n)). This leads to several natural questions:
Question 1.1.2.

i. Can we define lifted multiple polylogarithms Emn , on §d((C), the universal

abelian cover of the domain Sy(C) of Liy, ... 5,7

ii. Do these lifted multiple polylogarithms yield a lifted variation of mixed Hodge

structures?



iii. Is it possible to construct a lifted motivic complex with generators representing
lifted multiple polylogarithms that computes integral (rather than rational)

motivic cohomology?

In the thesis, we will try to answer both Question 1.1.1 and Question 1.1.2.
The treatment of Question 1.1.1 ii. constitutes the joint work with Greenberg,
Kaufman and Zickert [1], and is discussed in Chapter 3. Meanwhile, Question 1.1.2
iii., Question 1.1.2 i. and ii. are addressed in the joint work with Greenberg, Kaufman
and Zickert [2], and are covered in Chapter 4. Monodromy calculations for multiple
polylogarithms related to Question 1.1.2 iii. is the independent work of the author,

which is detailed in Chapter 5.

1.2 Structure of the paper and main results

In Chapter 2, we review fundamental concepts and well-known theorems that
set the stage for the discussions in subsequent Chapters. We begin by examining
key concepts such as iterated integrals, Hopf algebras, Lie coalgebras and variations
of mixed Hodge structures. In particular, we discuss the regularization of singular
iterated integrals, where shuffle algebras and Lyndon words play a crucial role.
After establishing these foundations, we formally define multiple polylogarithms,
explore their key properties, and introduce a coproduct structure on the Hopf algebra
of iterated integrals. Additionally, we cover basic definitions and facts regarding
connections on vector bundles, and variations of mixed Hodge structures, which

prepare us for the discussions in Chapter 4. Lastly, we briefly touch on the connections



between multiple polylogarithms and motivic cohomology, further motivating our
research.

Chapter 3 is joint work with Zachary Greenberg, Dani Kaufman and Christian
K. Zickert [1]. Firstly, we define a Hopf algebra H5™" generated by generators
(1, , Tany,. n, that represent Li,, ... ,, (21, -, x4). Unlike previous constructions
by Goncharov and others, we do not impose shuffle or inversion relations on the
generators. This explains the use of the superscript “Symb”, indicating that the
generators are symbolic, with no relations imposed. We also equip H*™ with a
natural coproduct derived from Goncharov’s coproduct on iterated integrals. Next,
we associate differential one-forms to elements in H¥™. These one-forms live in
Qb[{ui%k}]ﬂ@, where w;, v;;, represent log(z;), log(1—x; - - - 1), which are coordinates
on Sy(C) (see (2.3.2)). For instance, the one-form associated to [z1]s is s(udvyy —
v11duy). The one-forms offer a new approach to exploring functional relations in
addition to another widely used tool, the symbols of multiple polylogarithms [13].
Additionally, we consider several useful Hopf algebras modeled on H¥™  such as a
sheaf of Hopf algebras ]I?]I‘?\}mb over a complex manifold M, by sheafifying morphisms
from open subsets of M to §d(<C). These various Hopf algebras exhibit similar
structural properties. To capture the essence of these structures, we introduce the
notion of a contraction system and use it to justify all constructions simultaneously.
Finally, by taking quotient of H®™ by products (see Theorem 2.2.19), we obtain a
Lie coalgebra L™ whose Chevalley-Eilenberg complex A* L™ maps to the de
Rham complex by sending an elements to its one-form, resulting in a commutative

diagram.



Theorem. Suppose Qb[{ui’vj /0 is the de Rham complex, and w is the map that
takes an element to its one-form, then the following diagram commutes:

[ Symb } /\2 [ Symb ; /\3 [ Symb N

lw lw/\w lw/\w/\w

ot 4,02 4,03 4.

A sheaf of graded Lie coalgebra, denoted I/[:M, should exist by taking the
quotient of ]ﬁlsj\}mb by the products and functional relations on its stalks over M.
Moreover, we conjecture the existence of a chain map A° L v — Q°, induced by the
theorem above, which could establish a connection between motivic cohomology and

singular cohomology.

Conjecture 1.2.1. The following diagram commutes

)

H.(M,Z(n)) —— H'(M,C)
Here subscript n means degree n part (see Definition 2.2.15), for example, if n = 4,

then (A" Lys)4 reads

~ -~ ~

(Lar)s = (Lag)s ® (L)1 @ (Lag)a A (Lr)2 = (Lar)e @ A2Lar)s = AL

where (Ly)x is the degree k part of Ly;. And H'(M, (A" L)) is the hypercoho-
mology of M with coefficients in the complex (A" I/[:M)n The top arrow is induced
by the chain map A* L v — °. The bottom arrow represents the realization functor
from integral motivic cohomology to singular cohomology, while the right arrow is
the isomorphism between de Rham cohomology and singular cohomology [14]. The
nature of the left arrow is currently unclear and still needs to be determined.

7



Chapter 4 is partially joint work with Zachary Greenberg, Dani Kaufman
and Christian K. Zickert [2]. In this chapter, we aim to address Question 1.1.2
i, ii. Firstly, we introduce a generalized concept of variation matrices, which are
naturally decomposed into submatrices of different weights. For example, V¥ is the
variation matrix entirely composed of generators in H. We also define a realization
map R, which “realizes” these generators as actual multiple polylogarithms, for
instance, R([z1, -, Talny. my) = Lingoo gy (21, ,4). When R is applied to VH
we obtain variation matrices previously considered by Deligne and Zhao, which we
denote as V. Next, we show that the columns of V' generate the sections of a trivial
vector bundle over S;(C) with the flat connection V = d — w, where w is simply the
differential of V. Additionally, we explain how filtrations on columns of V' define a
variation of mixed Hodge structures over Sy(C). Similarly, we define lifted multiple
polylogarithms Em ngs and construct a lifted variation matrix 1% consisting of lifted
multiple polylogarithms. Columns of 1% generate the sections of a trivial vector
bundle over §d(C) with a lifted flat connection V = d — &, where @ is composed of
one-forms associated to multiple polylogarithms. And filtrations on columns of 1%
define a lifted variation of mixed Hodge structures over §d((C). Finally, we briefly
discuss how to use variation matrices to re-interpret a result by Zickert [12], and
explore their connection to the recursion formulas in Greenberg’s Thesis [15].

Chapter 5 is the independent work of the author. This chapter contains the
proof of the rationality of monodromy of multiple polylogarithms, and explicit
formulas and algorithms for calculations of monodromy matrices. Zhao cited a

general result in [16] for the existence of rational monodromies, but only gave a



closed formulas for monodromies of multiple logarithms Li; .. ;. We propose a
new approach to this problem. By carefully deforming the integration path of
multiple polylogarithms, we break the problem into canonical subcases, and derive
an explicit formula and an algorithm for computing monodromy matrices for an
arbitrary multiple polylogarithm. Our construction guarantees that the resulting
monodromies are always rational. Furthermore, the algorithm has been implemented

in Mathematica by the author.



Chapter 2: Preliminaries

2.1 Tterated integrals and hyperlogarithms

[terated integrals introduced by Chen [17] possess many appealing combinatorial
properties, which will contribute significantly to the construction of H5™ later in
Chapter 3. We will review these basic properties. In particular, Proposition 2.1.13
states how the evaluation of iterated integrals depends on paths. This proposition is
crucial in understanding and computing monodromies of multiple polylogarithms

disscussed in Chapter 5.

2.1.1 TIterated integrals

Definition 2.1.1. Suppose f; are complex-valued continuous functions on [a, b]. The

iterated integral of fi,---, f, is inductively defined by

/ab )t f()dt = /ab (/t f1(s)ds - fnl(s)ds) £.(t)dt (2.1.1)

Remark 2.1.2. Note that this is not to be confused with repeated iterated integrals

in classical calculus.

The concept of iterated integrals can be straightforwardly extended to the
context of complex manifolds.

10



Definition 2.1.3. Suppose X is a complex manifold, and w; are holomorphic one-

forms. Let v be a piecewise smooth path on X. The iterated integral of wy,--- ,wy,

along ~ is defined as

/Wl"'wn — / ’y*wl<t1)/\/\7*wn(tn)
Y

0<ty <<t <1

(2.1.2)

In particular, we adopt the convention that if n = 0, the value of the iterated integral

is defined to be 1.

Example 2.1.4. One can easily show by induction that

n

b br 2 N 1
t ot J, nt

a

Example 2.1.5. Polylogarithms can be expressed as iterated integrals
n—1
—
Todt o dt dt

e
1ot M@

Proposition 2.1.6. [18] Iterated integrals have the following properties.

i. / wy - - - wy is independent of the parametrization of ~.
vy

ii. Suppose v~ ! is the opposite path of 7, then

/wl...wn:(_l)n/ wn...wl
v 1

iii. Suppose «, v are paths such that (1) = 5(0), then

n
/wlwnzg /wl"'wi/wi—l-l"'wn
apf i=0 Y& B

iv. Product of iterated integrals satisfies the shuffle product relation

/wl"'wn/wn+1"'wn+m: E /wo(l)"'wo(n+m)-
¥ ¥ > I

11

(2.1.3)

(2.1.4)

(2.1.5)

(2.1.6)

(2.1.7)



where o runs over all permutations of {1,2,--- n+m} with c7}(1) < --- <

o ln)and o7 (n+1) < - <o (n+m)

V. / w1 - - - wy, only depends on the homotopy class of v in X if w; are closed one
g

forms and wy Awg =wy Awz =+++ =w,_1 Aw, = 0 ( [18], Proposition 3.1).

dz

zZ—a

If we only consider logarithmic differential forms like dlog(z — a) = , the

iterated integral is called a hyperlogarithm.

Definition 2.1.7. Suppose D is a divisor with support |D| = ?jol{ai} C C, where

ag # ai, ap # any1. Let vy be a path from ag to a1 that is disjoint from |D| except

endpoints, the hyperlogarithm I,(ag; a1, - , ay; aypyq1) is then defined to be

/dlog(z —ay)---dlog(z — ay) (2.1.8)

Remark 2.1.8. Due to Proposition 2.1.6 (v.), it is easy to see that (2.1.8) is invariant

up to homotopy of v in C — |D|. We also see by convention that I,(ag; an4+1) = 1.

When the endpoints of 7 is in |D|, we need to justify that (2.1.8) is still finite,

we first prove the following Lemma.

Lemma 2.1.9. [19] Suppose v is the straight path from 0 to z and |z| < lriljild la;|.

' ‘ ni—1 ng—1 .
Then the iterated integral I,(0;a;,0,---,0,---,a4,0,---,0;2) has the following
power series expansion:
_1 d Zmd
Z 77@"E .. .)m"d mip , mao—mi mg—mg—1 (219)
1<my<--<myg 1 d al a2 T ad
ni—1 ng—1
Proof. First note that 1,(0;a,,0,---,0,---,aq,0,---,0; 2) is equal to
ni—1 ng—1
1 —— —
/ zdt  dt  dt 2t dt  dt
o tz—ay t t tz—aq t t



and then we can repeatedly use the fact that

m
tz—a Z am™
m>1

O

Corollary 2.1.10. If we replace 0 with ag # ay, and |z — ag| < lrgj?d |z — a;], (2.1.9)
ni—1 ng—1 o

becomes I, (ag; a1, ag, - -+ ,ag, - ,aq4, a0, - ,a0; z) which is equal to

—1)¢ _ mg
> n( ) 7 - (Zm _‘i?) — (2.1.10)
L <mi ey ml oo md (al — ao) 1(a2 — ao) 2 ... (ad — ao) d d—1

Now we can find a piecewise straight path +' homotopic to v that for each
segment, the condition for Lemma 2.1.9 is satisfied. By applying Proposition 2.1.6
(ii., iii.), we proved that (2.1.8) is indeed finite.

The value of I,(ag; a1, -, an;ant1) depends on the homotopy class of v and
the positions of ag, a, -+ , a1, so we think of I(ag;ay, - ,a,; an1) without 7 as

a multi-valued function on

D, = {(ao, - ,ans1) € C"?|ag # ar, an # ani1 } (2.1.11)

We would like to show this is actually a holomorphic function. This is a little subtle,
so we need to prove the following technical lemma, which is typically ignored by

other authors.
Lemma 2.1.11. Suppose (a8, r ,aQLH) € D,,, and 7y is a piecewise smooth path in
C with 7(0) = a), 70(1) = al., and disjoint with the rest of distinct a’s, For any
(ag,* - ,anpy1) in some small neighborhood

Ue = {lao — ag| < e} x -+ x {Jans1 — ap | < e}

13



Figure 2.1.1: Analytic continuation of I(ag;ay,- - ,an; Gni1)

of (af, -+ ,api1), La-1495(a0; @1, , Gp; any1) can be written as a power series, where
o and § are the straight paths from af to ag and a),, to a,4; respectively (see

Figure 2.1.1).

Proof. We deploy Proposition 2.1.6 (iii.)

. . _ . .0
[a_l'YDB(GO)ala"' 7anaan+1> - E : [a—l(ao,(ll,"‘ ’ai’a0>
0<i<j<n+1
0. 0 0 . .
‘[’70(0’07 Ait1, "5 Aj; an+1)lﬂ(an+17 A1, 5 Ay an—i—l) (2112)
We know that I, (ad; i1, -+ ,aj;a5.,) is holomorphic in a;4q,- -+ ,a;, and

according to Proposition 2.1.6 (ii.) and Lemma 2.1.9
a—1\Qo; a1, , A3 Q) = a\Qq; a4, ,a1;00), B an+17aj+17 y Wny Un4-1
can also be written as power series in ag, ai, -+ , @i, Qjy1, Uy, Qpg1- [

Remark 2.1.12. If v, is a small continuous deformation of vq such that |y;(s) —a?| >
e,Vai ¢ {ag,an 1} and 71(0) = ao, 71(1) = ant1, then 7, is homotopic to a™'yo/3
and [’71 (a’O; ag, -+, Qn; an-‘rl) = a*lwoﬁ(a@; ag, -+, 0n; an-‘rl)‘

14



Proposition 2.1.13. I(ag; a1, ,an;a,+1) defines a multi-valued holomorphic
function on D,, via analytic continuation. The multi-valuedness comes from different

choices of the integration path.

Proof. According to Lemma 2.1.11, I(ag; a1, , an; any1) has distinet local power
series expansions depending on the homotopy class of . They define a collection of
holomorphic germs I" which is a locally connected subspace of the etale space of Op, .
It is not difficult to see that I' is connected since it is possible to deform between
any two integration paths. Therefore, we may think of I(ag;ay, -+ ,an;a,41) as a

maximal analytic continuation of any of its germ (see [20], Chapter 1, Section 7). [

2.1.2 Regularization

In this section, we define the iterated integral (2.1.8) when ay = a; or a,, = a,.1,
where the integral diverges. This process is known as regularization. This is
extensively discussed in [21] and [19]. To carry out this process we need to introduce
shuffle algebra and Lyndon words.

The non-commutative polynomial algebra Q(Xg, Xi, -+, X4y1) has a shuffle
product L besides product (which is concatenation), defined inductively by 111 X; =

X, wl=X; and
(X Xig - X, ) (X5, Xy -+ X, ) = Xy (X oo X, WX X, -+ X))
+ X (X, Xy - Xp, w Xy, -+ X)) (2.1.13)
Multiplication of iterated integrals (2.1.6 iii.) also behaves like a shuffle product. In

this section, we highlight a way to connect shuffle algebras with hyperlogarithms.
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First we need to introduce the concept of a Lyndon word. Suppose there is a total
order by index on the alphabet, i.e. X; < X, if ¢ < j, then there is the usual

lexicographical order on the set of words on {X};en.
Definition 2.1.14. A Lyndon word X, --- X;, is a word such that

X X, 2 Xipy, 0 X, VI<r<n (2.1.14)

r+1 '
/—h

Remark 2.1.15. X;--- X, is a Lyndon word. A Lyndon word consists of more than

one letters which ordered as X;, < --- < X, cannot begin with X; nor end with

X,

Example 2.1.16. Xy X3X5X; is a Lyndon word, while X; X5 X35Xj isn’t.

The following fact is well-known and we omit its proof.

Theorem 2.1.17. [22] Q(Xy, -+, X441) forms a commutative ring under L, and
the set of Lyndon words form an algebraically independent generating set. In other

words, we can express non Lyndon words as Lyndon words in a unique way.
Example 2.1.18. X XXy = (X()Xl) W X — QXgXl

For fixed ag,a;,,- - ,a;,,a,+1 and a path v from agy to a,;1, we may construct

a multiplicative map

by Q<X07 e 7Xd+1> — (C, Xim e Xi1 = ]W(GO; Qiyy sty Qs an+1)

it is clear ¢, (wy L wa) = ty(wy)t,(ws) for any words wy, we € Q(Xo, -, Xg11).
Unfortunately, I, (ao; ai,, - - - , @;,,; ant1) doesn’t make sense in (2.1.2) if a;, = ag
or a; = ap4+1 since the integral then becomes singular at the end points. A

workaround is to consider its regularized value.
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Consider a piece-wise smooth path from ag to a,4+1 with 4/(0) = A, v/(1) = p.

If we denote 7|j,1- as . for ¢ > 0 small, we can write y(g) = ap + Ae + e f(e),

v(1 —¢€) = ag — pe + €g(e), for some smooth functions f, g such that lir% fle) =
e—

lin% g(¢) = 0. Then by Example 2.1.4 we have
e—

m

—— 1 m
L.(ag;ag, -+, ag; antr) = —; (log(7(1 — ) — a) —log(7(¢) — ao))
1 m
= (log(ans1 — ap — pe +€g(e)) —log(Ae +ef(e)))™ (2.1.15)
f_L m
L, (a0; @nt1, *+  Gngts Gns) = (log(v(1 —€) = ant1) —log(v(e) — an+1))

m!

= - (log(~piz +29(2)) — log(ay — apn + Ae +g(2)))" (2.1.16)
Or more generally the following proposition
Proposition 2.1.19. When ¢ > 0 is small, one has
I

'Ya(ao;ain U 7aim;&n+1) = fo(g) + f1(€) 10g€ +oeee fm(é‘) logm€7

where f; are analytic around 0, and f,(0) is only dependent on the homotopy class

of v with fixed 7/(0), ~/(1).

Proof. If iy > 0 and 4,, < n+1, fo(0) = I,(ao; ai,, - ,a;,;ant1) will be a regular
hyperlogarithm, and f; = --- = f,, will be all be 0. If either i1 = 0 or i,, = n + 1,

by identifying I._(ag; a;,, -+ , @i, ;any1) as X;, - -+ X;,, and applying Theorem 2.1.17,

we may rewrite 1, (ag;a;,,- - , @, ; @pt1) uniquely as products and sums of regular
hyperlogarithms and I,_(ao; ao, - - - , Go; @ny1), 11 (00} Gng1, -+ 5 Qg1 Q). O
Definition 2.1.20. The regularized value of I,(ao; a;,,- - ,a;,,; @nt1) is defined to
be fo(0).

17



Therefore, ¢, is well-defined and multiplicative.

Example 2.1.21. Suppose 7 is the straight path from 0 to z. Then the regularized

/—/\—\ 1
value of 1,(0;0,---,0;2) is —|log" z. The regularized value of 1,(0;0,ay,0; 2) is
n!

L,(0;a1,0; 2) log z — 21,(0; a1, 0, 0; 2), according to Example 2.1.18.

Remark 2.1.22. Remark 2.1.12 can be generalized for regularized iterated integrals.
If either ag = af), 7,(0) = 74(0) or a1 = a1, 7,(1) = 74(1), then v is homotopic
to a3 with fixed 7/(0) or v/(1). By Proposition 2.1.19, L, (ag; ar, - , an; Gpi1),

Io-148(ag; a1, -+, Gy} aypyr) have the same regularized values.

2.2 Hopf algebras and Lie coalgebras

Iterated integrals have the structure of a connected graded Hopf algebra. We
review the definition and main properties of a connected graded Hopf algebra. They
yield a Lie coalgebra when modded out by non-constant products, which form the
theoretic basis for the construction of our model for a motivic complex. We also
discuss in detail the symbol map A, ... ;, which is useful in generating symbols of
multiple polylogarithms. The following discussions can be found in many references,

for example [23].

2.2.1 Hopf algebra

Definition 2.2.1. Let k be a Z-algebra. A k-Hopf algebra H is a k-algebra equipped

with k-algebra homomorphisms

e a coproduct A: H — H®, H

18



e acounite: H—k

e an antipode S: H —» H

such that

o A is coassociative: (1® A)A=(A®1)A

o ¢ is counital: (1 ® €)A, (e ® 1)A are the canonical isomorphisms H ® k =

ko H=H

e m(S®1A =m(l®S)A =¢, where m: H® H — H is multiplication

Definition 2.2.2. A connected graded Hopf algebra is a graded k-algebra @ H,, that
n>0

is a Hopf algebra and A(H,) C @ H,® H,, Hy = k. We denote the restriction of

p+g=n
Ato Hy,as A, = >, A,, where A,,: H, — H, ® H, are the components.
pt+q=n
Lemma 2.2.3. For any connected graded Hopf algebra H, kere = @ H,. If k is a
n>1
field, then ker € is the unique maximal ideal of H.
Proof. Suppose a € H, — kere is of the smallest degree such that p > 0. Then by

counity we have

a=(e®1)A(a) =a+ €(a)

This implies €¢(a) = 0, which is a contradiction. Therefore, kere = @@ H,. In the
n>1

case where k is a field, since H — kere = k — {0} are units, so ker e is the unique

maximal ideal of H. OJ

Lemma 2.2.4. Ay,(a) =1®aand A, o(a) =a®1
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Proof. Suppose Ay, (a) =Y ¢;®b;, since ¢; are scalars, this is equal to 1® (D ¢;b;) =
1 ®b. By Lemma 2.2.3, a = (e ® 1)A(a) = (e ® 1)Ag(a) = b. This justifies

App(a) =1® a. Similar arguments can be made for A, . O
Definition 2.2.5. We define the restricted coproduct A" tobe @ A,,.

Due to Lemma 2.2.4, A'(a) = A(a) —a® 1 — 1 ® a. It is not hard to justify

that (1® A)A = (A’ @ 1A,

Theorem 2.2.6. Suppose H is a graded bialgebra (a Hopf algebra without the
antipode) with Hy = k. There exists a unique antipode map S, giving H a Hopf

algebra structure.

Proof. First we prove the uniqueness. Suppose S is an antipode, then we have for
any |a| > 0,
0=¢€(a) =m(l® S)A(a)

—m(1®S)(1®a+a®1+ A(a)) (2.2.1)

= 5(0) +a+m(1 @ H)A'(a)
This uniquely and inductively defines S as S(a) = —a — m(1 ® S)A’(a), and in
particular, S(a) = —a for |a| = 1. For the existence of antipodes, we simply
define inductively that S(a) = —a — m(1 ® S)A’(a). We still need to check that

m(l1® S)A" = m(S ® 1)A’. Suppose this is true for all |a| < n, then for |a| = n,
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assume A(a) = Y. a;, ® a;,, we have

m(1® S)A'=m (1 ® (—id—m(1® S)A")) A’
= —mA' — (1@ m(S®1)A") A/
=-—-mA'—m(1®S®1)(1eA)A
=-mA' —m(1®Se1)(A @1)A (2:2.2)
=-—mA"'— (m(1® S)A"'®1) A
=m((—id-m(S®1)A") @1)A’
=m(S®1)A

]

Definition 2.2.7. We say an ideal I C H is a Hopfideal if A(/) CI® H+ H® I

and S(I) C I.

Proposition 2.2.8. If I C is a Hopf ideal, then the quotient algebra H/I is again a

Hopf algebra. If H is graded and I is homogeneous, H/I is also graded.

Proof. Due to the definition of Hopf ideal, the induced coproduct A and induced

antipode S are well-defined. So the quotient algebra is a Hopf algebra as well. [

Definition 2.2.9. Suppose A is an abelian group, consider the tensor algebra

T(A) = @ A®" endowed with a shuffle product

(a®@w) W (bR@wy) =a® (w; W (bRws)) +b® ((a®wy) L w,)

(2.2.3)
Va,b € A, w; € A®" wy € A®™

The following results are well-known, yet their proofs are frequently omitted.
We present them here for completeness and future reference.
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Proposition 2.2.10. We can define a graded connected Hopf structure over this

shuffle algebra, with restricted coproduct

—_

A'(a1®---®an):n_ (a1®---®ai)®(ai+1®---®an) (2.2.4)

i=1

and antipode
Slar @ ®ap) =(-1)"a, ®@ - @ ay (2.2.5)

Proof. Note that coproduct is defined like deconcatenations of a word. It is trivial

to check coassociativity and counity. We are left to check that the antipode satisfies
Sla1® - ®a,)+a1 Q- Ra, +m(1® S)A (a1 @+ ®a,) =0 (2.2.6)

If n = 2, this is trivial, and for n > 3 we see that m(1 ® S)A'(a; ® - -- ® a,,) equals

—

S

(—1)a; @ ®a; Wai @ ® ay
1

n—

.
Il

—_

<(—1)iai ® (ai-1® - ®a1 Wai11 @ Qay)

i=1

+(_1)iai+1®(az‘®"'®a1|—|—|ai+2®"‘®an))

n—

—_

(—1)'a; ® (aim1 ® -+ @ a; Way Q-+ @ ay)

™

1
n

(2

(_1)iai®(ai,1 Q- @a; Wa ®®an)

1=2

=—1®a® Qa, — (—1)"a, Qa, 1 Q- R ay
This proves (2.2.6). O

Definition 2.2.11. Due to coassociativity, we can decompose A°* into the sum of

components of

Ay Ho = @ Hy@--@H,,

ni+-+ng=n
n; >0
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And we denote
=Y ™ e @af ™ (2.2.7)
We omit (ny,--- ,ng) when the context is clear.

Definition 2.2.12. The symbol map A;..; : H — T*H, is the direct sum of

Ay..q:Hy, = T"H,
Proposition 2.2.13. A, .. ; is a morphism of graded Hopf algebras.
Proof. To show that A, .. ; preserves product we need
Aq.q1(ab) = Ay q(a) WAL 4 (D) (2.2.8)

for any |a| = k, |b| = [. Let’s assume

Avporfa) =D P @aly™, Al Z b @bl
Since A(ab) = A(a)A(b), we have
At gri—1(ab) = A g-1(a) Doy (b) + Agr(a)Ar—1(b)
= (Z a1 @ GQ) (1®b)+ (Z bj1 @ bﬂ>
= ai @ (aib) + Y by ® (abj),
i J

Note that

AL... 71(@) = <ld ®A17... 71) e} ALk—l(a) = Z ;1 & AL"' 71(6%‘2)7
similarly

AI,--- 1 (b) = <1d ®A17... ’1) o Al,lfl(b) = Z bjl & Al,"' 1 (ij).
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So we have

Al,...,l(ab) = (1d ®A17...71) e} A1,k+l_1<ab)

= Z an @ Aq ... 1(apb) + Z bj1 ® Aq.... 1(abj2)

i J

= Z an @ (Aq,... 1(ai2) WA 1(D)) + Z bj1 ® ( (a) WAy 1(bj2))

The last equality is by induction on lower weight ((2.2.8) is automatic when k = 0).

On the other hand

= Z a;1 ® CLZQ) L] b]l X Al (62)) + bjl X (ail X AL (CLIQ) L1 Al (bjg))
= Z a1 @ (Al,m,l(aﬂ) L Z bji ® A1,...,1(bj2))

i J

+ Z bj1 ® (Z an ® Aq,... 1(a) WA .. (bﬂ))

_Za”® (@) WA, +ij1® (a) w Ay 1(bj2))

To show A ... ; preserves coproduct (to reduce confusion, we use Q) in T(A) Q T'(A))

we need

1 QA —AoA; . 1(a) (2.2.9)
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First note that for any |a] =n

AL...J(CL) == (AL"'J & AL...7

= AL... 1 X AL"‘ 1 ( a
i

1) O Ak,n_k(a)

(kvn_k)
il

kn—k
® az(k2 )>

(k,n—k kn—k
=20 (A (o) @t ()
:Za§117...71)® ®a§1£71)

J

Therefore

11 Q) Ar 1) 0 Afa ZZA

k=0 g
1,---,1
=> D Ve
k=0 j
1,1
S e
7 k=0
DG
J
J

=Ao Al,"' 71((1)

2.2.2 Lie coalgebra

1,
e 69 (l(k

J

& ajy,

(1,

() @0 ()

71) (17“'71)
Uity ©
71) (17“'71)
Aihgr)y ©
71)>

. ® Cl;}{m 1)
® aﬁ{.“ 1)
U

The quotient of a Hopf algebra H by products admits the structure of a

Lie coalgebra, which is graded if H is connected graded. We now give the formal

definition of a Lie coalgebra.
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Definition 2.2.14. Let k be a Z-algebra. A Lie coalgebra L is a module over k with
a linear mapping called the cobracket 6 : L — L A L, such that (da) Ab = a A (0b)

and 6(1 A6) = (8 A1). & can be extend to a linear mapping 0 : A" L — A" L

Slar A+ Nap) =D (=) ay A A (ai) A+ Aay, (2.2.10)

i=1

This forms a chain complex known as the Chevalley-Eilenberg complex \* L
LS LALSLALALS - (2.2.11)

Definition 2.2.15. We say that a Lie coalgebra L is graded if L = €D, L; and
0(Ln) € @D,y g—n Lo A Lg- The degree n part of A* L is
Ln— P LynLy— @ LyALGAL — - — L{"
pta=n ptq+r=n

denoted as (A" L),

Example 2.2.16. (A" L), reads
LQ — /\2 L1

(A" L), reads
L3 — L2®L1 — /\3L1
(A" L), reads

Li—Ls@Li &N Ly— Ly N L —» \' Ly

It is known that there exists a projection map on a connected graded Hopf

algebra H over Q, whose image can be canonically identified with H modulo products.
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Definition 2.2.17. [13] Suppose H is a connected graded Hopf algebra over a
field Q and denote H~oy = @,., H;. First we define R : H — H inductively by
R(z) = nz —m(1 ® R)A'(x) where |z| = n and m is multiplication. The projection

1
map P : H — H is simply such that P|y, = —R,,.
n

Proposition 2.2.18. P is an idempotent map with ker P = H~( - H-y.

Proof. Tt is straightforward to check that ker P C H-y- H~(. Let’s prove Hvg- H~g C

ker P. Suppose |z| =k, |y| = and k,l > 0, and write
N@)=> za@zn,  Ay) =) yp yp
( J
Then we have

R(z) = ka — Z zi1 R(w), R(y) =ly — Z Y1 R(yj2)

J

and

Al(zy) = Z TinlYj & TiolYje + Z (Tiy ® Tig + i1 @ Tigy)

1,5 %

+Z($yj1®yj2+yj1®$yj2)+x®y+y®x
J

By induction, we may assume that R annihilates products of lower weights, and we

get
R(xy) = (k+ Dzy — m(1 ® R)A'(xy)

= (k+1)zy — (Z riyR(xi2) + Z vy R(yj2) + wR(y) + yR(x))

J

=(k+hzy—vy (Z i R(z:0) + R(@) - (Z Y1 R(yj2) + R(y))
=(k+zy —kzy —lzy =0
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P is an idempotent because

Therefore H = im P @ ker P. We call im P the subspace of indecomposable

elements.

Theorem 2.2.19. H modulo products has a Lie coalgebra structure, and there is

an isomorphism

H
— >~ imP, z— Pz
H>0'H>0 ()

with cobracket (P A P)A :im P — im P Aim P

Proof. We only need the following diagram, which commutes because (P A P)AP =

(P AP)A.

H—L——imP

6l l(P/\P)A

HAH 222 im P Aim P

The following is elementary.

Proposition 2.2.20. If ¢ : H — H’ is a morphism between connected graded Hopf
algebras, then it induces a morphism between the Lie coalgebras H/(H~o - Hsg) —

H’/(H’>0~H’>0).
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2.3  Multiple polylogarithms

Multiple polylogarithms are multivariate multi-valued holomorphic functions
that are often defined as the analytic continuation of some power series. However, it

is more convenient to define them as iterated integrals (Lemma 2.1.9).

2.3.1 Multiple polylogarithms

Multiple polylogarithms naturally live on C? — |D| for some simple normal
crossing divisor D. Its multi-valuedness comes from looping around the divisors.

First we give a clear description of this natural domain

Definition 2.3.1.

Sd<(C) = {(ZEl,...,Id) e C?

k
xﬁéO,eryél,VlSjgkgd}. (2.3.1)
r=j

We also write S4(C) = S4(C) and 54(C) 5 S4(C) as the universal cover and
the universal abelian cover of S;(C). It is clear that Li,, ... (21, -+ ,24) can be
analytically continued as Liy, .. n, (%1, -+ ,&q) throughout all of Sy(C). And for

convenience, we also give a concrete model for Sy(C) ( [2], for more details see [15))

k
exp (Z uz> +exp(vj) =1,V1 <j<k< d} .

r=j

d+1)

S4(C) = {(ui,vj’k) € Cd+( 2

(2.3.2)
Here w;, vjy, should be thought of as log x;, log(1 — z; - - - z). In other words, the
coordinates on §d(C) are logarithms of z; and 1 — x;--- . It is often convenient
to write v; in place of v, ;, and we shall use this convention throughout the thesis.
When d = 1, it simply becomes C defined in (1.1.4).
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Example 2.3.2.

SQ((C) == {(ZL’l,CCQ) c (C2|.T1l'2 7£ O,ZEl 7é 171’2 7é 1,1’1[E2 7é 1}

~ exp(u1)+exp(v1)=1
Sy(C) = {(U1>U2701,02,U1,2) € C°|  explus)texp(u)=1 }

exp(u1+u2)+exp(vy,2)=1
Definition 2.3.3. Suppose v : [0,1] — C is the straight path from 0 to 1 with
v(t) = t, and |z;| < 1. We could define the multiple polylogarithm of depth d with

weights ny,--- ,ng as

Lin, oy (z1, -+ y2q) = (=1)L(0; (w1 - - 24) 1,0, -+, 0, -+ ,275,0,---,0;1)
(2.3.3)
We also refer to ny + - -+ + ng as the weight (or total weight). When we replace

a; with (z;---z4)"" in (2.1.9) we get the power series expansion of the multiple

polylogarithm
x?l e gjg’d
Z m (2.3.4)

1<mi<-—-<my

By differentiating each term one can compute the derivatives.

Proposition 2.3.4. If n; > 2, we have

0 1

- Lin17...7nd($1, cee ,xd) = — Linl,---,nifl,---,nd(l’la cee ,xd) (235)

ox; T;

If n; = 1, we have three different cases

a . 1 ,
a—%Lln17--~71($1> T, Tq) = Ty Lip gy (1,0 Td-1Ta) (2.3.6)
0 1
+— Lij .. n, ) ydn) = Ln em ’ )
Bz, ML (@1 Tn) — o Ve J(@2 Ta)
1 L.
g Lipy . my(122, -+, 2q) — o Liny . ny(@122, -+ ,2q) (2.3.7)



01‘7; L1n1, 1, md(fbh‘" axd) = 1— in1, 1, md(xla y Li—1T4, 717(1)
1 ) 1.
T Li, o g, (T2, iy, ’xd)_x_ile’ Ty (T TiTiga, o T4)
(2.3.8)
Example 2.3.5.
0 Ligy 1 (21, 29, x3) = — Liy 1 1(21, 22, T3)
axl 2,1,1\41, L2, 43 _371 1,1,1\A41, 42, L3
7 Ligaal ) = Lig, (042, 73) — ——— Liga (21, 2525) — — Lina (a1, 725)
—Li 1, T, T3) = io1(x129, T3) — io1(x1, Tox3) — — Lig (21, Tox
axz 2,1,1\+1, 42, L3 — 2 2,1\ L4142, L3 1_$2 2,1\A41, 4243 To 2,141, 4243
o . 1 )
s Lig 11 (21, 2, 23) = T Lig 1 (21, x2)

2.3.2 Goncharov’s inversion formula for multiple polylogarithms

In [21], Goncharov gives an inductive inversion formula for multiple polyloga-
rithms. His formulation involves Bernoulli numbers and Bernoulli polynomials, so

let us first recall these definitions.

Definition 2.3.6. The Bernoulli numbers B,, are the coefficients of the formal series

t B,t" o -
. The n-th Bernoulli polynomial is B, () = Z (n) B,,_rz".

et -1 n>0 TL' P k

Theorem 2.3.7. [21] Suppose (z1,---,x4) € S4(C) with |z;| = 1,V1 < i < d,
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log(—1) = mi. We have

d—1
Lind,--- ni (55317 e 7xfl) = - Z Linr,--- ni (I;17 R xfl) Linr+1,--- Ng (‘Tr+1> R xd)_
r=0
d
Z Z (_1>1+’I’Lr+"'+nd+mr+l+"‘+md H ni+m;—1 B log(ml e xd)
— 1 mr 2mi
r=1 mi+--+mg=n, 1<i<d "
i#£r
2™ _ 1y
(T Llnr71+mr71,~~ n1+ma (‘rr—lh BEE ] 1) Llnr+1+mr+1,“' Md+mg (xr+17 T :L‘d)
r
(2.3.9)

Example 2.3.8.

Li,(z) + (—=1)" Liy(z~1) = — (QZf)an <1(2)7gj) (2.3.10)

Lil’l (I'Q_l, $1_1) = — Lil,l ($1, ZL’Q) + L11 (131) L11 (l’g) — L12 (131) + L12 (LUQ)
+ Liy (22) log (1) + Lix (1) log (z122) — Lix (22) log (z122)

2

1 2
~ 3 log? (1) + log (w139) log (x1) — im log (w129) — i Liy (11) — % (2.3.11)

2.3.3 Coproduct on the Hopf algebra of iterated integals

In this section, we discuss a coproduct defined on the Hopf algebra of iterated
intergrals. To motivate this, we first need to talk about a coproduct on the Hopf

algebra of rooted trees.

Theorem 2.3.9 (Connes-Kreimer’s coproduct on Hopf algebra of rooted trees).
Consider the free graded algebra generated by rooted trees 7. The weight of a tree
is the number of leaves. It has a Hopf algebra structure with coproduct of a tree T’
being

AT)=T®1+1®@T+ Y  R(T)®P(T) (2.3.12)

admissible cuts
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Qg a1 Qp  Gp41

Figure 2.3.1: Decoration on a rooted plane trivalent tree

Here an admissible cut of the tree T is to remove edges such that each path from
the root to any leaf sees only one removed edge. After an admissible cut, 7" becomes
of set of rooted trees. R(T') is the one which contains the root, and P(T) is the

product of the other ones.

Remark 2.3.10. This is slightly different than in the literature, where normally the
Connes-Kreimer’s coproduct is defined to be

AT)=T®1+1eT+ Y  P(I)®RT)

admissible cuts

Example 2.3.11.

(/}) NerereNlowfo]« A\ orte]+ o

Definition 2.3.12. (see [8], section 4) Suppose S is a set. An S-decoration of a
rooted plane trivalent tree 7' with n + 1 leaves is a tuple (ag; a1, , G} Gpy1) € S™2.

See Figure 2.3.1 for an illustration.

We could think of a rooted trivalent plane tree growing down from the root (root

is the only node that has one distinguished leg), and all leaves lie on an imaginary
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line which has been divided by leaves into n 4 2 parts labeled as ag, ay,- - , an, Gni

in order.
Remark 2.3.13. A subtree of T" also has a decoration from the decoration of T,
which is just a contiguous subsequence (a;; @41, -+, aj-1;a;).

Theorem 2.3.14. (see [8], section 4) The free algebra T (S) generated by S-decorated
rooted plane trivalent trees again forms a graded Hopf algebra with Connes-Kreimer’s

coproduct on trees.

Theorem 2.3.15. (sce [8], section 4) Suppose S is a set, and let Z(S) be the free
graded algebra generated by I(ag;ay, - ,an; any1),a; € S in weight n > 1. Then it

is a graded Hopf algebra with coproduct

Al(ag;ay, -~ 3 an; Ang1) =
k
E I(aio; Qijqst 5 Ay GikH) ® | | [(Gip; Qi 1y 5 Qg —1; Gip+1)
O=ip<i1 < <ip<igp41=n+1 p=0

(2.3.13)

Here we assume [(a;b) =1 for all a, b.
Proof. There is an embedding of f(S) into 7(S) that maps I(ag; a1, ,an; pi1)

to the sum of rooted plane trivalent trees with decoration (ag; a1, -+ ,an;any1). O
Example 2.3.16.
Al(ag; ay, az,as;as) = 1@ I(ag; a1, az, as; as) + I(ao; ar; as) @ I(ay; ag, as; ag)
+ I(ao; az; as) ® I(ao; ar; az)l(ag; as; as) + I(ao; as; as) @ I(ao; a, az; az)
+ I(ao; a1, az; as) @ I(ag; as; as) + I(ao; ay, as; ay) ® I(ay; ag; az)
+ I(ao; az, az; as) ® I(ap; a1; az) + I(ao; a1, ag, az;as) @ 1
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Since an iterated integral evaluates to zero if its integration path is the trivial

constant path at a point, we sometimes wish to get rid of such elements in I(5).

Definition 2.3.17. Elements like I(a;--- ;a) that start and end with the same

element are called degenerate. Define Z(S) to be Z(S) modulo degenerates.

Proposition 2.3.18. Z(.9) is a graded Hopf algebra with a coproduct induced from

Theorem 2.3.15.

Proof. It is not hard to see that the ideal generated by degenerates is a homogeneous
Hopf ideal. So the quotient algebra Z(S) of Z(S) is again a graded Hopf algebra

according to Proposition 2.2.8. O

2.3.4 Symbols of multiple polylogarithms

Herbert Gangl, Goncharov et al. explored the symbols of multiple polyloga-

rithms (see [24]).

Definition 2.3.19. The symbol of a hyperlogarithm I(ag;--- ;an11) is its image

under Ay .. 3
Example 2.3.20. The symbol of I(ag;ay, as, ag; ay) is
I(ap; a1; aq4) @ I(ar; az; ag) @ I(ag; ag; ag) + I(ag; ar; as) ® I(aq; as; aq) @ I(aq; a; as)

+ I (ap; ag; as) @ I(ag; ar; az) @ I(ag; ag; as) + 1(ag; ag; as) ® I(ag; ag; as) ® I(ag; ar; as)

+1(ap; as; as) @1 (ap; ar; as)®@1(ar; az; asz)+1(ag; as; as) @1 (ao; az; as) @1 (ag; a; az)

(2.3.14)

35



Example 2.3.21. Similarly, we can compute the symbol of multiple polylogarithm

Lis (21, 22), the previous example becomes

: 1 1
AL.,.’I(LIQJ(Il,[Eg)) == Al,u-,l (I (07 ) 0, - 1)) ==

T1T2 T2
Lil (172) ® L11 (ZL‘l) & IOg (l‘l) — L11 (l’lﬂfg) & IOg (l’l) X log (ml)
+ L11 (5(71{[‘2) & 10g (5(]1{[‘2) & L11 (ZL'Q) — L11 (5(71{[‘2) X L11 (ZL’I) X 10g (l‘l)

+ Liy (z122) ® Li (22) ® log (z1) (2.3.15)

2.3.5  Monodromies of multiple polylogarithms

In [9], Zhao described a variation of mixed Hodge structures encoded by
multiple polylogarithms and computed the monodromies for multiple logarithms.

Firstly, let us describe the fundamental group of Sy(C).

Theorem 2.3.22 ( [15]). m1(S4(C)) is the free group generated by loops around the
divisors

{z, =0} and {z; - -z, =1}

More specifically, it is torsion free of rank 2d + (g), generated by v, 1 <r <d and

Vik, 1 <7 <k <d, where v, is the positive loop around the divisor z, = 0, i.e.

/ dlog(zs) = 2mid,s, / dlog(l —z;---x) =0

vy Vi

and v;, is the positive loop around the divisor z; - - -z, = 1, i.e.

/ dlog(zs) =0, / dlog(l —x,---x,) = 2mid;,0k,
Vi k Vjk

Here § is the Kronecker delta.
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Zhao also gives concrete choices for v,, ;. For example, v, could be a loop in

some plane {xs = as # 0,Vs # r} such that

d d
¥ omi, f SE—
z v 2 — 1

Vr G,

and v, could be a loop in some plane {z; = a, # 0,Vs # r} where any products of

as does not equal to 1, and v, satisfies

d d
_y, 7{ c _on
w % ,,kz—l

Zhao's strategy is to convert these iterated integrals on C into iterated integrals

on Sy(C), and then use this to compute the monodromies of multiple logarithms.

Theorem 2.3.23. Multiple polylogarithms can be expressed as iterated integrals of

logarithmic differential forms over Sy(C).

Example 2.3.24.

O dzr d(x19) dx dx
Liy (21 2y) — / 2 L 122 ( CEE ! ) 2.3.16
11(21, 22) 00 l—ml—mz  1—mzay \1—22 m1(21—1) | )

Let’s denote the monodromy operator as M,, and M, . Zhao has the following
theorem describing the monodromy of multiple logarithms - multiple polylogarithms

Liy, . m, With n = (ng,--- ,n4) = (1,---,1). In Chapter 5, we will generalize the

d

theorem to arbitrary n.

Theorem 2.3.25.
(Mw - 1d) Lil,---,l(xla e ?xd) = Oa 1<i<d (2317)

(M, —id) Liy. 1 (21, ,20) =0, V1<j<k<d (2.3.18)
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(M — ld) Lil,_..,l(xl, s ,Qld) = O, V1l < j <d (2319)

Vj,j

(Mydyd — ld) Lily...71($1, s 7[Ed) = 27TZ Lil,-n,l(l‘l, e ,l’d_l) (2320)

(Ml/j,d — ld) Lil’...’l(ﬂfl, ce ,Qld) = 2mi Lil,.._yl(xl, ce ,l’jfl)

1 — 2ags 1—g,---
Li. . Titit o TN ) oy << d (2.3.21)
T 1—1Ej 1—$j"‘l’d,1

2.4 Variation of mixed Hodge structures

Multiple polylogarithms naturally define variations of mixed Hodge structures.
These mixed Hodge structures are described by filtrations on the flat sections of a
vector bundle, so first we need to review connections on vector bundles and how they

are related to local systems with monodromies.

2.4.1 Connection on vector bundles

Definition 2.4.1. Suppose B is a complex manifold and £ — B is a vector bundle.

The E valued k-forms are defined to be
O(E) =T (/\’f T*B® E) — O"(B) ® I'(E)
a vector bundle(Koszul) connection is
V:QUE) = QYE)=T"B®TI(E)
satisfying the Leibniz rule
Vif@s)=df ®s+ fAVs (2.4.1)

38



A vector field X € T'B defines the covariant derivative Vx : I'(E) — I'(E) along X,
which by (2.4.1) uniquely extends to a exterior covariant derivative V : QF(E) —
QF1(E) through

V(w®s)=dw®s+ (—1)¥wA Vs

Definition 2.4.2 (Connection form).

Over a local trivialization, suppose s = ) .s; ® €;, Ve, = Zj wj; @ e;, then

Vs = stz & e; + Zsi VAN (iji ®€j> = Z <d$1 + Zwij A Sj) X e;
i i j i j
In short, we have Vs = ds +w A s, where w = (w;;) is known as the connection form.
Definition 2.4.3 (Curvature). The curvature tensor is defined as

V2 QUE) — Q*(E)

Over a local trivialization, Vs = V(ds+wAs) = (dw+wAw) As, thus dw+w Aw is
called the curvature form. A connection is flat(completely integrable) if its curvature

is zero.

Proposition 2.4.4. If ¢ is an automorphism of £ — B, the conjugate V¢ =

¢~ oV o ¢ is again a connection. Furthermore, V¢ is flat if V is flat.

Proof.
Vf®s) =0 oV(f@¢s) = (df @ s+ [ AV(¢s)) =df @ s+ [ AVs
Over a local trivialization, ¢s = As. We then have

AH(V(As)) = A Hd(As) +w A As) = AN dAs + Ads + w A As)

=ds+ (A dA+ A7'wA)s
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Hence the connection form for V¢ is A™'dA + A~ 'wA. If dw +w A w = 0, then
d(AMdA+ AT wA) + (ATHdA + AT WA A (ATHdA+ A7TwA) = 0
Hence, V? is a flat connection. []
We can rephrase vector bundles as locally free sheaves.

Definition 2.4.5. Suppose B is a complex manifold and £ — B is a vector bundle.
The sheaf of sections of F is a locally free sheaf £, and a connection V on E can be

naturally generalized as a connection on &, via V : Q% @0, € — Q5 @0, €
V(w®s)=dw®s+ (—1)*wA Vs

Note that locally T'(QF ®¢,, &) = QF(E|y). So we can define connection form

w = (w;;) as well.

Theorem 2.4.6 (Riemann-Hilbert Correspondence). Suppose B is a complex mani-
fold. The category of locally constant sheaves of vector spaces is equivalent to the

category of locally free sheaves with flat connections.

Proof. Suppose V is a locally constant sheaf, then V = Op ®z V is a locally free
sheaf, and V(f ® v) = df ® v defines a flat connection. On the other hand, suppose
£ is a locally free sheaf with a flat connection V with connection form w. Then the
sheaf of flat sections forms a locally constant sheaf. If we take the boundary OR of a

simple region R, and suppose f is a flat section so that df + w A f = 0 locally, then

L=l

40



But locally we have

df=d(—wAf)
=wAdf —dwA f
=—wAWAf+wAwAf

=0

Therefore f can be well defined on the universal cover of B, thus giving a locally

constant sheaf. O]

Deligne [25] extended this result, a generalization necessary for constructing

the variation of mixed Hodge structures in Chapter 4.

Theorem 2.4.7. Suppose X is a projective variety with X C X and D = X — X is
a simple normal crossing. The category of locally constant sheaves of vector spaces

is equivalent to locally free sheaves with connections.

2.4.2 Hodge structures and variations of mixed Hodge structures

Suppose H is a finitely generated abelian group, and denote Hr = H ® R for

any Z-module R.

Definition 2.4.8. We say H has a pure Hodge structure of weight n if there is a

finite decreasing Hodge filtration F'* of Hc by subspaces { FPHc },ez such that

H(C = FPH(C D Fn+1pr(c
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If we denote HP" P = FPHc N F"—PHg, we then have the Hodge decomposition
He= @ H™
p+q=n
Definition 2.4.9. Suppose H is a finitely generated abelian group. We say it has a
mixed Hodge structure if there is a finite decreasing Hodge filtration F'® of H¢ by
subspaces {F?Hc},ez and an increasing weight filtration W* of Hg by subspaces
{WyHg}rez such that the graded piece gr{” Hg is a pure Hodge structure of weight

k with Hodge filtration given by

FPHe N (Wit Hg)e + (Wi H.
PP(grtf Ho)e = 210 fg;;kgg)cc WiHo)e

Let B be a complex manifold and V a locally constant sheaf of finitely generated
abelian groups, then Vo = V®z Q, Ve = V ®z C are locally constant sheaves of

vector spaces, and V =V ®z Op is a locally free sheaf.

Definition 2.4.10. A wvariation of pure Hodge structures of weight n is a decreasing
filtration F'* of V by subsheaves { F?V} such that each fiber V}, is a pure Hodge struc-
ture of weight n with Hodge filtration { FPV¢ ;} which satisfies Griffith transversality:

VFrY C Fr1y g QL.

Definition 2.4.11. A wvariation of mized Hodge structures consists of a decreasing
filtration F'* of V by holomorphic subsheaves { FV}, and a weight filtration W, of
Vg by subsheaves {WW;,Vg} such that each fiber V, is a mixed Hodge structure with
Hodge filtration FPV¢, and weight filtration W;, Vg, again satisfying the Griffith

transversality VFPY C FP~1V @ QF.
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2.5 Relation between iterated integrals and motivic cohomology

The following discussion can be found in [8].

Suppose M(F) is the category of mixed Tate motives over a number field F’
with pure Tate motives Q(n). The i-th motivic cohomology group H'(F,Q(n)) is
defined as i-th Ext group Exth( 7 (Q(0),Q(n)). Since M(F') is a Tannakian category,

M(F) is equivalent to the category of finite-dimension modules over Aut® ¥, where
U : M(F) = Vectg, M — @ Hom(Q(n),Gry M)

is the fiber functor, and Aut® ® is the group scheme of automorphisms of ® respecting
the tensor product.

Aut® ¥ is the semidirect product of the multiplicative group scheme G,, and a
pro-unipotent group scheme U(F'), denote L(F') as the Lie algebra of U(F"), L(F)
is graded due to the action of G,,. Then U(F) = End(¥) is isomorphic to the
universal enveloping algebra of L(F'). Suppose H(F') is the dual of U(F), then H(F)

can be identified with the graded Hopf algebra of regular functions on U(F), and

B Heo(F)
 Hoo(F) - Heo(F)

which is dual of L(F) = Lie(U(F)).

L(F) is a graded Lie coalgebra, the cotangent space of U(F)

Goncharov constructed a Hopf algebra A(F') (see [8]) as the set of equivalences
classes of framed mixed Tate motives 1™ (ag; a1, - , @n; any1), With the coproduct
similar to the coproduct (2.3.13) for iterated integrals, and showed that A(F") and
H(F') are canonically isomorphic. He then considered its realizations in various

categories, the benefit of this is that in each case we get a coproduct and Hopf
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algebra structure for free.
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Chapter 3: Hopf Algebra of Multiple Polylogarithms and Its Associ-

ated One Forms

3.1 Two new Hopf algebras of multiple polylogarithms

In this section, we give the definitions of two new purely symbolic Hopf algebras
Y™ and HY™ with generators representing multiple polylogarithms. ™ s
the smallest Hopf algebra that allows (3.1.2), a purely symbolic representation of
the coproduct for multiple polylogarithms. H®™ is the smallest Hopf algebra that
admits a differential and has no relations among its generators, this is explained in
Lemma 3.1.13. This is worth noting that this differs from Goncharov and others
various definitions of Hopf algebra of multiple polylogarithms, which typically assumes
some polylogarithmic relations among its generators.

We will use the following shorthand throughout this chapter

e -1 ._ -1 0" =0 0
xi—)j T L, xi%j — .Tk s =U,---,
i<k<j i<k<j
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3.1.1 Definition of ﬁsymb

Definition 3.1.1. H ™" is the free Q-algebra generated by two types of symbols:

reglﬂar SymbOIS: [zi]07 [xh—)iz: Tijg—igy """ 7l‘id—>id+1]n1,n2,-~ Nd
inverted symbols: [z; ! z; vt
Y : 1qg—id417 “td—1—>%q’ » Vi1 =21 NdNd—1, M1
where, 7,45, n; € Z>1 and 1 <4y < ig < -+ < igpq.
. ~1 ~1
One should think of [xi]Ov [$i1—>i27 T >xid—>id+1]n1;" MNd ["Eid%idﬂﬁ T ’xilaiz]nd,"' n1
. . —1 -1
as log(x;), Lin, . ng(Ti—in, - 5 Tigigy,) and Lip, .. n, (xid_m.dﬂ, e, @5, ) Tespec-

tively.
If we associate a symbol with weight ny + -+ - +ng (1 for [x;]o), then my is

graded with

—Symb .

« HY =Q
o I = Q{[aio [wissh}

. Eiyzmb = Q{symbols with weights > 2}

For convenience, we also define
winglo= D [eno,  [eiijlo=— D [awlo
i<k<j i<k<j
Inspired by Goncharov [8]. One could define a coproduct on ™. Fist

denote the formal power series

[Y|t] = [1/17 s 7yd|t17 s 7td] = Z[yb s 7yd]n1,...,ndt711171 cee tgd_l (311)

n; >1
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Where [y1, ..., Ya|n,..n, are regular symbols with y, = x;, 4, ., for convenience.

.....

Then the coproduct formula is given by A([z:]o) = [zi]o ® 1 +1® [zi]o, A([2zF,.]1) =

272, ®@ 1+ 1@ [25,;]1 and
k
A([Y|t]) = Z[yil—ﬂ'w co Yig—ing |tj17 T 7tjk] ® H(_DJQ_M exp([yia_)iaJrl]Otja)
a=0
[y;xl—l’ yj_al—27 e 7y'i_a1|tja - tja_17 T 7tja - tia]
Yot Yjat2s -+ s Yiapa—1[tjat1 = Ljas oo tigia—1 — i)
(3.1.2)

The sum is over all instances of 1 =i < jg <11 <71 < -+ < < Jp < tpy1 = d+ 1,

and by definition we have y;_,; = []/_; v,
Theorem 3.1.2. T forms a graded Hopf algebra.

Proof. We justify the coassociativity of the coproduct in Corollary 3.1.19. The counit

and antipode is defined by Lemma 2.2.3 and Theorem 2.2.6. [

Example 3.1.3.

A([zy, 22)11) = 1@ w1, zo]11 + [22)1 ® [21]1 — [1122)1 @ [27 T

+ [x1x2]1 & [132]1 + [ZEl, I2]171 &® 1 (313)

A(zr, za)o1) = 1 ® [1, 22)21 + [T1, T2)o1 ® 1 — 21, 22]11 @ [22]0
+ [T1, 2)11 ® [T122)0 + [22]1 ® [21]2 + [T122)1 ® [$f1]2

— [z122]1 @ [To]2 + [T122]2 ® [22)1 + (21221 @ ([22]1]2122)0) (3.1.4)
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3.1.2 Definition of HSymb

The following is inspired by Goncharov’s inversion (2.3.9) for multiple polylog-
arithms. It is natural to consider a map INV that converts inverted symbols into

regular symbols. Let ot [7i] denote o adjoined with a free generator mi.

—Symb —Symb

Definition 3.1.4. INV : H — H™ [mi] fixes regular symbols and acts on

inverted symbols inductively by

d—1
INV(['T;l? U vxfl]nd7---7n1) = - INV[$;1, T >xfl]nr7---,n1[xT+1> e 7xd]nr+17"',nd_
r=0
d n; +m; — 1 EEREREZ]
— 1)t dngtmep g totma v v B,, 1°°"+djo
> ¥ I (")) e (5
r=1 mi+--+mg=nr 1<i<d
£
(2mi)™ —— -
mo INV[ZL’TED I l]nr71+mr71,"' ,n1+ma [xT+1= e 7'rd]nr+l+mr+1a"' ,Ng+mq
(3.1.5)
In depth 1 and 2, (2.3.10) and (2.3.10) correspond to
_ 27i)" [z]o
a4 (=17 1n:—( B, 3.1.6
o+ (-1l = -2, (). (316

[x17x2]n1,n2 + (_1)n1+n2 [$51’ xl_l]m,nl + <_1)n1 [xl_l]m [xﬂm

Ly (2;;!2')1?(_1)(1 (q ;niz 1) B, ([:c;z]o) (o], 317)

pt+g=n1
(27i)P (1 +qg—1 [r122]0 3
ptq=n2

It is difficult to work with powers of 7i, so we also define INV as INV modulo
.
—Symb

Definition 3.1.5. The map INV : H SE™ fixes regular symbols and acts
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on inverted symbols inductively by

INV([yglv o 7y1_1| - td) e a_tl])

IS
—_

(D) INV((y ey =t =) W Yaltie, s td)

8 1 1
T INV([yj—la RN | - tj—b ) _tl])[yj-i-la e 7yd|tj+17 e 7td]
J

[~ 10

+

<.
Il
_

]~

(_1)d+j —1 -1
+ t—INV([y]—la » Y1 |tj_tj—17." 7tj_t1])
1 J

<.
Il

exp([Y1oa+1)otj) [Yja1, -+ Yaltjsr — L, ta — tj])
(3.1.8)

exp((ylot) ~ 1

with the induction starting with INV([y~!| — ¢]) = [y|t] + .

Example 3.1.6. Corresponding to (3.1.6) and (3.1.7), we have

_1>n—1

INV([z7Y],) = (=1)" o], + ( 1],

n!

INV([2z5 ', 27 11) = =[x, 2211 + [wih[22) — [21]2 + [22]2 + [22)1[21])0

+ [w1)1[m12]0 — [w2]1[T1222]0 — %[m]g + [z1m2]0l71]o (3.1.9)

Definition 3.1.7. H%™ is the subalgebra of ot generated solely by regular

symbols [Zilo, [Tiysips = s Tig—sigir|ng, o g

Theorem 3.1.8. H%™ forms a graded Hopf algebra, with coproduct Ag : H»™ —
H5Y™P @ H*™P as the composition of the coproduct Ag of "™ and INV, to be

precise, Ag = (1 ® INV) o Ay

Proof. This is precisely Theorem 3.1.20, combined with Corollary 3.1.19. [
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Example 3.1.9.

A([z1,22]11) = 1 ® [21, X2)11 + [22)1 @ [21]1 — [2122)1 @ ([21]1 + [71]0)

+ [r122)1 @ [22)1 + [21, 2211 ® 1 (3.1.10)

Az, 2]21) = 1 ® [1, To]21 + [T1, T2)21 ® 1 — 21, 22]11 ® [22]0
+ (21, T2]1,1 ® [T122]0 + [22]1 ® [21]2 + [T122)1 ® (-[%]2 - %[xl]ﬁ)

— [T122)1 ® [T2]2 + [T122]2 ® [w2]1 + [T122])1 @ ([22]1[T122]0) (3.1.11)

3.1.3 Orderings on H5™P

To order the terms in the coproduct formula 3.1.2 and in turn the variation
matrix in chapter 4, we define a total ordering on the generators of H%™" . Consider

a total ordering on Z%, = |J, Z, where k < 1 if
o (K[l <l
o orif ||k|| = ||l|| and dim(k) < dim(I)
o orif |[k|| = ||l]| and dim(k) = dim(1) and the rightmost nonzero entry of 1 — k
is negative.
Here |[k|| = Y k; is the weight for any k = (ky,--- , k) € Z,.

Definition 3.1.10. We can impose a total ordering on the set of regular symbols by

identifying it with ZZ, via
[x' . e . ] (01:171 n Oig*ilfl n I Oidf’idflfl n Oid+17id71)
11—12 y Lig—igy1]ni, - ng N 5 101y 5 102, ) s Idy

Here 0’ means a tuple of i zeros.
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Example 3.1.11.
0=<(0,1) < (1,0) < (0,2) < (1,1) < (2,0) < (0,3) < (1,2)
Corresponds to

1 < (@)1 < [m1m2)1 < [m2]2 < [21, 22]11 < [T122]1 < [22]3 < [21, 212

3.1.4 Kahler differentials of HSY™P

Just like normal multiple polylogarithms, we can define differentials of elements

of HSYmb,

Definition 3.1.12. We define linear maps 0; : H%™ — Qpusymn /o as in Proposi-

tion 2.3.4. Thinking of d[z;]o as dlog(z;) = %% and d[z;]; as dLii(z;) = ;2. We

have
ai[xla e "rd]nl,m,nd = [x17 e 7xd]nhm,ni—l,m,ndd[xi]o: n; Z 2 (3112)
ad[xh e 7xd]n1,~--,1 - _[mlv e 7xd—lxd]nl,-",nd,ld[xd]l (3113)
Oz, Tt my = ([T122, -+ Talngo ny — [T2, 7 Talng, my)d[T1]1
— [.7311’2, cee ,xd]n%...’ndd[.l’l]o (3114)
ai['rly s, T ny, 1, mg — _['rh MR VM 7 I 7xd]nl,“-;l\;n,ndd['ri}o
+ ([3:17 MR P H 7 I ’xd]n1,~-~,T,~~~,nd — |1y X1, 7xd]nh‘..7’1\’...’nd)d[xi]l

The differential d : H™ — Qpsym g is defined as the sum -, ;.
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The following result is due to the author (not included in [2]). It is useful in
that it shows that there are no formal relations among generators. It can be thought
of as an analog of the classical theorem which says polynomials with zero differential

must be constants.

Lemma 3.1.13. Consider the differential d : H¥Y™[mi] — Qpsymb ) /qprg» if df =0,

then f € Q[ri] must be a constant.
Proof. The proof can be divided into several steps.

1. If we write f = fo + (wi)f1 + -+ -, where f; € HY™ then df = 0 <= df; =

0,Vi. So we may assume f € H>™P,

2. Let HY™ < H3™ be the subalgebra generated by regular symbols of weight no

[n[>2
less than 2, and denote for short [x]§ = [z1]5" - - - [za]b?, [X]T = H [z 1] 7"
1<j<k<d
Write f as
Symb
f= Z fo.a XI5 [x]7, foa € H\XQQ

D1, 5Pdyq1, " ,9a=>0

We will show that f € Hlsny‘r;g Pick a term with maximal |p| + |q| # 0. We
may assume either p; # 0 for some 7 or g;; # 0 for some j < k. If we denote

p, = (Pl»"' yDi — 17' o 7pd)7 q/ = (6112,' ik — 17' o 7Qd(d+1))7 then we have

either

0 = df = dfy.o[ XS XIS + (pifp.adlwilo + dfy o) <5 [xIF + -

or

!

0 =df = dfpq[x[5[x]} + (g% fp.adlimn]i + dfp.q ) XI5 [X] + -
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This implies dfp q = 0, s0 fp.q is @ nonzero constant by induction on weight.

But then p; fp od[zi]o + dfpr.q and ik fp.qd[zj—i]1 + dfp.q cannot be zero.

3. Recall the ordering < in 3.1.3. If we denote the greatest variable of f by L,
then we can write f = L™f,, + L™ Y fu_1 + -+ + fo, fm # 0,m > 1. Hence

we get

0=df = L"dfp + L™ (mfrndL + df 1) + -+ +dfy

Again, by induction on the weight, df,, = 0 implies that f,, is a nonzero

constant. Let us show that mf,,dL + df,,_1 cannot be zero. For this, we only

HSymb

in[>2 with variables

need to show that dL is not equal to dg for any g €

strictly less than L. Now suppose L corresponds to

ig—1-th ig-th
4 4
("'7”(1—1707"'707 nd707"'70)

and L’ corresponds to
( 7nd—1a0a"' 7Oand_ ]-707"' 70)

Then dL contains term L'd[x;, , i, |1 or L'd[z;, ,_,,,]o which cannot be a

term in dg.

Remark 3.1.14. Multiple polylogarithms satisfy stuffle relations [9] such as
LiLl(Qfl, 1'2) + LiLl(l'Q, £C1) + Lig(l‘ﬂ[’g) — L11<£L'1> Lll(ajg) = 0 (3116)
so one should have

d([z1, za]11 + [T2, 1)1 + [T122)2 — [T1]1[22]1) = 0
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At first glance, this might seem contradictory, however, this won’t be an issue since
symbols like [z, 21];1 with reversed order in x’s do not exist in H. This Lemma
allows us to regard H¥™ as a minimally generated Hopf algebra with symbolic

multiple polylogarithmic generators, without assuming any relations.

The differential of the generating series [z1, ..., x,|t1, ..., t,] is straightforward

to compute, and is given by:

d[$1,. .. ,:L‘n|t1,. .. ,tn] = [(El,. .. ,xn]tl,. .. ,tn] <Z d[$k]0tk>

k=1

+ [1’2, ce 75En|t27 PN ,tn]d[l'l]l

n
+ Z[xh TR 1 Ty Tplty, bt - ) d 2]
k=2

n—1
— Z[wl, N 1) 20 " PN ,[L’n|t1, Ce ;tk—latk—i-l, Ce ,tn] (d[l‘k]l + d[ZEk]o)
k=1

(3.1.17)

3.1.5 Morphism from iterated integrals to H>™P

In this section, we give a proof of Theorem 3.1.2 and Theorem 3.1.8 using
Goncharov’s coproduct 3.1.2 on plane trees. Note that this is different than the proof
in [8] because our proof doesn’t assume shuffle relations among the generators of

™. We achieve this by constructing a Hopf algebra morphism ® from a certain

Hopf subalgebra of Z(.S) to R

Out of all iterated integrals, we are particularly interested in those that can be

turned in to standard multiple polylogarithms. This is formalized as follows.

Definition 3.1.15. Let S = {0,1} U {z;!.},-;. Define ™" is defined to be the

1—]
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Hopf subalgebra of Z(.S) generated by elements of the forms

](0 Ono 1 —1 0n1—17“. I‘~_1 Ond 1. - —1 )

) 11—>m7 ? M rg—m? ? zd+1—>m

niy— 1 ng—1. .Nna—1 —1 ni—1. 1
[( z1—>m7o T zd—>m70 0) [<070 v Liysmy " O ) 7,1—>m>
niy— 1 L —1 ng—1 1
I( 21—>m70 7wid—>m70 7xzd+1—>m>
. . . 1 .
for any 1 <43 < -+ < ig < igr1 < mand n, € Z>,. Note Tiorm could be 1 if
’l.d_;'_l =1m.

Finally, we are ready to construct the Hopf algebra morphism & : I5™ —

=S .- . . . .
™. Tts definition is based on the properties of iterated integrals.

—Symb

Definition 3.1.16. [2] Suppose a; # 0 and denote [1]o = 0. Then & : [¥™P — H

is defined on the generating series as follows

1.
@(I(O;Cll, ¢ 7% am+1|t0, cee ,tm)) =
(3.1.18)
a A,
(10" explomsalota) | 2. 2220ttt —
aq (07
2.
®(I(ag;ar, -+ ,am;0[to, -+ ,tm)) = (=1)"®(L(0; am, - -+ , ar; ao|—tm, -+ , —t1))
(3.1.19)
3.
k
O(I(a;- -+ i amanltor v tm)) = [ O (@sy3 @i en, -+ a3 00t 1 15,)
p=0

(I)(I(O, CLjp+1, cee ,aip+1,1; Clip+1 |tjp> cee 7tip+1fl)) (3120)
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Or equivalently, @ is defined on the generators by

B(1(0;0™ 7 ay, 0m7Y o a0 ) = Z (—1)notiotm=1

[a@ﬂ]éo nptin =1\ (N A+ iy — 1 @’... ,am“ (3.1.21)
’lo! ny—1 Ny — 1 (5] G, n1+it, e M tim

O(I(ag; 0™ - ap,, 0" 1 0)) = (=)t =1(1(0; 0™ ay,, -+, 0™ ag))

(3.1.22)

S d(I(agi- - ar, 0775 0)R(I(0,0°7 aps, - Amg)) (3.1.23)

k=0 p+g=n;>1

Example 3.1.17.

(1(0:0% 27 = T 2,

(I)<[(O; xi:1—>z'd+17 Om*l? e 7xz';1—>z‘d+17 Ond?l; 1)) = (_1)d[xi1ﬁi2> T 7xidﬁid+1]m,--- nd

D(1(0;0,0, (z122) 7", 0525 1)) = —%[532]3[951]2 — [za]o[z1]3 — [71]4

1 1
((z122)7 10,05 25") = 5[372]3 — [r1@2]o[2)0 + 5[1?1552]3

Theorem 3.1.18. [2] ® is a Hopf algebra homomorphism.

Proof. The proof can be found in [2], Proposition 6.12. O

Since ® preserves coproduct, immediately we have
—Symb L
Corollary 3.1.19. The coproduct on H "~ is coassociative.

To prove Theorem 3.1.8, we only need to show that coproduct commutes with
INV. This fact is straightforward yet lengthy and tedious. We put its proof in the

next section.
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3.1.6  Commutativity of the coproduct and INV

——Symb

Theorem 3.1.20. The map INV : H — H™P is a homomorphism of Hopf

algebras, i.e. AgoINV =INV oAg.

Proof. A oINV = INV oA clearly holds for the regular terms, so we consider only
inverse terms. Assume this holds for lower depth (the depth one case INV oAy~ —
t] = Ao INV[y~!| —¢] is elementary). By the definition of INV (3.1.8) one has
INV[y; ..oy —ta, ..., —t1] = S INV A; with all 4; of lower depth. By induction,

we thus have
AoINV[y, -y —tg,+ . —ti] =Y AoINVA; =) INVoAA; (3.1.24)

so it suffices to show that >INV oAA; = INVoA[y; ', ..., y1 | — ta, ..., —t1]. Re-

arranging the terms this is equivalent to:

d
0 =INVoA (Z(—l)j[yj_l,'” Y =t =ty Yalties o td)

Jj=0

—~

d .
1), _ -

+Z t] [y]—117 » U1 1| _tj—h'“ ’_tl][yj-l-l?"' 7yd|tj+17"' atd]
1

.
S|

(=17 - -
_Z t. [?Jj—lla"'ay11|tj_tj—1a"'vtj_tl]
=1 J

.

exp([Y1-a+1)otj) [Yjs1, - - Valtjsr — tj, -+ ta — t] ) .

(3.1.25)
We must prove (3.1.25). We write the right hand side of (3.1.25) as INV oA(A+

B —C) and rewrite exp([X]ot) as X*. In what follows we use some natural notational

simplifications, e.g. we write yj_l

.....

; instead of (y: ', y;!y, ..., y; ') and ty—t;_; instead

-----
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of (ty, —tj,ty —tj_1,...,txy —t;). We first rewrite A(B) as

tr—&—l,..l,d]

(=D" Ap -
Z " Aly Yyl =t 1A,

r=1

(—1)r :
= Z Z [yiqilﬁiq7...,’i()—>i1| - tjqfl ----- JO]

t
T 1=ip<jo < <ig<r<ige1 <--<ipy1=d+1

r=1

[yiq+1—>iq+27---7ik—>ik+1 |tjq+17---7k] ® [yr_—ll,...,iq| - tr_la---7iq:|[yr+17---7iq+1_1|t7"+17---,iq+1_1:|

q—1
. t; _
H(_UJP ZPHH%Z,:%H Yot Loesipir—1 [t Lsip i —1 — tjp][yjpl;l’...7ip’tjp — i1,
p=0
i t
H (_1)]p_zpyiép—>ip+1 [yj_plfl,...,ip|tjp - tjp_lv--wip][yjp+17---aip+1_1|tjp+17---7ip+1_1 - tjp]’
p=q+1

which simplifies to

(-1

. [yi;ilﬁiq,...,i()—)i1| - tjqflv-uaj[)]
Ja

2.

1=ip<jo < <ig<fq<igt1< <ipt1=d+1

—1
[yiq+1_)iq+2a---7ik_)ik+l |tjq+17---ajk] &® [yjq—l,...,iq

s t _
H (=07 tey vttt = i Wit i1 et i1 — 1)

0<p<k,p#q ( )
3.1.26

Similarly, A(C') can be simplified to

2

1<in< o<+ <ig<Jg<ig41<-<ipy1=d+1

(-1

Ja

-1 tiq
[yiq,1—>iq,...,io—>i1 ‘t.]q - tjqfly-n:jO]yl—}d-‘rl

[yjq‘i’l,...,iq-%l*l ‘tjq+1,...,7;q+1*1 - tjq] (_ 1)iq+q+1

it
IT oy ittt =t i) Wit iyt i1 — £,

0<p<k,p#q ( )
3.1.27

o8
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Finally, A(A) equals

M=

(_1)TA[yr_,.1..71’ — by 1) A1, d

Zfr‘—&-l,...,d]
r=0

d
= Z<_1)r Z [yi;L—mq,...,io—)il’ - tjq—l,mjo]
r=0 1=ip<jo < <ig<r+1<ig41<-<ip41=d+1
[yiq+1ﬁiq+27--~7ik%ik+1 |tjq+1,.~,jk] ® [y:,}.,z‘q’ - tn--,iq][yr+1,...,iq+1*1|tr+1,...,iq+1fl]
q—1
H(_l)jiﬂ Zp+1+1yi;p—>ip+1 [yjp+1a---7ip+1_1|tjp+1 ----- ipr1—1 7 t]p] [yjpl—l,...7ip|tjp —t;

p=0
k

IT oy, st =ttt i1t i1 — £,
p=q+1

(3.1.28)

which simplifies to

Z [yiilﬁ’iq,...,ioﬁiJ - tjq—h---JO]

1=io<jo <+ <ig<igy1<-+<ipy1=d+1

[yiq+1_>iq+27---yik_>ik’+1 |tjq+17---7jk] ®<_1)q

Z (=D y =t W gt e gy 1]

iq<r+1<igi1

H (_1)]? Zpyi;p—)ip_,_l [yjplfl,...,ip|tjp - tjp_la---vip][yjp+17---»ip+1_1|tjp+1a---aip+1_1 - tjp]'
0<p<k,p#q

(3.1.29)

We split the sum into two parts depending on whether or not i, = i,41:

> : > (3.1.30)

1=i0 < o< <ig<igs1<--<ippr1=d+1  1=ig<jo<-<ig=igs1<--<ipy1=d+1

We then apply INV and use induction on the bracket of (3.1.29). The first sum
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becomes

INV Z [yiilﬁ’iq,...,ioﬂiJ - tjq—h---Jo]

1=ig<jo<-<tg<ig+1 <---<ik+1=d+1

[yiq+1_>iq+27~-~7ik_)ik’+l |tjq+1y~--,jk:] ®(_1)q

(_1)7‘—iq+1 o
- > T[?JPL...@J—tr—l,...,iq][Z/r+1,...,z‘q+1—1|tr+1,...,iq+1—1]

iq<r<igt1—1

t, —

(_1)r—iq+1 B
D DR s v

. tT . . —_—
tr—l,...7zq]yiq_>7;q+1 [Yrt1,sigir—1|trs1,igi—1 — o]
iq<r<igi1—1

s . t _
IT oy it = bt Wit i1 1 —tjp]}-
0<p<h,pq

(3.1.31)
This equals

(—1)a—iatatl
= —INV Z —.[yiqil—n'q,...,io—>h| = tjytndo]

1=ig < jo <+ <ig g <ig41<-<ipp1=d+1 Ja

-----

s s t _
IT oy Wit ot = tmtin) Wit =1 [t iy =1 — tjp]}
0<p<k,p#q

_1)Ja—igtat1
5 oy

] yiqflﬁiq,...,io—)ill - tjq—l;-wjo]
T=ig<jo <+ <iqg<iqg<igq1<-<ipp1=d+1 Ja

Wigir—sigrammin—inis | Liarrmmie) © W1 i tie = tig—1eig [Wiat 1igis 1Ly 11 —1 — 1]

tjq 7 1
|| 1 \Ip—tpy, P R ) . . . ) — £
yiq—>iq+1 ( 1) yip—)ierl [yjp—l,..‘,ip|t.]p t]pflz-"ﬂp][y]p+1a~~-v7fp+1*1|t]p+17--~72p+1*1 t]p]
0<p<k
p#q

)

(3.1.32)
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which we write as — INV(7}) + INV(T3). The second sum becomes

INV > (

1=i1<j1 < <ipy1=d+1

Z <_1) [yqu—nqﬂ, zl—nzl t.jqw“:jl][yiq+1‘>iq+27-~~7ik‘>ik+l’tjq+17~--,jk]>

0<q<k

® H (_ ]P lpylp—>’bp+1[y‘]p—l ’t]p _t]p 1,...4 ][y.]p+17 ,Zp+1 1’t]p+1, 7’Lp+1 1= t]p]}
1<p<k

= INV > (

1=i1 <j1 < <ipp1=d+1

(=17, _
- Z T[yiqilaiq,...,i1%i2| - tjqfla“-»jl][yiq+1‘>iq+2w~:ik‘>ik+1‘tjq+17-~~7jk]
1<q<k 4

=n?, _ t
+ Z t—,[yiq:%iq,...,z‘laig‘tjq - tjq71,~~~,j1]y1]i>d+1[yiq+1%iq+2,m7ik%ik+1 ’tjq+1,~-~»jk - tjq]
1<q<k 4

® H ( 1)-717 lpylp—ﬂpJﬁl[y]p—l ’t]p _t]p 1.0 ][y.]p+17 Slpt1— 1’t ip+1,.ipr1—1 t]p]}

1<p<k
(3.1.33)
This equals
(=07, _
= —INV Z ‘ [yiqil—n'q,...,io—m| - t]‘qflv---»j()][yiq+1—>7:q+27---7ik_)7;k+1|tjq+1 ----- jk]

1=iog<jo<-<ipp1=d+1 79

® H (_ Jp Zpyzp—)lp_;,_l[y]p—I, ,Zp|t]p tjp_lv---aip][yjp+17---7’ip+1—1|tjp+17---7ip+1—1 _tjp]}

0<p<k
(1) .
-1 Lt R PYL
+ INV E y [yiq_lﬁiq,...,ioﬁilltjq tigtrmdo) V1 sdg1
1=ig<jo<-<ipp1=d+1 79
[yiq+l_>iq+21---7ik_>ik+l |tjq+17---7jk - tjq]

® H (_ Jp zpyzp—nzH_l[y]p—l, ,Zp|th t]p_l Hy]p"rl ----- ’Lp+1 1|t]p+1 1p+1 1= t]p]}

0<p<k
(3.1.34)
which we write as — INV(75) + INV(7,). We note that
AB)=T;, AC)=T,, Ti=T. (3.1.35)
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This implies that INV oA(A + B — C) = 0, proving the claim. O

3.2 Associated one-forms of multiple polylogarithms

3.2.1 Motivation

Recall Goncharov’s definition of B, (F) group as Z[PL]/R,(F), where gener-
ators [a], may be viewed as Li,(a) and R, (F) is the subgroup generated by all
functional relations between polylogarithms. These B,,(F) groups make up the Bloch
complex (1.1.3)

57L71

Bu(F) 2% By (F) @ FX 2 B, y(F) @ A\ F* = - 2 \" F*

The differentials are

n([a]) =[a]®a, d([a))@®b=aA(1—a)ADb
(3.2.1)

(la)) @b=[a]®andb, V2<k<n

Goncharov conjectured that the i-th cohomology group of this complex is rationally
isomorphic to HY,(F,Q(n)).

In [12], Zickert considered lifted polylogarithms which are functions from C to

C/EM5Z defined by

(n—

L (u,v) = Z (=1 Li,—(e")u" — (_1)nu”_lv (3.2.2)

He then constructed groups B, (C) = Z[C]/R,(C), where generators [(u, v)],, repre-
sent En(u, v) and En((C) is generated by functional relations among L,. These B
groups forms a chain complex f(@, n)

6n—1 ~

B.(C) 2 B, 1(C)®C 2% B, »(C) @ \2T — --- & A"C (3.2.3)
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where the differentials are

-~ -~

In([(u,v)]) = [(u,v)] @ u, ([(u,v)]) @a=uAvAa
(3.2.4)

-~

w([(u,v)])) ®a=[(u,v)]@uia, V2<k<n
Zickert conjectures that its i-th cohomology group is integrally isomorphic to
H',(C,Z(n)). In particular, he argued that L,, viewed as a map from kerd, to

C/(2mi)"Z, should correspond to the cycle map (see [?])
b, : CH"(Spec C,2n — 1) — Hp(SpecC,Z(n)) (3.2.5)

Since the Chow group CH" (X, 2n — i) isomorphic to H' (X, Z(n)) for an alge-
braic manifold X (see [?]), and the Deligne cohomology Hi(Spec C,Z(n)) is isomor-
phic to C/(2mi)"Z. Therefore b, can be regarded as a map from H',(Spec C, Z(n))
to C/(2mi)"Z.

~

These lifted polylogarithms have well-defined differential one-forms in Q!(C):

- nn_l n—2

wy(u,v) = dL,, = (—1) u" " (udv — vdu) (3.2.6)

n!

If we treat coordinates u,v as indeterminates in the polynomial ring Clu, v], then
wy(u,v) € Q}C[u’v] Ic- It is tempting to define lifted multiple polylogarithms Em,...,n ;

such that

i. They are functions from Sy(C) to C/

((ZW?;Z, where n =nq + - -+ + ng.

ii. They can be expressed as sums and products of multiple polylogarithms of lower

weights.

iii. Their differentials dZ,, ... ,, are in Qs 05031/
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Unfortunately, this cannot be done. In fact, Zickert defined 2171, 22,1, ELQ, 2171,1

(unpublished), but that the best one can do for 2371 is such that

-~

d23,1 = w31 — Wa(Uz, V2)Lo(U12,V12), dwzs = walug,v2) Awa(ur2,v12) (3.2.7)

Here u; 5 stands for u; 4+ us. Note that ws; is neither exact (not the differential of
2371) nor closed. This suggests a Hodge structure hidden behind these lifted multiple
polylogarithms, similar to Zhao’s description of variation of Hodge structures of
multiple polylogarithms. We will tackle this problem in Chapter 4.

These one-forms wy, ... », can be obtained from the symbols of the multiple
polylogarithm Li,, ... ,, [2]. By first applying Gangl’s projection map P in Defini-
tion 2.2.17 and then the map

—1 n+1
(=1) paz an,day (3.2.8)

“ e TL_)—
CL1® X a (’n—l)

These one-forms have nice combinatorial properties. We will discuss them in the

next section and later on in Chapter 4.

3.2.2  One-forms

Definition 3.2.1. Let H be a connected graded Hopf algebra. Consider the one-

. * 1
forms map wy : T"Hy — QQ[Hl]/Q

(1@ ®a,) = (=) > (-t n—1 da; (3.2.9)

wy(a n) = — ' L a; - ap 2.
1<i<n

Theorem 3.2.2. wy is equal to the composition of P in Definition 2.2.17 and map

in (3.2.8).

Proof. The proof can be found in [2] Lemma 4.3 with IT as P. O
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Definition 3.2.3. The one form map w : H»™ — QQu;v;4]/0 is defined to be
the composite of the symbol map A; .., : H%»™ — T*H}™, wy T*HP™ —
QQ[nymb] 10 and wy : QQ[nymb} 0~ Q0({uiw; 131/Q- Where w, substitute [z;] into u;

and [xj—>k+1]1 into —Vjk-

Example 3.2.4.

(="

w([z1],) = —|u’f’2(u1dv1 —vduy), n>2 (3.2.10)
n.
1 1 1 1
’lU([ZL‘l, IEQ]Ll) = —§U1dU1,2 + §vl,zdu1 + 51)1(1’0172 — 5’026[’0172
1

1 1 1
— §Ul7gd1)1 + 51)126&)2 - §vldvg + §Ugd?}1 (3211)

Note that(3.2.10) corresponds to (3.2.6) up to a constant (n — 1).

3.3 Free contraction Hopf algebras

We will construct several different Hopf algebras at the end of this section,
and justifying the Hopf algebra structure of each one individually would require
significant effort. Instead, we introduced the notion of a contraction system, which
captures the essence of the coproduct 3.1.2. Consider maps (i1,4g,+ - ,iq41) that

contracts variables

S, (C) i), gy

11 <r<ia 19 <r<ig 1a<r<igii

(3.3.1)
(yl,yz,---,yn)H( II v II v, 11 yr)

Then the pullback

(ib i27 o 7id+1)* Lin1,--- ,nd(ylv T 7yn) = Lin1,--- ,nd(yilﬁiga e 7yidﬁid+1) (332)

appears in the second term of the tensor products in the coproduct formula 3.1.2.
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3.3.1 Contraction System

A contraction system is a category that formalizes the contraction property
described in (3.3.2). In fact, it is equivalent to a semisimplical category with X; = {x}.
However, we retain the term “contraction system” because it is more suggestive of
the context of our work. Hopf algebras in Definition 3.3.6 are called contraction
algebras due to this.

Let’s denote € as the category where

The objects are sets of the form [n] = {0,1,--- ,n} for n > 1.

A morphism from [n] to [d] is given by a tuple i = (i1, -+ ,igs1), 1 < i1 <

o <dger <n+ 1L

The identity morphism for each object [n] is 1 = (1,2,--+ ,n+ 1)

and composition of j = (ji, -+, k1) : [d] = [k] and iis joi = (35, - ,1,,,)

Example 3.3.1. Let X = |J, X be the set of continuous products of 2 symbols

where X% = {(@j,—ip,*** , Tiyig,,)}- Then X forms a contraction system with
contractions
a Uty dkt1) k
X X ) (xilﬁiza e 7xid*>’id+1) — (xijl%ij27 T 7xijk~>ijk+l)
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With this notation, (3.1.2) becomes
k

A(y[t) = Y MG sias)ylt, - 1] Q) [T (=177 exp(((ia, as)¥lots,)

a=0

[((aria + 1, 1 Ja)y)  tja = tjam1,- - tje — ti]

[(ja + laja + 27 e aia+1)Y|tja+1 - tja? cee Jtia+1—1 - tja]'
(3.3.3)

The sum is over all instances of 1 =iy < jo < i1 < j1 < -+ <l < Jp < g1 =d+ 1.

Example 3.3.2. We can turn the maps in Example 3.3.1 into maps between schemes

ji<r<k

-1
S, = SpecZ |xi, ( [ z — 1)

where .S, M Sq is given by z, = [[ .

ip<r<ipi1

We would like to interpret the sets in both examples as functors, this leads to

a formal definition of a contraction system.

Definition 3.3.3. A contraction system in & is defined as a functor from % to 2.

A morphism between contraction systems is a natural transformation.

Example 3.3.4. Given a field F, all morphisms between contraction systems
X — {S,(F)} are in one-to-one correspondence with tuples {(a;)icz-,,a; € F}

determined by {x; = a;}icz.,

Example 3.3.5. Suppose F'is a field and 7 : E — F* is a torsion free extension of
F* by Z. Similar to the construction of S;(C) (where 7 = exp : C — C*), we can

construct a contraction system {S,(F)} as

Su(F) = {({u"}léiém {vjrti<j<n<n) € E+ (1)

- (zf:j u) +(o) = 1,V < k}
(3.3.4)
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and the contraction maps are

i i) (e foadse) = ({S27 0} (o)) 639)

3.3.2  Free contraction Hopf algebra

In this subsection, we want to construct H and H as functors from the category

of contraction systems to the category of graded Hopf algebras.

Definition 3.3.6. [2] For any contraction system A, we define H(.A) to be the free

algebra generated by regular symbols [a],, ... », and inverted symbols [}, n,,

where a € A n = (ny,--- ,ng) € 2%, and [y, [a"]o, a € A' modulo relations
[(i1,i2)o + [(i2, is)alo = [(i1,i3)a]o, Va € A d > 2, [a"]o = —[a]o

Here d is referred to as the depth. We also denote H(.A) as the subalgebra of H(.A)

generated solely by regular symbols [a],, ... ny, [0

Similar to (3.1.8), we can also define INV : H(A) — H(A) which fixes the

regular symbols and acts on inverted symbols inductively as

INV([y™Y = ta, -, —t:])
- 2(—1)d—1+ﬂ‘ INV([((1,- i+ 1)y) Y =ty s =t DG+ 1, d+ Dyltin, - td]
+i<_1t—j_l+jmv([((1,.., V) =ty =t )G 4L, d DYl ]
in (# INV([((L- - )¥) "Mt = tjors - oty — 1))

exp([(1,d+ D)yloty) [+ 1,--- ,d+ Dyltj —t5,- - s ta — tj])
(3.3.6)
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Proposition 3.3.7. The coproduct A given by (3.3.3) and
Alla™]o) =1@ [alo + [0 o® 1, A(lafy) =1® [a*]; + [0 @1
on any H(A) and H(A) define Hopf algebra structures.
Proof. The proof is straightforward. See [2], Theorem 2.15. O

Example 3.3.8. With X defined in Example 3.3.1, it is not hard to see that

—Symb

H(x) =H", H(X) = HSY™P,

We call these H(A) and H(A) free contraction Hopf algebras. And we have the

following proposition.

Proposition 3.3.9. H, H are functors from the category of contraction systems to
the category of graded Hopf algebras.

Example 3.3.10. Suppose A is the contraction system {S,(F)}, then the corre-

sponding free contraction Hopf algebras are denoted by ot

(F), H™=(F). The
corresponding free contraction Hopf algebra of {S,(F)} in Example 3.3.5 is denoted
]ﬁliﬁymb(F) or HS™b(F) for short. Specifically, if E = F = C and 7 : C — C* is the

exponential map, we get the free contraction Hopf algebra as ﬁsymb(C).
More generally, we can construct sheaves of Hopf algebras over manifolds.

Example 3.3.11. Let M be a smooth complex manifold and U be an open subset of
M, then holomorphic maps from U to §n((C) forms a contraction system where the
contraction maps Q°(U, §n(C)) — QY(U, §d(C)) are simply induced by contraction
maps S, (C) — S4(C). This way we obtain a sheaf ﬁﬁ;mb of Hopf algebras on M.
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3.4 Motivic complex

In this section, we assume 0 — Z — E 5 F* — 0 is a torsion free Z
extension, and construct candidates for motivic complexes in Question 1.1.1 ii. and
Question 1.1.2 iii.. And we formulate the conjecture that relates motivic cohomology

and singular cohomology through our construction.

3.4.1 The L™ complex

Recall that according to Definition 2.2.14, any connected graded Hopf algebra

modulo products defines a Lie coalgebra, it is natural to define Lie coalgebras
LSymb = HSymb /(Hi}gnb . Hi%mb)
H/:Symb(F) — ﬁSymb(F)/ <]ﬁlsymb(F)>0 . ﬁSymb(F>>0) (341)
7 Symb TrSymb TrSymb TSymb
Lyt = W/ (W, - B0 )
The one form map H»™ — Q(l@[ (s ;.0 })/Q induces a chain map from its Chevalley-

Eilenberg complex A" L5™ to the de Rham complex Q(*@[ (w5050 11/Q

Remark 3.4.1. Even though HS™, ﬁ-\HSymb(F ) and ]I-\]I]S\}'mb are defined over QQ, but

LSymb [Symb(F) and L™ are defined over Z.

Theorem 3.4.2. [2] The one-form map induces a chain map from A"L5™ to

Q(a[{uwj,k}] g 1€ the following diagram commutes

2 1ING—N1
]LSymb d /\ LSymb /\3 ILSymb L

l“’ lw/\w lw/\w/\w

Ot d__, 2 d » Q3 d_, ...
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Proof. First we show that w defined in (3.2.9) induces a chain map w; : A" L(T'(Hy)) —
OF, where L(T(Hy)) = % This is Proposition 4.4 in [2].

On the other hand, A; ... ; induces a chain map L(H) to L(T'(H;)) by Proposi-

tion 2.2.20, where L(H) = . Composing both chain maps, we obtain a chain

_H
Hso-H>o

map from /\* LSymb 0 QTQ[{Ui,Uj,k}]/Q' n

3.4.2 Main conjectures

In [12], Zickert defined the lifted Bloch complex I'(F, n)

By(F) 55 B, (F)QE % B, o(F)@ N2 E — - — Bo(F) @ N 2E 225 A\"E

(3.4.2)
with differentials given by 3.2.4. Assuming 7 : F — F™* is an Z extension. He
conjectured that the ¢-th cohomology group of this complex is integrally isomorphic
to Hi,(F,Z(n)).

We wish to generalize the Bloch complex (1.1.3) and the lifted Bloch com-
plex (3.4.2) to include generators representing multiple polylogarithms and lifted
multiple polylogarithms. Similar to the definition of B and B groups, we define
L,(F) and L, (F) to be L™ (F) /R, (F) and L™ (F)/R,(F) respectively. Where
R, (F) is inductively defined similar to Goncharov [7], which can be found in [1],
section 3. And R,(F) is yet unknown, but it should be constructed similar to that
in [12], and it is expected to be generated by all functional relations between lifted

multiple polylogarithms of weight n.

Their Chevalley-Eilenberg complexes A" L(F) and A" IE(F ) will be referred
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to as the motivic complex and lifted motivic complex. We conjecture that they

compute rational and integral motivic cohomology, respectively.

Conjecture 3.4.3.

H((NLF)), )= Hy(F.Qm)e. H'((A'L()) )= Hy(F.2(n)

Q

We use subscript Q in the first isomorphism to indicate that this only conjectured to

be true rationally.

]IA‘,]S\}mb also defines a sheaf of Lie coalgebras over a complex manifold M. Theo-
rem 3.4.2 induces a sheaf map \* I/[:ﬁ;mb — 3, defined locally by I/[:]ngb(U ) — Q,(0)
as pulling back of one-form map w. For example, for f = (f1, fo, f3, fa, f5): U — S,

that

w([fli1) = %(—ffulfgdﬂlz + fsviafidur + f3vifydvo g
— fivafidvi s — fiviafsdoy + fiviafidvy — fivifidva + frvafadvy) € Qu(U).
(3.4.3)
Assume R, is the subsheaf of I/L:Sj\}mb generated by functional relations of lifted
multiple polylogarithms pullback to M. Then A" ]/I:M — (23, is well defined. Since
one forms are differentials of lifted multiple polylogarithms modulo products of lower

weight functions, and the differential of any functional relation should be zero.

Conjecture 3.4.4. [2] If M is an algebraic manifold, we conjecture the following

diagram commutes
H(M, (A" Lan)a) —— H'(M.Q3)

B

H'((M,Z(n)) — H'(M,C)
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Recall from Definition 2.2.15 that (A" L M )n is the degree n part of the complex. The
top arrow is induced by A°® L m — °, the bottom arrow is the realization functor
from integral motivic cohomology to singular cohomology, the right arrow is the
isomorphism between de Rham cohomology and singular cohomology [14], and the

left arrow is yet unclear and requires further investigation.
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Chapter 4: Variation of Mixed Hodge Structures of Multiple Polylog-

arithms

Deligne and Beilinson first constructed the variation matrix

- 1 -
Lis(z log(z

L(z) = 2 =) : (4.0.1)
Liz(2) Llog*(2) log(2) 1
_Lin(z) ﬁlog”fl(z) ﬁlog”d(z) - log(z) 1]

as the fundamental solution to the linear partial differential equation

dL(z) = L(z) (4.0.2)
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They computed the monodromy matrices for L(z)7(27i) which are

1 1
1 ~1 1
11 1
M,, = . M, = (4.0.3)
Lo 1
1 1
| m R 5 1 ]_- i 1-

Here 0y, o are loops around 0, 1, generating 7 (P! — {0, 1,00}), and

1
211

(2mi)*
T(2mi) =
(2mi)3

(2ma)"
In this chapter, we will construct variation matrices for multiple polylogarithms,
describe variations of mixed Hodge structures with it. This has been done by Zhao [9],

but only for multiple logarithms. And at the last section, we discuss two other

potential applications of variation matrices.

4.1 Variation matrix

Goncharov’s coproduct (2.3.13) naturally defines a matrix satisfying Theo-

rem 4.1.3, which we will refer to as the variation matrix. This matrix is a lower-
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triangular unipotent square matrix, with rows and columns determined by Gon-
charov’s coproduct formula (2.3.13) on iterated integrals. Goncharov used this
concept to describe a variation of mixed Hodge structures on the torsor of path in
C —A{a1, - ,a,} (see [21], Section 5).

In this section, we shall first prove that the variation matrix behaves as a
group-like element under the coproduct. We also derive a matrix of symbols by
repeatedly applying the coproduct, and a matrix of one-forms by further apply the

one-form map w to these symbols.

4.1.1 Variation matrix for iterated integrals

Definition 4.1.1. Suppose {a;}!' C S, the rows and columns of Goncharov’s

variation matrix V7 are parameterized by tuples
iI(iO,-",in+1), O=tp<t1 <+ <ig<igr1=n+1
and entries in Z(S). Specifically, the (i, ) entry of V is defined as

m e . . . .
[Tmo I(as, s @i, o s iy, )33 = (ikg, -+ k) IS & subsequence of i

I _

G
0, otherwise

(4.1.1)

Remark 4.1.2. Note that here we did not specify the order of rows and columns of

the variation matrix. In fact, we can choose any ordering of the indices as long as

we make sure that if j is a subsequence of i, then the j-th row/column is before the

i-th row/column.
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We are now ready to state the group-like hehavior of the variation matrix.

Theorem 4.1.3. We have A(VE)T = (VO)T @ (VHT. Here -7 means matrix

transpose.

Proof. This is a direct corollary of Theorem 4.1.8. ]
We say that VTisa profinite matrix because for a fixed i = (ig, - ,l,41) We

can define the variation (square) matrix for I(as, - ,a;,,,) to be the submatrix

with rows and columns indexed by all indices j = (ig,, - ,k,,.,) With kg = 0,

kmir =n+ 1.

Example 4.1.4. The variation matrix for (ag; a1, ag; ag) is

1 0 0 0

I(ag;ar;as) 1 0 0
(4.1.2)

I(ao;ag;ag) 0 1 0

](ao;a17a2;a3) ](a1;@2;a3) I(a0§a1;a2> 1

4.1.2 Variation matrix for free contraction Hopf algebras

We would like to generalize the concept of variation matrix by defining it for
a free contraction Hopf algebra H, equipped with a total graded ordering < on
its generators. This generalization allows us to state and derive results about the

variation matrix in a more abstract setting, making it easier to explore its properties.

Definition 4.1.5. Suppose H is a free contraction Hopf algebra with 20 being the
set of generators, and there is a total graded ordering < on 20. The variation matriz
is a matrix V' where
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o the first column is all of its generators in order.

o the rest of the matrix are determined by the coproduct formula

Aw)=> waVl,

weW

We call the entry of VJ{H the complementary entry of w with respect to v. If in
addition 20 is isomorphic to (Z}, <) in 3.1.3 as a totally ordered graded countable

set. Then we can parameterize the rows and columns of V# by indices in Z%,.

Remark 4.1.6. Note that V[, = 0 if dim(v) # dim(w) or if v < w, so V¥ is a
lower right triangular unipotent matrix, and there are only finitely many entries in

each row and column if the coproduct formula is finite.

Using this definition, the variation matrix from Definition 4.1.1 becomes a
variation matrix with H = I(S).
While writing down the entire variation matrix is impractical due to it profinite

nature, it is feasible to express its submatrices truncated at specific entries, allowing

us to study the matrix while retaining essential information about its structure.

Definition 4.1.7. The variation matrix of an element v is the submatrix of V#
with the rows whose first entry appears in the coproduct of A(v), and columns of

the same indices as rows.

Since the definition of the variation matrix relies on the coproduct, the group-
like property is now obtained automatically. This simplifies our analysis, as the

matrix inherently satisfies this key structural property.
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Theorem 4.1.8. The variation matrix satisfies A(V)T = (V)T g (VH)T
Proof. The proof simply uses coassociativity of the coproduct. First, note that
A’v) =Y wa AV
On the other hand
Av) =) Aw) eV,
=> (Zu@)vju) ® V),
= Z U® Vf u & Vﬁv

:Zw®Vu{{w®V£

:Zw® (ZVUHW@)%I{L)

Comparing both we have
AWVEY =Y VI aV), (4.1.3)
This concludes the theorem. [

Recall the Definition 3.1.15. H = I%™ produces a variation matrix V*. Apply
the Hopf algebra morphism ® and map INV, we will subsequently derive variation
matrices VE = &(V1) and V¥ = INV(VH). Each of these three variation matrices
can be useful in different scenarios, depending on the specific properties or structures
we wish to emphasize or explore.
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Example 4.1.9. The V! variation matrix of 1(0;ay,0,as;as3) is

1

1(0; as; as)

I(O; a7, CL3)

[(0; ay, ag; (13)

I(0;ay,0;a3)

I1(0;a1,0,a9;a3) I(0;a1,0;a2) I(a1;0,a9;a3) I(a1;0;a2) I(0;a9;as)

0 0

1 0

0 1
1(0;a1;a9)  I(as;ag;a3)

0 I(a;0;a3)

0

Example 4.1.10. The V¥ variation matrix of [T1, x2]o 1 18

1

[152]1

2, 7o)

[551372]1

[$1$2]2

2,1

0

[$1,$2]1,1 [Ilh

0

[I1]2

0
0
1
[@2]1 = [277]
[z172)o

(212 = [22]2 + [2]1[2122]0

The V¥ variation matrix of [x1, Z]a is

0
0
1

[za]s = [1] = [21]o

[351562]0

0

[xl]o

0

0

1

1

[$27$2]2,1 [I1]2 —[$1]2 - [$2]2 - %[551]8 + [%]1[%%]0 [Il]o [@]1

80

—_

(4.1.4)

(4.1.5)

(4.1.6)



To better prepare for the monodromy computations in Chapter 5, we will now
discuss the structure of V! in much greater detail. To streamline this discussion,
we will introduce some shorthand notations that will make the expressions more

manageable and concise.

Definition 4.1.11. Inspired by Zhao [9]. For a word w = o, ---0;, we define
(a5 iy -+ 04,5 G4, ,) to be 0 if (41, , jim) is @ not subsequence of (i1, -+ ,iy)

and otherwise the sum of all possible
Haig; -5 ai) (g 5a5,) - L@z, 5 ai,,)
Example 4.1.12.
1796(0; a1, 0,0, az, 0; 1) = 1(0; a1)I(ay; 0)I(0;0)1(0; az, 0; 1)
+ I(0;a1)1(ay;0)1(0;0,a9;0)I(0;1)
+ I(0;a1)1(ay;0;0)1(0;a9;0)I(0;1)

With this shorthand, (2.3.13) now reads

A](Clo; A1, 5 Qnp; an+1) -

. . Ol 0 . . .
§ I(aimaip”' 7aik7aik+1)®] ‘1 7'k(a(]ualf" 7a’n7an+1)
0=i0<i1 < <ip<igy1=n+1

(4.1.7)

Since 0 could appear multiple times in the iterated integral, so the coproduct (4.1.7)

may have collapsing terms and degenerates. For example, we just have

A'I(0;a1,0,0;1) = I(0;a1,0; 1)®(I(a1;0;0) 4+ 1(0;0;1))+1(0; a1;1)®I(as;0,0;1)

(4.1.8)
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where
1(0;0,0;1) ® 1(0;a1;0), I(0;0;1)® I(0;a1;0)1(0;0;1), 1(0;0;1)® I(0;a4,0;0)
are degenerates, and

1(0;a1,0;1) ® I(a1;0;0), 1(0;a1,0;1)® 1(0;0;1)

simply collapsed into I(0;ay,0;1) ® (I(az;0;0) 4+ 1(0;0;1)).

We are now ready to describe the variation matrix of
(=1)*1(0;ay,0™ -+ ag, 0™ 1)

in 1P (d). The inclusion of the sign (—1)¢ accounts for the sign in (2.3.3). Given
the profinite nature of the variation matrix, this description provides a complete

description of VI. We summarize this in the following Proposition.

Proposition 4.1.13. The first column of the variation matrix of
(=D)(0;a1,0™ 7"+ Jag, 0™ 1)
consist of entries of the form
(=D)FI(0;a;,, 0™ oo a0 1)

where (i1, -+ i) is a subsequence of (1,--- ,d) and m;, < n;_ . They are ordered by

. mil—l mikfl mil—l m;
the corresponding words o;, 0 C 07,00 , where we define o;, 0, C 05,00

Pjp—1 Py 1 .
0,00 o0 it

P R M <y D
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. Mig_pgq ~1 mi =1 Pij—pg1 L my; —1 .
o elseifoy,_ . 0y C 04,00 = 0j,_,.100 0,00 and 7, <

jl—r

i _.—1 m;, —1 pj,_..—1 m
k—r . K J— -7 . PO . v
* 04,00 = 0g O T— 0500

. mq
e else if o Tipin ™ and m;,_, >

pjl—r

Note that this order is accordance with the order in Definition 3.1.10.

We then turn our attention to the remaining entries. It is not hard to see that
the complementary entry of (—1)¥1(0;a;,, 0™t .-+ a; , 0™ '; 1) with respect to
(—=1)'1(0;a;,,0Pn =1 - oo ay, 0Pt 1) s

—1 my;, —1

.
l~kyoy, 00 ' oy 0y F . Dj, —1 i, —1.
(_1) [7:% 0 (07aj170]1 y T 7ajlaojl 11)

Where (i1, - - - , i) is subsequence of (j1,- - ,71), (j1, -+ ,J1) is subsequence of (1, -+, d),

and my < po < Ng.

m;, —1 m;, —1 pi; —1 pi,—1 . .
Remark 4.1.14. The words 0,0y " ---0;,0, * and 0;,0)"" ---0j,0,"  indi-
cate the column and row index of
l—kyo; amilil---a" amz.kil Dj, —1 pj, —1
(_1> [7:% 0 (O;Gjmo]l y T 7aj170]l 11)

Since m,, < pa, for all a, the variation matrix is evidently a lower-triangular unipotent

matrix.

Example 4.1.15. We update Example 4.1.9. The variation matrix of (—1)%7(0; ay, 0, as; 1)
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is

- 1 0 0 0 0 0-
—1(0;a2;1) 1 0 0 0 0
—1(0;a1;1) 0 1 0 0 0
I(0;a1,a9;1)  —I(0;a1;a9)  —I(aj;ag;l) 1 0 0
—1(0;a4,0;1) 0 I(a1;0;1) 0 1 0

I1(0;a1,0,a9;1) —1(0;a1,0;a2) —1I(a1;0,a9;1) I(ag;0;a2) —1(0;a0;1) 1

(4.1.9)

where

- [(0;a1;a2) = (—1)102(0; ay, az; 1), —[(al;a2; 1) = (—1)101(0; ay, a2; 1),
[(al;o; 1) = [Jl(o; a170; 1)7 _I<O;a'170; Clg) = (_1)102(0;a170aa2; 1)7
- ‘[(al; Oa a2, ]') = (_1)‘[01(0a a, 07 a2; 1)7 ](al; 07 aQ) = 10102(0; ay, 07 A2; 1)a

— 1(0;a9; 1) = (=1)17*7°(0; a1, 0, az; 1).

4.1.3 Grading on variation matrix by weights

The entries of the variation matrix V¥ have various weights, and we can divide
them into different weight blocks. We start by dividing the rows according to weights
in the first column. Following this, we apply the same divisions to the columns,
ensuring that the weight of the (p, ¢)-th block is p — ¢q. Notably, the (p, p)-th block

is the identity matrix.
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Example 4.1.16.

- 0 0 o o |o]
[22]1 1 0 0 0 |0
[T1ze]t | 0 1 0 0 |0

21, 22]11 | [71]y [z2]1 = w1y = [21lo 1010
[122]2 | O [122]0 0 1|0
| [rnwalon | fe]o —gleg + [eawaofwa]y — [wa]s = [wala | [wa]o [wali | 1]

Following Zhao’s notation, we now define the 7 matrix. The matrix 7(277) will

play an important role in formulating Theorem 4.2.18 and 4.2.6.

Definition 4.1.17. 7, .. ,,(a) is defined to be the diagonal square matrix of the
same size and blocking as the variation matrix of [zy,- -, Zd|n, ... n,, Where the

(p, p)-th block is the a? times the identity matrix.

Example 4.1.18.

1 0 0 0 0 0

0 (27Ti) 0 0 0 0

ol 0o @m)| o 0 0
To1(2mi) =

ol 0 0 |(@m)? o 0

ol o o0 | o (@2 o

ol o 0 | 0 0 | (2mi)3

For simplicity, given a matrix V', we shall use V), , to refer to its (p, ¢)-th block,
and Vi = > . . Vpq to denote the submatrix consisting of all weight blocks of

weight k.
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The following useful lemma is straightforward.

Lemma 4.1.19. Suppose M is a matrix of the same dimension as the variation

matrix, then (7(a)"*M7(a)),, = (2mi)7PM,,.

Recall the symbol map A; ... ; is the repeated coproduct. A direct corollary of

Theorem 4.1.8 derives a matrix computation of symbols of multiple polylogarithms.

Corollary 4.1.20. Suppose ky + - - - + k,, = n, we have

N VY =VI®- V]

In particular, by the definition of the symbol map A ... 1, the symbol of the top right

entry of V7T is equal to the top right entry of Ay .. (V1) = (V]I)®m.

Example 4.1.21. We calculate V;T @ VT @ VT for the variation matrix V of [z, x5]21

0 [xo)s
0 0
0 0
0 0
0 0
0 0

[551952]1

0

0

1 ®3
0 0 0
[$1]1 0 0
—[zi]o — [T1]1 + [22]1 [m122)0 O (4.1.10)
0 0 [21]o
0 0 [I2]1
0 0 0

and the top right entry is the symbol of [z1, z3]1 ;.

Av11([z1, 22]21) = [221®[21]1@[21]0— [T122]1 ®[21]0®[21]0+ [T122]1 R [T122] 0 D 2] 1

— [1110]1 ® (1)1 ® [21]0 + (11221 ® (121 @ [21]0 (4.1.11)

Note that this is the same as (2.3.21).
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4.1.4 Difference between VE and VE

Recall that INV gets rid of powers of m¢, while INV corresponds to the full
Goncharov inversion, it is natural to ask how much do INV(VE) and VE = INV(VE)
differ. We now demonstrate that they differ only by a constant matrix multiplication.

To establish this, we first need to prove a simple proposition.

Proposition 4.1.22. Suppose V is a variation matrix and denote w = dV;. We

then have dV = wV'.

Proof. According to Corollary 4.1.20, A,,_1;V,l = VI, @ V', By Lemma 4.1.23, we
know that dV,I' = VI (dV]"), i.e. dV,, = wV,_;. If we tally up all weights, we have

av =uwV. O
Lemma 4.1.23. The d = ¢ o A,,_1; on H¥™ where ¢ takes  ® y to zdy.

Proof. 1t is easy to show that ¢ o A, _11[y1, ..., Ynlt1, ..., t,] equals the right hand
side of (3.1.17). We just need to check if it still holds for products, let P, and P, be

symbols in weight k& and [, respectively. We then have (for n = k + 1)

oA, 11(PP) = @(Ak—l,l(Pl)(PQ )+ (~A® 1)Al—1,1(P2)>

— Py dP, + P, dPy = d(PRy). (4.1.12)
The result follows. [

Theorem 4.1.24. INV(VH) = VEC for some constant matrix C' with entries in

Qfri.
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Proof. Since differential gets rid of constants, by Proposition 4.1.22 we have
dAINV(VT) = dINV(VE) = av¥ = V™
For convenience we denote W(Vﬁ), VH as Vi, Vs respectively. We then have
d(Vy ' VA) = =V (dVa) V' Va4V (dVe) = =V 'l Vi 4 Vel = 0

Thanks to Lemma 3.1.13 we know V, 'V} equals to some constant matrix C' with
entries in Q[mi].

We can evaluate C' by simply replacing [x],, with 0 on both sides of the equation
W(Vﬁ) = VHC. This corresponds to evaluating the regularized values of Li,(x),

log(z) at the origin. As a result

INV(VE)

]

We can actually do better with a matrix C' that express as this difference

totally rationally.

Corollary 4.1.25. INV(VE)7(2mi) = VEr(2mi)C for some constant matrix C' with

entries in Q.
Proof. We take C' = 7(2mi) " C'7(2mi), and under Theorem 4.1.24 we have
INV(VI) 7 (2i) = VECT(2mi) = VI (27i)C

We only need to justify that C is rational. It is not hard to see that Theorem 2.3.7
tells us that the (p, ¢)-th block C,,, is of weight p — ¢, so it equals to (277)P~¢ times
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some rational matrix. On the other hand, according to Lemma 4.1.19, we know that

Chpq is equal to (27mi)7PC, ,, which would be rational, and therefore so is C. 0

Example 4.1.26.

1 0 0 0
INV
[5(711‘2]1 0 10
(w1, 2o)11 [mi)i = [z7 i+ a2 01
1 0 0 0
[1‘2]1 1 0 0
[ZL‘ll‘Q]l 0 1 0
(@1, 2211 [x1)1 70— [21]o — [21]1 + [22)1 1
1 0 0 O/ (1 0 0 O
[22]1 1 0 0/ (01 0 O
— (4.1.13)
[z, 20)11 [ —[zifo — [ma]s + 2ol 1] |0 O 7 1
and ~ _ _ .
10 0 O 1 000
N 01 0 O 0100
C = 7171(2772')_1 T2 (2mi) =
00 1 0 0 01O
0 0 m 1 0011
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4.2 Variation of mixed Hodge structures encoded by multiple poly-

logarithms

Zhao extended Goncharov’s idea by treating iterated integrals as actual func-
tions on Sy(C). He defined a variation of mixed Hodge structures on S;(C) using
filtrations on the matrix columns. Since these functions are multi-valued, he had to
demonstrate that their monodromies are rational. He gave explicit formulas for the
monodromy for multiple logarithms (i.e. Li; .. ;). We will deal with the general case
in Chapter 5.

In this section, we first review Zhao’s contruction. Then we demonstrate that
VH under the one-form map gives the connection form of a flat connection on §d((C).
Finally, we will prove that the flat sections of this connection form a lifted variation
matrix V which encodes a variation of mixed Hodge structures over §d((C). Moreover,

the entries of first column of V define lifted multiple polylogarithms [,Am ng-

4.2.1 Realization of variation matrix

We write H(d) for the elements of depth d (see Definition 3.3.6) in a free
contraction Hopf algebra H.
We can “realize” the entries of these variation matrices as actual multi-valued

multiple polylogarithmic functions. We call this process the realization map.

Definition 4.2.1. The realization map Ry : I%™P(d) — O(59,4(C)) is defined via

Proposition 2.1.13 under the choice of a; = (z; -+ 24)™* with 0 < z; < 1, so that 1 <
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(Y]

—_
Q
a

a; a; ay

™

Figure 4.2.1: Realization map R

ag < --+ < a;. And we choose the canonical path 7 such that v((0,1)) C {Imz < 0}

(See Figure 4.2.1).

R annihilates degenerate elements and Ry(I(0;ay, 0™~ -+ [ag, 0" 1)) =

Lin, o my(@1, -+ ,xq) as expected.

Definition 4.2.2. Similarly, realization map Rg : H(d) — O(S4(C)) can be defined
by
Ra([r1, - s @dlny 2y) = Ling oo my (@1, -+, 24) (4.2.1)
and
Rz, 07 Yy 2y) = Ling oy (2 20 h) (4.2.2)
which can simplified using Theorem 2.3.7. We could also define Ry : H(d) —

O(54(C)) to be the restriction Rely.

RL RE RE simply regard symbols as actual multi-valued functions, the differ-
ence is that they have different domains. Recall that ® takes an iterated integral in

I5™b and turns it into multiple polylogarithms in H, we have a more precise relation

between RY, RE, RE.

Proposition 4.2.3. For fixed d, the following diagram commutes

ISvmb () —2 s T (d) 5V HSYb i) (d)

I
0(54(©)
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Example 4.2.4. Suppose Vﬁ, VH are truncated at [x1, 22]21 as in Example 4.1.10,

then Rg(VH) would be

1

Lil (.I'Q)

Lil (ZL’1$2)

Lig(l]ll‘g)

and R (V™) would be

1 0
Lil(l’Q) 1

Lil(l’ll’g) 0

Lig(%’ll'g) 0

Li2,1($1,$2) Li2($1)

0

0

0

0

1

Liy 1 (w1, 29) Lig(wy) Lij(wa) — Lig(a7")

log(z1) + log ()

Lio ({El_l)—LiQ(:EQ)—l-

Lig 1 (21, 22) Lia(21) 1 0 dog(en) Hostes)

1

log(x1) + log(xs)

— Lia(x1)—Li2 (Ig)fé l()g2 (z1)+
Li1 (22)(log(z1)+log(x2))

—_

0

[1’1]0 Lll (.2132)

Lil,1<l‘1,$2) Lll(.’L'l) Lll(ﬁg) — Lll(ﬁl) — IOg(lej)

—_

0

IOg(ZEl) Lll(ZL‘Q)

1

0

1

1

(4.2.3)

(4.2.4)

4.2.2 Variation of mixed Hodge structures of lifted multiple polyloga-

rithms

As it turns out, the one-forms that we described in Definition 3.2.3, can be

interpreted as the differential one-forms inside a connection form of a flat connection

of a vector bundle over §d((C) whose flat sections are defined to be the lifted multiple

polylogarithms. Furthermore, we can define a variation of mixed Hodge structures on
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this vector bundle by defining filtrations on these lifted multiple polylogarithms. This
is described in [9]. However, Zhao only states and proves it explicitly for multiple
logarithms Li; ... ;.

For simplicity, denote either R(VF) or R(VH) truncated at Ly, ... n, (1, - -, 24)
by V. Suppose V' is a N x N matrix and let {s,} be integers such that the (p, ¢)-weight
block is the submatrix with indices (7, j) satisfying p,—1 < i < iy, pig—1 < 7 < piq-
Additionally, let w = dV; be the differential of V;, where V; is the submatrix of V/

consisting of weight 1 blocks. Zhao’s connection theorem says

Theorem 4.2.5. [9] V = d — w defines a flat connection on the trivial bundle
S4(C) x CVN — S4(C), and the columns of V7(27i) generate the global sections of

the local system corresponding to V.

Proof. We simply need to prove that V o VV7(27i) = 0. By Proposition 4.1.22, we

have dV =w AV, so
0=dV=dwAV)=dwoAV —wA(WAV)=(dw—wAw) AV

Since V' is invertible, dw — w Aw = 0, i.e. w is a flat connection form, and V is a flat
connection as in Definition 2.4.3 with the columns generating the global sections of

the local system corresponding to V. [
Using this, Zhao also stated his variation theorem

Theorem 4.2.6. [9] The columns {C;}., of V7(27i) define a variation of Hodge

structures over Sy(C) as follows: Let {e;}Y, denote the standard basis of CV. The
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Hodge filtration and weight filtration are given by

F7P=C{{e}iZ1), Wicam = Woam = Q{C)}j54,.)- (4.2.5)

Proof. The k-th graded weight piece gr}’ is the (k, k)-th weight block of V7 (2mi),
which is (27i)* times the identity matrix, thus obviously a direct sum of Hodge
structures. To ensure that the weight filtration is well-defined under analytic con-
tinuation amounts to showing that the monodromies preserve the weight filtration.
Zhao [26] gives explicit formulas for the monodromy in the case n = (1,...,1). We
tackle the general case in chapter 5. Finally, Griffith transversality follows directly

from the fact that dV = wV, which implies dC; = wC; C C{{e,; }/21") ® Q% for any

Jj=1

Pp—1 <1< . u

Example 4.2.7. Consider V¥ truncated at [z, z2); 1, we have

1 0 0 0

vV —
Li1<£[)1$2) 0 1 0
Liyq (a1, x) | Lin(zy) f(ag,xe) |1

_ 1 0 0 0 -
Vr(ams) = Lij(x9) (271) 0 0
Lij (z172) 0 (271) 0

i Liy 1 (21, 29) | (2md) Lig(z1) (270) f (21, 22) | (270)3 |
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0 0 0 0
— Vs 0 0 0
w=dV; =
—U1,2 0 0 0
0 —vV1 —U] + v — VU 0

V7(27i) encodes a variation of mixed Hodge structures, with the Hodge filtration

being

e F"=0forn>=0

([ 7))
1
0
.F_IZC
0
0
\ L 1/
( [ 7] 7] 7 )
1 0 0
0 1 0
.F_2:(C ) )
0 0 1
0 0 0
\ L L L d

o« F"=C* forn< -3

And the weight filtration being

e W,,=0form< —6
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(T 7))
0
0
s Wy =W=0Q
0
(271)?
\ L d4
0 0
(271) 0
e Ws=W_,=C ;
0 (271)
\ (27{'2) L11 (1’1) (2’/’TZ)f<.’L‘1, 1’2)
1 0
Li1<l’2) (27’(’2)
e W, = Q ) ’
Li1($1$2) 0
\ Lil,l(xla 1'2) (27TZ) L11 (l’1>
forn > —2. S S

0
0

(271)

(2m0) f (71, 72)

0

0

(27i)?

We have shown that V = d — w is a flat connection on the trivial vector bundle

S4(C) x CN — S,4(C), with entries of V being its flat sections. Therefore, its pullback

7V = d — 7w, under the projection 7 : S4(C) — S,4(C), is also a flat connection

on the pullback trivial vector bundle, with connection form Q = 7*V; .

Recall that the symbols on entries of V7 are (V;7)®" from Corollary 4.1.20.

It is natural to ask for the one-forms of the entries in V. We answer this with the

following lemma.

96



Lemma 4.2.8. [2, Proposition 4.9] We have

w(Vn):% 3 (-1)’@("2?9%91. (4.2.6)

" k+l=n—1

Proof. Since A(VT) = VT @ VT it follows that A, _1,V.I' = VI, ® QT. Therefore,

A, (V) =I+0"+0"00"+0"20"Q" +- - | (4.2.7)

-1 n+l M -1 ‘ '
w(VnT) _ ( )' (_1)171 (n 1) (QT)zfle(QTyzfz. (4.2.8)
n! i—
i=1
Hence,
(_1>n+1 i i—1 n — 1 . i—1
= -1 Q"W 4.2.
wlv) = = =30 (D) o (429)
The result follows after reindexing k =n — 1. ]

Interestingly, up to some constants, w(V') as a connection form is also flat.

Theorem 4.2.9. [2, Corollary 4.17] Define &,, = (n — 1)w(V,), @ = > &,. Then
—@ is a flat connection form. More specifically, it is the connection form of conjugated

connection of 7*V under the automorphism s — e%s.

Proof. According to Proposition 2.4.4, the following lemma proves that —@ is the

conjugated flat connections. [

We prove this in the following lemma with a slightly more general assumption

of 2 only being nilpotent.

Lemma 4.2.10. Suppose € is any nilpotent matrix and w = df2, then

~ _ _ n—1 n—1
O = de e + e et = Z ' Z (—1)’“( i )kaQl. (4.2.10)

n:
n>1 k+l=n—1



Proof. First we compute

Q0 , -0 0 iV ar L QO Q!
de e’ + e we” = (Z(—l) 7) (Z F) + (Z(—l) ﬁ>w (Z 7)

>0 r>0 k>0 >0
(_1)p+q+1 ) ( Qr) ( ka Ql
(B o) (2 ) 4 (e e (2
<p7q>0 (p+q+1)! = 7! = k! = l!

( 1)p+q+1

T )
:Z Z mgpwgﬁ + Z WQk W

n>1 p+qg+r=n—1 k+l=n—1
P,q,r>0 k z>0

The interior sum simplifies to

E Ol (—1)Ftat! (—1)* n—1 k(= 1\ ok o
>, fuf (Zl(k+q+1)!r!+ ! )Z n! 2 (_1)( 2 )Q“’Q’

k+l=n—1 k+l=n—1

(4.2.12)

]

Let’s denote the this conjugated flat connection as @, and refer to it as the
“lifted” connection, according to Proposition 2.4.4, V= e~Y(m*V) are the flat sections
under V. We refer to it as the “lifted” variation matrices, and we define the entries

of the first column of V to be the lifted multiple polylogarithms.

Definition 4.2.11. The lifted multiple polylogarithm Enl,...,n , is defined as the
entry in the first column of V that corresponds to the entry for Liy,, ... n, in the first

column of V.
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Example 4.2.12. The variation matrix V for Lij 1 (21, 22) is

1 0 00
0 1 0(0
0 0 1]0

and the connection form is

0 0 00
0 0 0]0
0 0 00

w1’1<l’1,$2> 0 0|0

Note that /:’\1 and w; are 0.

We summerize previous discussions as the lifted connection theorem for refer-

ence.

Theorem 4.2.13. V = d — & is a flat connection on Sy(C) x CN — S,(C), and the
columns of ‘A/T(QM') generate the global sections of the local system corresponding

A~

to V.
Proof. This is simply Theorem 4.2.9. [

Because the one-form map factors through projection map P (see Remark 3.2.2),
it gets rid of products. Therefore the connection form can be obtained simply by
replacing Liy,, ... n, wWith (n — 1)w,, ... », (Theorem 4.2.9), and then modulo products.

There is a nice description of the entries of the lifted variation matrix V due
to the author (not included in [2]).
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Theorem 4.2.14. Entries of V are obtained by simply replacing Li,, ... ,, with

d

En1,~--,nd for ny +--- +ng > 2, and log, Li; with zeros.

Proof. 1f we represent the replacement by ¢, then by Lemma 4.2.16 below, we see
that V = ¢(V), and V; = 0. Then we use the fact that ¢ is multiplicative and
that Enl ny 1s the defined the bottom left corner of the lifted variation matrix of

~

Lin, oy, 160 Loy ooy = (L, oony)- [l

Example 4.2.15. Consider the variation matrix V¥ and lifted variation matrix v
for Lig o1 (21, x2,x3). Since they are huge matrices, we will only look at the comple-

mentary entry of Lij (zoz3) with respect to Liga (21, X9, x3), which are respectively
— ng([El) ng(l’g)—ng(.Tl) LIQ(I3>_§ ng([L’l) 10g2(l’2>—|—L11((L’3) L12($1)<10g<1}2)+10g(1'3>>

and

~ -~ ~ -~

—Lo(ur,v1) Lo (s, v2) — Lo(ur, v1)Lo(usz, v3)
Lemma 4.2.16. Suppose H is a graded connected Hopf algebra, consider
Ay 1k Qk mek
¢n,k : Hn . Hl ® ank — Hn

We define ¢ : H — H as the direct sum of ¢, : H, — H,, ¢ = Zzzo(—l)kqﬁn,k/k!,

note that ¢y = id. We claim that ¢ is multiplicative.

Proof. Suppose a € H,,b € H,,. Recall if n = (ny,...,ny) € Zéo with |n| = n,

Apymgla) = > al ® -+ ® al. Denote a™ = ) . al}---a? so that ¢,,(a) =
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al-17=k) Now it is not hard to see that

Ay, (ab) = Z (Zaﬁ@...@ai‘;) <Zbﬁ®...®bﬁ)
i J

n+m=r
d
n,mGZZO
_ njim njim
= E E E :ailbj1®“'®a’idbjd7
n+m=r g J
n,mGZ%O

and

od _ n n m m __ nym
m* o Ay, r,(ab) = E E E:ail'”aid'bjl'“bjd_ E a’b
n+m=r 7 i n+m=r
n,mGZ%O n,mGZ%O

In particular, we get

(z)r(ab) — Z <_p—1')p¢r,p<a/b) — (_]‘)p (p> a(l ..... 1,nfk)b(1 ..... 1,m—1) (4213)
+l=p

p=0 ’ p=0

On the other hand, we have

(@) (1) = (Z S ¢n,k<a>> (Z S asm,l(b))

k=0 1=0 ( )
r 4.2.14
_ (—1) (L Ln—k) (L L)
k!
p=0 k+Il=p
k>0
Both equations above are equivalent. O

Remark 4.2.17. Note that ¢; = 0. This explains why Li;, log are replaced with

zero in Theorem 4.2.14.

We are now able to generalize Zhao’s variation theorem to a lifted variation

theorem.

Theorem 4.2.18. ( [2], Theorem 5.8) The columns {C;}}.; of Vr(2ni) define a
variation of Hodge structures over §d((C) with Hodge filtration and weight filtration
given by

F7=C{e}iZ1), Wicam = Weom = Q{C)}jz ) (4.2.15)
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Proof. Griffith transversality follows from the fact that dV = 5V. All else follows

from Theorem 4.2.6. L]

4.3 Applications of variation matrix

4.3.1 Single-valued multiple polylogarithms
We first recall the definition of single-valued polylogarithms from [4].

Definition 4.3.1. The single-valued polylogarithm En(z) is defined to be

Relm,, (Z . ) log” |zy> (4.3.1)

=0

Here Relm is Re when n is odd and Im when n is even, B, are Bernoulli numbers.
This notion can be further generalized using the variation matrix.

Definition 4.3.2. [9] The single-valued multiple polylogarithm £, ... ,, is defined
2Lmttng) /2 -1

to be 5 multiplies the bottom left entry of log (T(i)VT(—l)VﬁlT@)),

where V = R(VE) or V = R(VY) is the variation matrix of Lin, .. n, (21, - - , Zq).

Remark 4.3.3. To see it is single-valued, consider monodromy MV t(27i) =

VT(QM')M , where M is a rational matrix, then

M log <T(z)v7(—1)V‘lT<i))

= log (7‘ YWr(2mi) MT(27TZ) ! (—1)VT(2W¢)MT(27T@')‘1 17’(2’))
(4.3.2)

— log (T YW (2mi) Mr(1/2mi)7(—1)r(—2mi) M~ r(—1 /27rz')7_17(i))
= log (7‘ nv- 7‘( )>
Note that 7(a)7(b) = 7(ab), T(a)* = 7(a*) for k € Z and 7(a) = 7(a) .
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Example 4.3.4. Consider the variation matrix of Liy ; (21, 22)

1 0 0 0

V =
Lil(l’ll'g) 0 1 0
L11,1($1, IL‘Q) L11<J]1) — IOg(CL’l) — Lll(CL’l) + L11($2> 1

we have

log (ﬂz)m(-g?‘%@)) -

0 0 0 0
(4.3.3)
2’i£1($1l’2) 0 0 0

—2i£171(.’£1, 332) 2@51(1’1) 2z(log |1171’ — El(l’l) —+ £1<$2)) 0

where £;(z) = ReLi;(z) = —log |1 — 2| and

Li1(x1,22) = ImLij 1 (21, x2) + Im Liy (z122) Relog(xy)

— Im Liy (z2) Re Liy (1) + Im Liy (z122) Re Liy (z1) — Im Li; (z129) Re Liy (z2) (4.3.4)
Re, Im denotes the real and imaginary parts.

In [12] (Theorem 2.10, 4.7), Zickert proved that L£,, o 7 coincides with the real
or imaginary part of £, on B,(C).

Here we would like to give an alternative formulation of this result in terms of
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the variation matrices. Let us assume V to be the variation matrix in depth 1.

1
0 1
Lo(u,v) 0 1

(4.3.5)

~

Li(u,v) 0 0 1

~

Li(u,v) 0 0 0 1

Immediately we notice 17;‘//\} =0 for i,j > 2, so we have
V9ie(T+Vi4 Vot )=l V= Vp— o
log(V) =log(I + Vi + Va+---) = Vi+ Vo + -

Then we can make the following simplifications

log (T(i)VT(—l)VﬁlT(i))

=log ( 7(:)e*Vr(=1)(e2V) T(®)>

(
= log (T(i)e“fh(—l)V e‘QT(i)) (4.3.6)

e (I + Zz’%) <1 — Z(-i)’@) ez‘ﬂ)
k>2 E>2
o (Q (f £t (- <—1>k7k)> ﬂ)
k>2
The third equality is a bit tricky, but this can be verified by comparing with the
(p, q)-th weight blocks.

For simplicity, we denote W), = (Vk — (—1)’“@) Then exp (Zk22 szk) =

I+> k2 i*Wy. Apply Baker-Campbell-Hausdorff formula to the previous result

log (em exp (Z Zka) em>
k>2
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which renders sums of folded Lie brackets of the format

o W L] [

where the omitted arguments are either € or €.

Example 4.3.5. We work out all the Lie brackets up to weight 4.

log (em exp (Z Zka) em) -1 - Z iKW

k>2 k>2

=i(Q+9Q)+° <W2 + %[Qf])

L (W3 cle—awm s oo [QEH)

2 12
1 — 1 — — 1 _ _
iy (m 3100 + L0 - T[0T W)] - [0+ 0,10+ 0,W)]

(4.3.7)

If we restrict our attention to the bottom left entry, we will show that (4.3.6)
establishes an equality between the left hand side £ o 7(u,v) and the right hand side
which is the real or imaginary part of E(u, v) plus a bunch of folded Lie brackets
(see Example 4.3.5).

Imitating Zickert [12], let us show that these folded Lie brackets can be realized
as a composition of maps that always starts with ZS\n : gn((C) — Z/S’\n,l(C) ® C for
n > 2or 0y By(C) — A’C. First we define W,,s < n — 1 similar to [12] as
(Brosi1 ®1@ - ®@1) 0y ®1) 05,

~ A~ ~

U, : Z|C] = B,_s(C) @ C**,  [(u,v)] = [(u,v)] @ u®, s<n-—2
(4.3.8)

U,y Z[C] » A2C®C*" 2 (uAv) @ u®
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So U, (V) = VT @ QT s <n—2, 0, ,(VT) = (QT AQT) @ Q7"
W, always starts with gn, then any of these Lie brackets can start some ¥,. For

example, [, [Q, [(*W3, [, Q]]]] can be realized as the composition of maps
‘77T P4 ‘737’ ® OTre3
l.To(ik (id — (-1)*")®id ® id ®®")

QO0200 QR PW; — [Q,[Q, [Ws, [, Q]]]]
Here * stands for conjugation, - stands for transpose, and the last map is a sum of

products of i*W5, Q, Q. Similarly [, Q] can be realized as

Towy =

Pr O 062 g (Q A Q) —— [0 [0, [ 3]

The last map is a sum of products of €2, Q2.
Now that if we decompose Q,€Q into ReQ + iIm Q. Then the coefficients
obtained by applying Baker-Campbell-Hausdorff formula should correspond to the

coefficients in Theorem 2.10 in [12].

4.3.2 Recursion of one-forms

In [15], Greenberg found a recursion formula of the one-forms. We say a
one-form is of weight n if it can be written as ) . p;du; + Zj,k: q; kdv; i, where p;, q;x
are polynomials in u,v variables of degree n — 1. We use (Q[ui,uj,k] /Q)n to denote

weight n one-forms.

Example 4.3.6.

(Q[uiﬂ)]‘,k]/(@)l = @ Qdu; + dej,k (439)
3,9,k
(s /)y = @ijik(Quy + Qujp)du; ® Dt (Qus + Qui j)duy, (4.3.10)
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We provide a reformulation of the recursion formula in terms of the variation

matrix.

Theorem 4.3.7. Suppose Q = VI w = dQ, Then the bottom left entry of the

following direct identity is the recursion formula
nlw(V,), Q] = (n+ 1)!w(vp4) (4.3.11)

Note that the first argument on the left hand side Lie bracket and the right hand

side is nlw(V,,), (n + 1)lw(V,,,) respectively according to (4.2.8).

Proof. According to (4.2.8), (4.3.11) is really the following direct computation.

[ > =y (n;)Q’“le,Q] =Y (-t (Z)Q%Ql (4.3.12)

k+l=n—1 k+l=n

]

Example 4.3.8. Take the variation matrix for Lis; (21, x2) for an example, we have

0 0 0 0 0 O
—Us 0 0 0 0 O
_'ULQ 0 0 0 0 0
w(V) =
U)Ll(.fCl, .1'2) —U1 V1 — U2 — Uy 0 0 0
w2($1]}2> 0 Uy + Uo 0 0 0
wy1 (21, 02) wa(z1) —wa(r1) —wa(r2) w —vy O
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—y 0 0 0 0 O
—v12 0 0 0O 0 O

) =
0 —v; v1—v9—u; O 0O O

0 0 Uy + Usg 0 0 0

0 0 0 u —vy 0

So the bottom left entry of [2w(V3), ] = 6w(V3) gives

w1 (21, T2) = = (—vawa(x1) + via(wa(xy) + wa(xe)) — wywy 1 (21, T2) + Vowe(T122))

Wl =

(4.3.13)
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Chapter 5:  Monodromy of variation matrices

Zhao in [9] gave formulas for the monodromy of multiple logarithms Li; ... 1, by
interpreting them as iterated integrals over S;(C) (see Section 2.3.5). He claimed
that the monodromy of a general multiple polylogarithm can be computed by taking
the limit of variation mixed Hodge structures of multiple logarithms, but gave neither
an explicit formula nor an algorithm.

In this chapter, we present a fresh viewpoint by interpreting multiple polyloga-
rithms as iterated integrals on P! — {0, 1,00}. Using Proposition 2.1.13, we show
that when a multiple polylogarithm undergoes a monodromy, it corresponds to a
continuous deformation of the integration path, providing an alternative geometric
interpretation. This perspective naturally give rise to explicit formulas, which are

also implemented by the author using Mathematica.

5.1 Deformation of integration paths of iterated integrals under mon-

odromy

Recall from Section 2.3.5 that v;, v;; are loops around divisors z; = 0 and
xj---x = 1 in S4(C), and that M,,, M, , denote the monodromy operators on

iterated integrals if we think of them as multi-valued functions on S;(C).
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Recall the realization map Ry : I — O(S,(C)) from Definition 4.2.1.
Without loss of generality, we fix some choice of a; = (z; -+ x4)" ' with 0 < z; < 1,
and paths v from a; to a; such that the image of v is below the real axis {Im z = 0}.
Since monodromies of I(a;y; a;,, - ,ai,;a;,,,) can be converted into deformations
of the integration path of I,(a;y; ai,, -+, ai,;a,,,,), as discussed in Remark 2.1.12
and Remark 2.1.22, we are able to give a complete formulation of monodromies of

realizations of iterated integrals in I5V™P(d).

5.1.1 Deformation of integration path under M,

If we fix a path from a to b, then the homotopy classes of paths in C — {a;}
from @ to b can be identified with 71 (C — {a;}), so we could write any path from a

to b as a loop in m(C — {a;}).
Theorem 5.1.1.

i If1<i<ig<j<d+1,then

My, L(ag; - 5a5) = Lo, ooy o0 (ais - 5 a5) (5.1.1)

0

ii. If 1 <i <ijg, then

M, 1(0;-- ;a;) :[61 —1 -1 (0500 s ay) (5.1.2)

1203 0

Proof. We choose v;, to be a very small counterclockwise circle around 0, causing

ay,- - ,a; to move around 0 in clockwise, concentric circles.
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(C) 172/3(a0; e ?a]) to I’Yl (a’o; T 7&3)

Figure 5.1.1: Deformation of I(ao;--- ;a;)

To justify (5.1.1), first we deform 7y to 713 as aq, - - - , a;, moves clockwise by

7/2. This is shown in Figure 5.1.1a, where the faint path is o, while the dashed

paths are traces of ay,--- ,a;. Then we deform 7,3 to vo/3 as a1, -+, a;
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clockwise by 7. This is illustrated in Figure 5.1.1b. Lastly we deform ~,/3 to v, as
ai,- -+ ,a;, move clockwise by /2, and back to where they started. This is presented
in Figure 5.1.1c.

(5.1.2) is similar, and the deformation from vy to 7; is shown in Figure 5.1.2.

Figure 5.1.2: Deformation from 1,,(0;--- ;a;) to 1,,(0;-- - ; a;)

OJ
5.1.2  Deformation of integration path under M,, .
Theorem 5.1.2.
1.
MViO,jOI(aio; e ;ajo+1>
= Ji0+1~~~0j0<7;01_'_1--~0;010;01-~~U;0{Haio~-~aj0 (aio; e ;a’jo-‘rl) (5 ] 3)
= 0¢0+1~~~U]-00j_01-~ai_0h10j_01~-'0i_0:_10i0+1-~~a]-0 (aio; T aj0+1)
= [(aio; T ;ajo+1)
i If jo+1<j<d+1, then
Mvz'owjo[(aio; U ;CL]’) = Ia¢0+1---0j00j701+1“'0i701 (aio; U ;aj) (5 ) 4)
= Uio+1"'o'j00j701+1"'0'i701+1 (aio; e ;aj)
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iii. If 1 <4 < i, then

MViO,jOI(ai; Tty ajoJrl) = [oj_ol"'oi_glﬁ-loio”'ojo (CLZ'; S ajOJrl) (515)
iv.
Viod’o](o; o ;aiO) - Iaio“-ajoaj_ol-s-ln.di_OlJrl(O? B aio) (5.1.6)
- 0i0+1"'0'j00'j_()1_‘_1~"0'i_0{~_1 (Oa o ;aio)
V.
MViOajOI(O; “ e ;aj0+1) = ]o'jiolmo'iio{klo'iomo'jo (O’ L] ;ajo-‘rl) (517)

Proof. We choose v;;, to be the loop in Sy;(C) where x;, traces through the path

aea™! (see Figure 5.1.3) and {x;},;, stay still. Here a is an arc and ¢ is a sufficiently

: -1
small circle around (@; 41 - 2j5,) -

IL‘Z'O

Figure 5.1.3: Choice of v; j,

To justify (5.1.3), first we deform vy into 71/3. As shown in Figure 5.1.4a. The

faint path is vy, while the dashed path is the trace of a;,.
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(a) Deformation from Iy, (ais; -« ;ajo+1) t0 Iy, 5 (@ig -+ 3 ajg+1)

(b) Deformation from I, (@i 5 @jo+1) t0 Ly, o (@igs -+ 5 @jo+1)

(¢) Deformation from I, . (@i 5 @jo+1) t0 Ly (@igs - -+ 1 a5o+1)

Figure 5.1.4: Deformation of I(a;,;- - ;ajy+1)
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Notice that we didn’t take the traces of ay,---,a;,—1 into account, simply

because the iterated integral I(a,... is not affected by them. Next, we deform

sajgh1)
Y173 into 7a/3. This is illustrated in Figure 5.1.4b. Lastly, we can stretch 73 into
Y1 = 7'7Y2/3. This is presented in Figure 5.1.4c. This proves the first equality in (5.1.3).
The second equality holds since a;, and a;,4+1 are the endpoints, so the monodromy
Tiy, Ojo+1 are trivial. The last equality holds because o’s cancel off each other.

The deformations in (5.1.4), (5.1.5), (5.1.6) and (5.1.7) are similar. The even-

tual paths ~; are presented in Figure 5.1.5.

(c) Deformation of I(0;--- ;ai,) (d) Deformation of I(0;--- ;aj,+1)

Figure 5.1.5: Deformations for (5.1.4), (5.1.5), (5.1.6) and (5.1.7)
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5.2  Computation of monodromy matrices

5.2.1 Monodromies of iterated integrals

In this section, let us assume {a;}; C C, and o, are the loops such that
/ dlog(z — a,) = 2mié,, where § is the Kronecker delta. The following Lemma is

the key to the calculation of the monodromies matrices.

Lemma 5.2.1. (Corollary 2.6 in [21], Proposition 6.3 in [19]) Suppose v = 7174 is a

path from ag to a,41 and 7' = {07}, a; # a for 1 <i < n, then

k k
—— ——
I’y’(a()a ) @, , a, ;an-i-l) - -['y<a0;"' y @y, a4, ;an+1) (521)
is equal to
P T q
Z L. (ap; -+ ,a, - ,a;a)l,(a;a, - ,a;a)ly,(a;a,- -+ ,a,- - ;a011)  (5.2.2)
p+q+r=k
r>1
Which is equal to
(27Ti>r /JA /—h
Z T—y[ﬂn(ao; sy aya)ly(asa, - a s ang) (5.2.3)
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dt t
and w = o then (5.2.3) can be written as

Proof. Let’s write w, =
—a, —a

k k
— —~
wluucw.--w..-wn— W1“'W“’W"‘wn
Y1972 Y172

p r q
Z --w---w w.--w w---w--.w
o 4

ptg+r=k
r>1
r q
+ / /wz+1 ...w/w...w...wn
i qtr= Vé
T

/

i p+r=k o Yo

When o’ approaches a, we may take the limit of v}, 75 to be 1, v respectively. If we

choose o to be a + e, and let € — 0 we have

T
A

7 R . N T
/ . eie?dd  eie®dd /%/—H (2mi)"
w PR w == /l/
0

d9---df =

eett eet? r!

which explains the coefficients in the first sum. To prove that the second and third

sum vanish as € — 0, note that

2m eie’?df eiedd  eie’®dl
0 a— a1+ eet? eet? eet?

T
A\

1 / 2 Eiew df eiewdg
€ 0

eett eett

r

/
w..-w...wj
g

singular, but we know from Proposition 2.1.19 that it is O(log?€). Therefore we have

and similarly

< €-C. One might arguethat/w--‘w---wn is

Y5

proved (5.2.3). N

Remark 5.2.2. If we replace ¢ with o=, then

[ =y [e-

rl
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and (5.2.2) becomes

—92m)"
S I e TR LG AR ) (5:24)

(r)!

pragit
When ~, 71, 7. are fixed choices, without ambiguity, we omit the mention
of the integration path ~, and write only its monodromy loops. For instance, we
simplify I, to I, and I, I, , I, to I. In addition, for degenerates I(a;--- ;a), we
pick the trivial path so that they evaluate to zero.
If we remove the condition a; # a, for 1 < i < n, and deploy the notation in

Definition 4.1.11. Lemma 5.2.1 can be easily generalized.

Corollary 5.2.3.

= (2mie)k
k
[Uf,(a’io;aiu" ’ 7ain;a'in+l) - Z k! [Up(aio;ain' o 7ain;ain+1) (525)
k=0 ’

Here € = £1 is the sign, /(a;a) = 1 and degenerates vanish. For a product of loops,

we have

v (2mie )k ki km
I ot agm (aio; e ;ain+1) = Z H — [ (aio; T ;ain+1) (5'2'6)

i ki,

Where ¢, = +1. By Proposition 2.1.6, ii., We also deduce that

1 (27mie )R kb
Io;,;;;-..a;g (Qipys oo 5 Qi) = E HTI (@, )
!

ki, k>0 r=1 ' (5.2.7)
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Remark 5.2.4. If p, = p,y1 and €, = —¢,41, then a;’;a;;jri = 1 may cancel each

other.

Proof. This is just applying Lemma 5.2.1 repeatedly. [

5.2.2 Computation of monodromy matrices

Recall from Proposition 4.1.13, that

m;. —1 m;, —1
(_1>l—k]0'i10'0 1 04,0 k (0, ajl,Opjl_lg . 7aj17 Opjl—l; 1) (528)
is the complementary entry of (—1)*1(0;a;,,0m™1~t, - a; , 0™~ 1) with respect
to (—=1)'1(0;a;,, 0Pt -+ a;, 0P~ 1). Now we can describe a concrete algorithm

for computing monodromy matrices. For this, we only need to compute the entry
corresponding to (5.2.8) in the monodromy matrix.

First we discuss the monodromy matrix for M,, .

. . . m;, —1 m;, —1
Theorem 5.2.5. Suppose i, < iy < i,41, and denote wy = g;,04 0,00

we have

WO

Myiofwo(o;ajl,opjl_l, e ag, 0P 1) = ZMSO) I°(0; a;,, 0Pt eee Jay, 0Pt 1)

(5.2.9)
With constant coefficient
; —2me) NO; et 0 2me) o
MS(L);O _ Z ( ‘> (27”)920+1+ +91T+171( ') (5210)
0ac{0,1} qdo-: qr-
90,9r20
m;, —1 0, eir —1 in—1 . m;, —1 .
for w = o090 000 0 o T g0, and otherwise

zero. It is then straightfoward to see that M) = {(—1)k+9i0+1+'"+9"r+1*1Ml(f,%)}

w,v

defines precisely the monodromy matrix for the operator M,, .
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Proof. First notice that

my;. —1 my, —1

1 k
Ty 0, 0, O . i —1 =1,
J%1% ik %0 (0,aj170p11 e ’ajl’()pal ’1)

k i —1
:[(Oa ;a'h) (HIUO ! (a'lt7 ;ait-&-l)) (5211)
t=1
And if m;, > 1,
mit71
170" (ag,;-sai,) = (@i 500105+ as,,) (5.2.12)

Thanks to Corollary 5.2.3 and Theorem 5.1.1, we have

—9mi)0 4
M, I(0;-- ;a;) = Z ﬂlao 05+ 5 ai) (5.2.13)

|
w0 I

1203 0

If m;, = 1,

MViOI(air; e ;air+1)

Oig+1,,0i, 1 —1€{0,1}
qr>0

. ) 0.

(27‘(‘2)‘” oot | Yirp1—1 qp

. ; I ig+1 ipp1—1 70 (air; et
P!

And if m;, > 1,

My, 1707 (g 5ai,,) = Y My, T(ag; - 500M,y, 105+ 5 a;,,,)

“\q 0. 0; 1 )
= Z (27m-)9i0+1+-~+9¢r+171 (27TZ) ) ]Uiéﬂl-"%jrfﬁl og" (aiTQ cee 0)](0; ce §ai,~+1)

|
0€{0,1} r
qr=>0
Nar Oigr1 iy —1 my —ltar
_ E NOigr1++0i . -1 (27TZ) Tig+1 %11 %0 . .
- (27”) ot A q | Lo e (ai,.a Tt ,air+1>
0€{0,1} "
qr=>0

(5.2.15)
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Note that for the second equality (5.2.7) is used. If m;, > 1 and ¢t < r,

mit71

M, [
ig

|
z,y>0 ’ y:

= (@) Y (_1)y103(ait;---;0)1"8’(0;~-.

xly!
qt>0 T+y=qt y
=0
To summarize, we have
milfl mik—l 1 1
iy 0 SR N 127 St S o V-0 Rl
M,, I71% k70 (0; aj,, 0Pn 2, ,aj,, 0P 1)

— ) )4 ) \dr
S i e Gk

QO! qr|
0o €{0,1}
q0,9r>0
P . 6, _ R m; —1
a0 my—1 910+1 ipgp1—1 mg,. —l+qr i
00 0i199 00041 0y -1 % 049 . D, —1
I 0 r+1 (O,Qj“() T

Next we discuss the monodromy matrix for M,, . .

Theorem 5.2.6.

(ait;"' ;ait+1) = ZMWOI(CL%;”' ;O)Mvi()[(O;"' ;a’it+1)

2m)* . —2m)Y
=Y @]ao(&it;... ;O)MI‘%(O;---
T

P, —1.
© agy, 0P al)

(5.2.17)

]

Muio,jojwo (O§ Qjy 5 0pj1_1> AL Opjl_l; 1> - Z Mg’%%o)[w(o; jy 5 Oph_l’ Ty gy, Opjl_l; 1)
(5.2.18)
With constant coefficient M5%% being
(—1)°(2mi)* o1 40D (5.2.19)
for w = Jila?il_l e Uiraf:ffl R ajfjoa;-soﬂag”’“_l e aikagni’“fl, =1 < Jo+1<
ir+17 and
(277)0H0ig+1++650) (5.2.20)
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milfl mirfl 5 59i0+1 . 69j0

= 0; O kT
for w = 0,0, 0,00 " 05040 o

m;, —1 | . . .
C 04,00 yir <0 < Jo+1 =1.41.

It is then straightforward to see that Af(0-0) = {(—1)k+5(1+9io+1+‘“+93‘o)Mfﬁ%’jc’)}
w,v
defines precisely the monodromy matrix for the operator /\/l,,io,jo.

Proof. Again with the help of Corollary 5.2.3 and Theorem 5.1.2, it is not difficult

to show that
0 \0(0ig+1++05,+1) ottt %0 s
VioJoI(aiO; T ;aj) = Z (_1) (27TZ) io+ Jo T [Tig+1 jo  Zio+1 (aio§ ... ;aj)
0a,0€{0,1}
(5.2.21)

80;041 604,

Mwo,m[(am ... ;0) — Z (_1)6(_27.[_7:)6(9i0+1+'-~+6j0+1)10'i0+1 o afOJrl (ai(); . ;0)

0.,0€{0,1}
(5.2.22)
50; 11 60,
MViOJOI(ai; s ;aj0+1) = Z (27T/L.)6(1+0i0+1+m+0j0)]U?()UioJrol ---o'jOJO (az’ L ;aj0+1)
0a,6€{0,1}
(5.2.23)

5 S0ig+1 895

Mviovjo [(O; T ;ajoJrl) = Z (27Ti)6(1+9i0+1+m+9j0)Iai00i0+1 "o (O, T aj0+1)
0q,6€4{0,1}
(5.2.24)
If ig < i, < dpy1 < jo+ 1 or {ig,50 + 1} N {0}, =0, M,, . acts trivially.
If i, = 1o < jo+ 1 <'ipgu,
mi',-71
g, . .
MWOJOI 0 (@ig; -+ airH)
. . . 80ig11 00 s mg, —1
_ Z (_1)6(27m)5(910+1+-~+9]0+1)IU¢0+1 %55 %ip+1%0 (@g; - ;aiT+1) (5.2.25)
0,6€{0,1}
therefore
o; amilil---ov amik71 i —1 i, —1
M,jio’jof 190 k°0 (0, Cljl,(]p]l AR 7ajl? Opﬂl ; 1)
_ Z (_1)5(27T7;)6(0i0+1+“‘+9j0+1)
0a,0€{0,1}
. m; —1 ) 86, +1 59j 5 mir71 ) mik71
10_210_0 1 "'Ulra'iofl ...O—jo OojOJrla'O 04, 0 (O, aj17 0pj1—17 e ,a,j“ Opjl_l; 1)
(5.2.26)
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If?:r<’i0<j0+1:’ir+1,

O_minl
MViO,jo 0 (a'ir; B ajo-i-l)
"
_ § : (27T,L‘)5(1+9i0+1+"'+0,7'0)]GO o
0.,0€{0,1}
therefore,
o o'mi -1 - o_mi -1 » 1
i T - =l
MV@'()J()] 1o k70 (O7aj1’0 1 9
— E (2m1)dAHbig+1++050)
0a,0€{0,1}
m; —1 m; —1 s 86; 41 59]' my, —1
J%1% w00y " i i0+01 %50 Owoip g

15 9041

9i5%ip+1

(0; Qjy s 0P

. 0P 1.
’aJ“OJZ )

1
,

68j0

0.
J0 (air; . e

1)

3 ajo-l—l) (5227)

(5.2.28)

pj,—1.
- agy, 0P 71)

]

Example 5.2.7. The monodromy matrix of Lis i (x1, xa) for vy, v, 111, 129, 112 are

respectively
_1 0O 0 0000 0—
01 0 0O0O0O0O
00 1 0O0O0O0O
00 -1 10000
M, = )
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M, =

Mo =

Mo =
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