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Chapter 1: Introduction

1.1 Background and motivation

Polylogarithms, denoted as Lin(z) =
∞∑
k=1

xk

kn
, are a collection of multi-valued

holomorphic functions on C− {0, 1}, extended through analytic continuation. They

are named polylogarithms because Li1(z) = − log(1− z), thereby generalizing the

natural logarithm. One could also define their single-valued variants Ln(z) (see

Definition 4.3.1). Polylogarithms satisfy various functional equations, including the

classical five-term relation

L2(x)− L2(y) + L2

(y
x

)
− L2

(
1− x−1

1− y−1

)
+ L2

(
1− x

1− y

)
= 0 (1.1.1)

Polylogarithms play a significant role in several areas of mathematics and physics.

They appear in formulas for scattering amplitudes in quantum field theory [3].

Moveover, L2 shows up in the formula for volumes of hyperbolic 3-simplices [4], and

Cheeger-Chern-Simons class for SL(2,C) [5].

Polylogarithms naturally give rise to a variation of mixed Hodge structures over

P1−{0, 1,∞} [6]. Beilinson and Deligne constructed a matrix (see 4.0.1) composed of

polylogarithms, which we shall refer to as the variation matrix. The variation matrix

is the fundamental matrix to a linear differential equation defined on P1 − {0, 1,∞}.
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They calculated its monodromy matrices, and showed that filtrations on its columns

define a variation of mixed Hodge structures.

Later, Goncharov made connections between polylogarithms and the conjec-

tural category of mixed Tate motives over a number field F [7]. In particular, he

constructed groups Bn(F ) = Z[P1
F ]/Rn(F ), where each generator [a]n can be viewed

as representing Ln(a), and Rn(F ) is a subgroup of Z[P1
F ] defined inductively, and

may be thought of as generated by functional relations for Ln. For example, R2(F )

is widely believed to be generated by all five-term relations

[x]2 − [y]2 +
[y
x

]
2
−
[
1− x−1

1− y−1

]
2

+

[
1− x

1− y

]
2

(1.1.2)

which corresponds to (1.1.1). These B groups fit into a chain complex Γ(F, n), which

reads: (See (3.2.1) for the definitions of the differentials)

Bn(F )
δn−→ Bn−1(F )⊗ F× δn−1−−→ Bn−2(F )⊗

∧2 F× → · · · δ2−→
∧n F× (1.1.3)

Goncharov conjectured that the i-th cohomology group of Γ(F, n) is rationally

isomorphic to the i-th motivic cohomology group H i
M(F,Q(n)). Notice that this is

only true rationally, and it fails to be true integrally even for n = 2.

There is also a multivariate analog of polylogarithm, called multiple polyloga-

rithms, introduced by Goncharov in [8]. The multiple polylogarithm Lin1,··· ,nd
(x1, · · · , xd)

is defined as the power series

∑
0<k1<···<kd

xk1
1 · · ·xkd

d

kn1
1 · · · knd

d

for |xi| < 1. We refer to d and |n| = n1 + · · ·+ nd as its depth and weight. Note that

multiple polylogarithms in depth 1 are the classical polylogarithms. Extended by
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analytic continuation, they are multi-valued holomorphic functions on a subvariety

Sd(C) of Cd by removing the locus of {xi = 0}i and {xjxj+1 · · ·xk = 1}j≤k (see

Definition 2.3.1). It is tempting to ask the following questions:

Question 1.1.1.

i. Do the multiple polylogarithms also define variations of mixed Hodge structures

encoded by multiple polylogarithms? And how do we compute the monodromies

of multiple polylogarithms?

ii. Is there an analog of Goncharov’s Bloch complex (1.1.3) with generators represent-

ing multiple polylogarithms, which computes the rational motivic cohomology?

The first question is partially addressed by Zhao [9] in the special case of

multiple logarithms, which are multiple polylogarithms with all indices equal to

one. The complex in the second question is supposed to be quasi-isomorphic to

the Chevalley-Eilenberg complex of the motivic Lie coalgebra associated to the

motivic Galois group [7]. Goncharov and Rudenko constructed such complexes up

to weight 4 using motivic correlators (see [10]). In contrast, our approach avoids

motivic correlators, relying simply on symbolic generators of multiple polylogarithms,

making the complexes applicable to arbitrary weights (see [1]). Later, Rudenko and

Matveiakin extended Goncharov and Rukendo’s work to handle all weights as well

(see [11]).

In [12], Zickert considered lifted polylogarithms L̂n as functions from Ĉ to

C/ (2πi)n

(n−1)!
Z, where Ĉ is the universal abelian cover of P1 − {0, 1,∞}, modeled by

Ĉ =
{
(u, v) ∈ C2

∣∣eu + ev = 1
}

(1.1.4)

3



here u, v should be thought of as log(x) and log(1 − x), respectively. The term

“lifted” refers to constructions over Ĉ. Goncharov previously argued that Ln, when

viewed as a map Bn(C) → R by taking [a]n to Ln(a), should make the following

diagram commutes

H1
M(C,Z(n)) C/(2πi)nZ

ker(Bn(C)
δn−→ Bn−1 ⊗ C×) R

∼=Q

bn

ReIm

Ln

here bn is the cycle map (3.2.5), the left is the conjectural rational isomorphism, and

ReIm is Re when n is odd and Im when n is even. Zickert then constructed the lifted

Bloch complex Γ̂(C, n) by defining B̂n(Ĉ) groups, whose generators are thought to

be L̂n, and conjectured its i-th cohomology group is isomorphic to the i-th integral

motivic cohomology group H i
M(C,Z(n)), rather than just H i

M(C,Q(n)). He believe

that L̂n would correspond to the cycle map bn in (1.1).

Moreover, Zickert proved (unpublished) that L̂n introduces a lifted variation of

mixed Hodge structures over Ĉ. And he also defined the lifted Bloch complex Γ̂(F, n)

for a field F satisfying certain necessary conditions (see 3.4.2), and he conjectured its

i-th cohomology group is isomorphic to the i-th integral motivic cohomology group

H i
M(F,Z(n)). This leads to several natural questions:

Question 1.1.2.

i. Can we define lifted multiple polylogarithms L̂n1,··· ,nd
on Ŝd(C), the universal

abelian cover of the domain Sd(C) of Lin1,··· ,nd
?

ii. Do these lifted multiple polylogarithms yield a lifted variation of mixed Hodge

structures?

4



iii. Is it possible to construct a lifted motivic complex with generators representing

lifted multiple polylogarithms that computes integral (rather than rational)

motivic cohomology?

In the thesis, we will try to answer both Question 1.1.1 and Question 1.1.2.

The treatment of Question 1.1.1 ii. constitutes the joint work with Greenberg,

Kaufman and Zickert [1], and is discussed in Chapter 3. Meanwhile, Question 1.1.2

iii., Question 1.1.2 i. and ii. are addressed in the joint work with Greenberg, Kaufman

and Zickert [2], and are covered in Chapter 4. Monodromy calculations for multiple

polylogarithms related to Question 1.1.2 iii. is the independent work of the author,

which is detailed in Chapter 5.

1.2 Structure of the paper and main results

In Chapter 2, we review fundamental concepts and well-known theorems that

set the stage for the discussions in subsequent Chapters. We begin by examining

key concepts such as iterated integrals, Hopf algebras, Lie coalgebras and variations

of mixed Hodge structures. In particular, we discuss the regularization of singular

iterated integrals, where shuffle algebras and Lyndon words play a crucial role.

After establishing these foundations, we formally define multiple polylogarithms,

explore their key properties, and introduce a coproduct structure on the Hopf algebra

of iterated integrals. Additionally, we cover basic definitions and facts regarding

connections on vector bundles, and variations of mixed Hodge structures, which

prepare us for the discussions in Chapter 4. Lastly, we briefly touch on the connections

5



between multiple polylogarithms and motivic cohomology, further motivating our

research.

Chapter 3 is joint work with Zachary Greenberg, Dani Kaufman and Christian

K. Zickert [1]. Firstly, we define a Hopf algebra HSymb generated by generators

[x1, · · · , xd]n1,··· ,nd
that represent Lin1,··· ,nd

(x1, · · · , xd). Unlike previous constructions

by Goncharov and others, we do not impose shuffle or inversion relations on the

generators. This explains the use of the superscript “Symb”, indicating that the

generators are symbolic, with no relations imposed. We also equip HSymb with a

natural coproduct derived from Goncharov’s coproduct on iterated integrals. Next,

we associate differential one-forms to elements in HSymb. These one-forms live in

Ω1
Q[{ui,vj,k}]/Q, where ui, vj,k represent log(xi), log(1−xj · · · xk), which are coordinates

on Ŝd(C) (see (2.3.2)). For instance, the one-form associated to [x1]2 is 1
2
(u1dv1,1 −

v1,1du1). The one-forms offer a new approach to exploring functional relations in

addition to another widely used tool, the symbols of multiple polylogarithms [13].

Additionally, we consider several useful Hopf algebras modeled on HSymb, such as a

sheaf of Hopf algebras ĤSymb
M over a complex manifold M , by sheafifying morphisms

from open subsets of M to Ŝd(C). These various Hopf algebras exhibit similar

structural properties. To capture the essence of these structures, we introduce the

notion of a contraction system and use it to justify all constructions simultaneously.

Finally, by taking quotient of HSymb by products (see Theorem 2.2.19), we obtain a

Lie coalgebra LSymb, whose Chevalley-Eilenberg complex
∧• LSymb maps to the de

Rham complex by sending an elements to its one-form, resulting in a commutative

diagram.
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Theorem. Suppose Ω•
Q[{ui,vj,k}]/Q is the de Rham complex, and w is the map that

takes an element to its one-form, then the following diagram commutes:

LSymb
∧2 LSymb

∧3 LSymb · · ·

Ω1 Ω2 Ω3 · · ·

w w∧w w∧w∧w

d d d

A sheaf of graded Lie coalgebra, denoted L̂M , should exist by taking the

quotient of ĤSymb
M by the products and functional relations on its stalks over M .

Moreover, we conjecture the existence of a chain map
∧• L̂M → Ω•, induced by the

theorem above, which could establish a connection between motivic cohomology and

singular cohomology.

Conjecture 1.2.1. The following diagram commutes

H i(M, (
∧∗ L̂M)n) H i(M,Ω∗)

H i
M(M,Z(n)) H i(M,C)

∼=

Here subscript n means degree n part (see Definition 2.2.15), for example, if n = 4,

then (
∧∗ L̂M)4 reads

(L̂M)4 → (L̂M)3 ⊗ (L̂M)1 ⊕ (L̂M)2 ∧ (L̂M)2 → (L̂M)2 ⊗
∧2(L̂M)1 →

∧4(L̂M)1

where (L̂M)k is the degree k part of L̂M . And H i(M, (
∧∗ L̂M)n) is the hypercoho-

mology of M with coefficients in the complex (
∧∗ L̂M)n. The top arrow is induced

by the chain map
∧• L̂M → Ω•. The bottom arrow represents the realization functor

from integral motivic cohomology to singular cohomology, while the right arrow is

the isomorphism between de Rham cohomology and singular cohomology [14]. The

nature of the left arrow is currently unclear and still needs to be determined.
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Chapter 4 is partially joint work with Zachary Greenberg, Dani Kaufman

and Christian K. Zickert [2]. In this chapter, we aim to address Question 1.1.2

i, ii. Firstly, we introduce a generalized concept of variation matrices, which are

naturally decomposed into submatrices of different weights. For example, V H is the

variation matrix entirely composed of generators in H. We also define a realization

map <, which “realizes” these generators as actual multiple polylogarithms, for

instance, <([x1, · · · , xd]n1,··· ,nd
) = Lin1,··· ,nd

(x1, · · · , xd). When < is applied to V H,

we obtain variation matrices previously considered by Deligne and Zhao, which we

denote as V . Next, we show that the columns of V generate the sections of a trivial

vector bundle over Sd(C) with the flat connection ∇ = d− ω, where ω is simply the

differential of V . Additionally, we explain how filtrations on columns of V define a

variation of mixed Hodge structures over Sd(C). Similarly, we define lifted multiple

polylogarithms L̂n1,··· ,nd
, and construct a lifted variation matrix V̂ consisting of lifted

multiple polylogarithms. Columns of V̂ generate the sections of a trivial vector

bundle over Ŝd(C) with a lifted flat connection ∇̂ = d− ω̂, where ω̂ is composed of

one-forms associated to multiple polylogarithms. And filtrations on columns of V̂

define a lifted variation of mixed Hodge structures over Ŝd(C). Finally, we briefly

discuss how to use variation matrices to re-interpret a result by Zickert [12], and

explore their connection to the recursion formulas in Greenberg’s Thesis [15].

Chapter 5 is the independent work of the author. This chapter contains the

proof of the rationality of monodromy of multiple polylogarithms, and explicit

formulas and algorithms for calculations of monodromy matrices. Zhao cited a

general result in [16] for the existence of rational monodromies, but only gave a

8



closed formulas for monodromies of multiple logarithms Li1,··· ,1. We propose a

new approach to this problem. By carefully deforming the integration path of

multiple polylogarithms, we break the problem into canonical subcases, and derive

an explicit formula and an algorithm for computing monodromy matrices for an

arbitrary multiple polylogarithm. Our construction guarantees that the resulting

monodromies are always rational. Furthermore, the algorithm has been implemented

in Mathematica by the author.

9



Chapter 2: Preliminaries

2.1 Iterated integrals and hyperlogarithms

Iterated integrals introduced by Chen [17] possess many appealing combinatorial

properties, which will contribute significantly to the construction of HSymb later in

Chapter 3. We will review these basic properties. In particular, Proposition 2.1.13

states how the evaluation of iterated integrals depends on paths. This proposition is

crucial in understanding and computing monodromies of multiple polylogarithms

disscussed in Chapter 5.

2.1.1 Iterated integrals

Definition 2.1.1. Suppose fi are complex-valued continuous functions on [a, b]. The

iterated integral of f1, · · · , fn is inductively defined by

∫ b

a

f1(t)dt · · · fn(t)dt =
∫ b

a

(∫ t

a

f1(s)ds · · · fn−1(s)ds

)
fn(t)dt (2.1.1)

Remark 2.1.2. Note that this is not to be confused with repeated iterated integrals

in classical calculus.

The concept of iterated integrals can be straightforwardly extended to the

context of complex manifolds.
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Definition 2.1.3. Suppose X is a complex manifold, and ωi are holomorphic one-

forms. Let γ be a piecewise smooth path on X. The iterated integral of ω1, · · · , ωn

along γ is defined as∫
γ

ω1 · · ·ωn =

∫
0≤t1≤···≤tn≤1

γ∗ω1(t1) ∧ · · · ∧ γ∗ωn(tn) (2.1.2)

In particular, we adopt the convention that if n = 0, the value of the iterated integral

is defined to be 1.

Example 2.1.4. One can easily show by induction that

∫ b

a

n︷ ︸︸ ︷
dt

t
· · · dt

t
=

∫ b

a

n︷ ︸︸ ︷
d log t · · · d log t = 1

n!
(log b− log a)n (2.1.3)

Example 2.1.5. Polylogarithms can be expressed as iterated integrals

∫ x

0

dt

1− t

n−1︷ ︸︸ ︷
dt

t
· · · dt

t
= Lin(x) (2.1.4)

Proposition 2.1.6. [18] Iterated integrals have the following properties.

i.
∫
γ

ω1 · · ·ωn is independent of the parametrization of γ.

ii. Suppose γ−1 is the opposite path of γ, then∫
γ

ω1 · · ·ωn = (−1)n
∫
γ−1

ωn · · ·ω1 (2.1.5)

iii. Suppose α, γ are paths such that α(1) = β(0), then∫
αβ

ω1 · · ·ωn =
n∑

i=0

∫
α

ω1 · · ·ωi

∫
β

ωi+1 · · ·ωn (2.1.6)

iv. Product of iterated integrals satisfies the shuffle product relation∫
γ

ω1 · · ·ωn

∫
γ

ωn+1 · · ·ωn+m =
∑
σ

∫
γ

ωσ(1) · · ·ωσ(n+m). (2.1.7)

11



where σ runs over all permutations of {1, 2, · · · , n +m} with σ−1(1) < · · · <

σ−1(n) and σ−1(n+ 1) < · · · < σ−1(n+m)

v.
∫
γ

ω1 · · ·ωn only depends on the homotopy class of γ in X if ωi are closed one

forms and ω1 ∧ ω2 = ω2 ∧ ω3 = · · · = ωn−1 ∧ ωn = 0 ( [18], Proposition 3.1).

If we only consider logarithmic differential forms like d log(z − a) =
dz

z − a
, the

iterated integral is called a hyperlogarithm.

Definition 2.1.7. Suppose D is a divisor with support |D| =
⋃n+1

i=0 {ai} ⊂ C, where

a0 6= a1, an 6= an+1. Let γ be a path from a0 to an+1 that is disjoint from |D| except

endpoints, the hyperlogarithm Iγ(a0; a1, · · · , an; an+1) is then defined to be∫
γ

d log(z − a1) · · · d log(z − an) (2.1.8)

Remark 2.1.8. Due to Proposition 2.1.6 (v.), it is easy to see that (2.1.8) is invariant

up to homotopy of γ in C− |D|. We also see by convention that Iγ(a0; an+1) = 1.

When the endpoints of γ is in |D|, we need to justify that (2.1.8) is still finite,

we first prove the following Lemma.

Lemma 2.1.9. [19] Suppose γ is the straight path from 0 to z and |z| < min
1≤i≤d

|ai|.

Then the iterated integral Iγ(0; a1,

n1−1︷ ︸︸ ︷
0, · · · , 0, · · · , ad,

nd−1︷ ︸︸ ︷
0, · · · , 0; z) has the following

power series expansion:

∑
1≤m1<···<md

(−1)d

mn1
1 · · ·mnd

d

zmd

am1
1 am2−m1

2 · · · amd−md−1

d

(2.1.9)

Proof. First note that Iγ(0; a1,

n1−1︷ ︸︸ ︷
0, · · · , 0, · · · , ad,

nd−1︷ ︸︸ ︷
0, · · · , 0; z) is equal to

∫ 1

0

zdt

tz − a1

n1−1︷ ︸︸ ︷
dt

t
· · · dt

t
· · · zdt

tz − ad

nd−1︷ ︸︸ ︷
dt

t
· · · dt

t

12



and then we can repeatedly use the fact that

z

tz − a
= −

∑
m≥1

zm

am
tm−1

Corollary 2.1.10. If we replace 0 with a0 6= a1, and |z − a0| < min
1≤i≤d

|z − ai|, (2.1.9)

becomes Iγ(a0; a1,

n1−1︷ ︸︸ ︷
a0, · · · , a0, · · · , ad,

nd−1︷ ︸︸ ︷
a0, · · · , a0; z) which is equal to

∑
1≤m1<···<md

(−1)d

mn1
1 · · ·mnd

d

(z − a0)
md

(a1 − a0)m1(a2 − a0)m2−m1 · · · (ad − a0)md−md−1
(2.1.10)

Now we can find a piecewise straight path γ′ homotopic to γ that for each

segment, the condition for Lemma 2.1.9 is satisfied. By applying Proposition 2.1.6

(ii., iii.), we proved that (2.1.8) is indeed finite.

The value of Iγ(a0; a1, · · · , an; an+1) depends on the homotopy class of γ and

the positions of a0, a1, · · · , an+1, so we think of I(a0; a1, · · · , an; an+1) without γ as

a multi-valued function on

Dn =
{
(a0, · · · , an+1) ∈ Cn+2

∣∣a0 6= a1, an 6= an+1

}
(2.1.11)

We would like to show this is actually a holomorphic function. This is a little subtle,

so we need to prove the following technical lemma, which is typically ignored by

other authors.

Lemma 2.1.11. Suppose (a00, · · · , a0n+1) ∈ Dn, and γ0 is a piecewise smooth path in

C with γ0(0) = a00, γ0(1) = a0n+1 and disjoint with the rest of distinct a0i ’s, For any

(a0, · · · , an+1) in some small neighborhood

Uε = {|a0 − a00| < ε} × · · · × {|an+1 − a0n+1| < ε}
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a00

a0

a01

a1
a02

a2

a0n

an

a0n+1

an+1α

β

γ0

γ1

Figure 2.1.1: Analytic continuation of I(a0; a1, · · · , an; an+1)

of (a00, · · · , a0n+1), Iα−1γ0β(a0; a1, · · · , an; an+1) can be written as a power series, where

α and β are the straight paths from a00 to a0 and a0n+1 to an+1 respectively (see

Figure 2.1.1).

Proof. We deploy Proposition 2.1.6 (iii.)

Iα−1γ0β(a0; a1, · · · , an; an+1) =
∑

0≤i≤j≤n+1

Iα−1(a0; a1, · · · , ai; a00)

Iγ0(a
0
0; ai+1, · · · , aj; a0n+1)Iβ(a

0
n+1; aj+1, · · · , an; an+1) (2.1.12)

We know that Iγ0(a
0
0; ai+1, · · · , aj; a0n+1) is holomorphic in ai+1, · · · , aj, and

according to Proposition 2.1.6 (ii.) and Lemma 2.1.9

Iα−1(a0; a1, · · · , ai; a00) = (−1)iIα(a
0
0; ai, · · · , a1; a0), Iβ(a

0
n+1; aj+1, · · · , an; an+1)

can also be written as power series in a0, a1, · · · , ai, aj+1, · · · , an, an+1.

Remark 2.1.12. If γt is a small continuous deformation of γ0 such that |γt(s)−a0i | >

ε,∀a0i /∈ {a00, a0n+1} and γ1(0) = a0, γ1(1) = an+1, then γ1 is homotopic to α−1γ0β

and Iγ1(a0; a1, · · · , an; an+1) = Iα−1γ0β(a0; a1, · · · , an; an+1).
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Proposition 2.1.13. I(a0; a1, · · · , an; an+1) defines a multi-valued holomorphic

function on Dn via analytic continuation. The multi-valuedness comes from different

choices of the integration path.

Proof. According to Lemma 2.1.11, I(a0; a1, · · · , an; an+1) has distinct local power

series expansions depending on the homotopy class of γ. They define a collection of

holomorphic germs Γ which is a locally connected subspace of the etale space of ODn .

It is not difficult to see that Γ is connected since it is possible to deform between

any two integration paths. Therefore, we may think of I(a0; a1, · · · , an; an+1) as a

maximal analytic continuation of any of its germ (see [20], Chapter 1, Section 7).

2.1.2 Regularization

In this section, we define the iterated integral (2.1.8) when a0 = a1 or an = an+1,

where the integral diverges. This process is known as regularization. This is

extensively discussed in [21] and [19]. To carry out this process we need to introduce

shuffle algebra and Lyndon words.

The non-commutative polynomial algebra Q〈X0, X1, · · · , Xd+1〉 has a shuffle

product � besides product (which is concatenation), defined inductively by 1�Xi =

Xi� 1 = Xi and

(Xi1Xi2 · · ·Xin)� (Xj1Xj2 · · ·Xjm) = Xi1(Xi2 · · ·Xin �Xj1Xj2 · · ·Xjm)

+Xj1(Xi1Xi2 · · ·Xin �Xj2 · · ·Xjm) (2.1.13)

Multiplication of iterated integrals (2.1.6 iii.) also behaves like a shuffle product. In

this section, we highlight a way to connect shuffle algebras with hyperlogarithms.
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First we need to introduce the concept of a Lyndon word. Suppose there is a total

order by index on the alphabet, i.e. Xi ≺ Xj if i < j, then there is the usual

lexicographical order on the set of words on {Xi}i∈N.

Definition 2.1.14. A Lyndon word Xi1 · · ·Xin is a word such that

Xi1 · · ·Xir � Xir+1 · · ·Xin , ∀1 ≤ r < n (2.1.14)

Remark 2.1.15.
n︷ ︸︸ ︷

Xi · · ·Xi is a Lyndon word. A Lyndon word consists of more than

one letters which ordered as Xi1 ≺ · · · ≺ Xin cannot begin with Xin nor end with

Xi1 .

Example 2.1.16. X0X3X2X1 is a Lyndon word, while X1X2X3X0 isn’t.

The following fact is well-known and we omit its proof.

Theorem 2.1.17. [22] Q〈X0, · · · , Xd+1〉 forms a commutative ring under �, and

the set of Lyndon words form an algebraically independent generating set. In other

words, we can express non Lyndon words as Lyndon words in a unique way.

Example 2.1.18. X0X1X0 = (X0X1)�X0 − 2X2
0X1

For fixed a0, ai1 , · · · , aim , an+1 and a path γ from a0 to an+1, we may construct

a multiplicative map

ιγ : Q〈X0, · · · , Xd+1〉 → C, Xim · · ·Xi1 7→ Iγ(a0; ai1 , · · · , aim ; an+1)

it is clear ιγ(w1� w2) = ιγ(w1)ιγ(w2) for any words w1, w2 ∈ Q〈X0, · · · , Xd+1〉.

Unfortunately, Iγ(a0; ai1 , · · · , aim ; an+1) doesn’t make sense in (2.1.2) if ai1 = a0

or aim = an+1 since the integral then becomes singular at the end points. A

workaround is to consider its regularized value.
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Consider a piece-wise smooth path from a0 to an+1 with γ′(0) = λ, γ′(1) = µ.

If we denote γ|[ε,1−ε] as γε for ε > 0 small, we can write γ(ε) = a0 + λε + εf(ε),

γ(1 − ε) = a0 − µε + εg(ε), for some smooth functions f, g such that lim
ε→0

f(ε) =

lim
ε→0

g(ε) = 0. Then by Example 2.1.4 we have

Iγε(a0;

m︷ ︸︸ ︷
a0, · · · , a0; an+1) =

1

m!
(log(γ(1− ε)− a0)− log(γ(ε)− a0))

m

=
1

m!
(log(an+1 − a0 − µε+ εg(ε))− log(λε+ εf(ε)))m (2.1.15)

Iγε(a0;

m︷ ︸︸ ︷
an+1, · · · , an+1; an+1) =

1

m!
(log(γ(1− ε)− an+1)− log(γ(ε)− an+1))

m

=
1

m!
(log(−µε+ εg(ε))− log(a0 − an+1 + λε+ εg(ε)))m (2.1.16)

Or more generally the following proposition

Proposition 2.1.19. When ε > 0 is small, one has

Iγε(a0; ai1 , · · · , aim ; an+1) = f0(ε) + f1(ε) log ε+ · · ·+ fm(ε) log
m ε,

where fi are analytic around 0, and f0(0) is only dependent on the homotopy class

of γ with fixed γ′(0), γ′(1).

Proof. If i1 > 0 and im < n + 1, f0(0) = Iγ(a0; ai1 , · · · , aim ; an+1) will be a regular

hyperlogarithm, and f1 = · · · = fm will be all be 0. If either i1 = 0 or im = n + 1,

by identifying Iγε(a0; ai1 , · · · , aim ; an+1) as Xi1 · · ·Xim and applying Theorem 2.1.17,

we may rewrite Iγε(a0; ai1 , · · · , aim ; an+1) uniquely as products and sums of regular

hyperlogarithms and Iγε(a0; a0, · · · , a0; an+1), Iγε(a0; an+1, · · · , an+1; an+1).

Definition 2.1.20. The regularized value of Iγ(a0; ai1 , · · · , aim ; an+1) is defined to

be f0(0).
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Therefore, ιγ is well-defined and multiplicative.

Example 2.1.21. Suppose γ is the straight path from 0 to z. Then the regularized

value of Iγ(0;

n︷ ︸︸ ︷
0, · · · , 0; z) is 1

n!
logn z. The regularized value of Iγ(0; 0, a1, 0; z) is

Iγ(0; a1, 0; z) log z − 2Iγ(0; a1, 0, 0; z), according to Example 2.1.18.

Remark 2.1.22. Remark 2.1.12 can be generalized for regularized iterated integrals.

If either a0 = a00, γ′
t(0) = γ′

0(0) or an+1 = a0n+1, γ′
t(1) = γ′

0(1), then γ1 is homotopic

to α−1γ0β with fixed γ′(0) or γ′(1). By Proposition 2.1.19, Iγ1(a0; a1, · · · , an; an+1),

Iα−1γ0β(a0; a1, · · · , an; an+1) have the same regularized values.

2.2 Hopf algebras and Lie coalgebras

Iterated integrals have the structure of a connected graded Hopf algebra. We

review the definition and main properties of a connected graded Hopf algebra. They

yield a Lie coalgebra when modded out by non-constant products, which form the

theoretic basis for the construction of our model for a motivic complex. We also

discuss in detail the symbol map ∆1,··· ,1, which is useful in generating symbols of

multiple polylogarithms. The following discussions can be found in many references,

for example [23].

2.2.1 Hopf algebra

Definition 2.2.1. Let k be a Z-algebra. A k-Hopf algebra H is a k-algebra equipped

with k-algebra homomorphisms

• a coproduct ∆ : H → H ⊗k H
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• a counit ε : H → k

• an antipode S : H → H

such that

• ∆ is coassociative: (1⊗∆)∆ = (∆⊗ 1)∆

• ε is counital: (1 ⊗ ε)∆, (ε ⊗ 1)∆ are the canonical isomorphisms H ⊗ k ∼=

k ⊗H ∼= H

• m(S ⊗ 1)∆ = m(1⊗ S)∆ = ε, where m : H ⊗H → H is multiplication

Definition 2.2.2. A connected graded Hopf algebra is a graded k-algebra
⊕
n≥0

Hn that

is a Hopf algebra and ∆(Hn) ⊆
⊕

p+q=n

Hp ⊗Hq, H0 = k. We denote the restriction of

∆ to Hn as ∆n =
∑

p+q=n

∆p,q, where ∆p,q : Hn → Hp ⊗Hq are the components.

Lemma 2.2.3. For any connected graded Hopf algebra H, ker ε =
⊕
n≥1

Hn. If k is a

field, then ker ε is the unique maximal ideal of H.

Proof. Suppose a ∈ Hp − ker ε is of the smallest degree such that p > 0. Then by

counity we have

a = (ε⊗ 1)∆(a) = a+ ε(a)

This implies ε(a) = 0, which is a contradiction. Therefore, ker ε =
⊕
n≥1

Hn. In the

case where k is a field, since H − ker ε = k − {0} are units, so ker ε is the unique

maximal ideal of H.

Lemma 2.2.4. ∆0,n(a) = 1⊗ a and ∆n,0(a) = a⊗ 1
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Proof. Suppose ∆0,n(a) =
∑

ci⊗bi, since ci are scalars, this is equal to 1⊗(
∑

cibi) =

1 ⊗ b. By Lemma 2.2.3, a = (ε ⊗ 1)∆(a) = (ε ⊗ 1)∆0,n(a) = b. This justifies

∆0,n(a) = 1⊗ a. Similar arguments can be made for ∆n,0.

Definition 2.2.5. We define the restricted coproduct ∆′ to be
⊕

p+q=n
p>0,q>0

∆p,q.

Due to Lemma 2.2.4, ∆′(a) = ∆(a)− a⊗ 1− 1⊗ a. It is not hard to justify

that (1⊗∆′)∆′ = (∆′ ⊗ 1)∆′.

Theorem 2.2.6. Suppose H is a graded bialgebra (a Hopf algebra without the

antipode) with H0 = k. There exists a unique antipode map S, giving H a Hopf

algebra structure.

Proof. First we prove the uniqueness. Suppose S is an antipode, then we have for

any |a| > 0,

0 = ε(a) = m(1⊗ S)∆(a)

= m(1⊗ S)(1⊗ a+ a⊗ 1 + ∆′(a))

= S(a) + a+m(1⊗ S)∆′(a)

(2.2.1)

This uniquely and inductively defines S as S(a) = −a − m(1 ⊗ S)∆′(a), and in

particular, S(a) = −a for |a| = 1. For the existence of antipodes, we simply

define inductively that S(a) = −a − m(1 ⊗ S)∆′(a). We still need to check that

m(1 ⊗ S)∆′ = m(S ⊗ 1)∆′. Suppose this is true for all |a| < n, then for |a| = n,
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assume ∆(a) =
∑

i ai1 ⊗ ai2 , we have

m(1⊗ S)∆′ = m (1⊗ (− id−m(1⊗ S)∆′))∆′

= −m∆′ − (1⊗m(S ⊗ 1)∆′)∆′

= −m∆′ −m(1⊗ S ⊗ 1)(1⊗∆′)∆′

= −m∆′ −m(1⊗ S ⊗ 1)(∆′ ⊗ 1)∆′

= −m∆′ − (m(1⊗ S)∆′ ⊗ 1)∆′

= m ((− id−m(S ⊗ 1)∆′)⊗ 1)∆′

= m(S ⊗ 1)∆′

(2.2.2)

Definition 2.2.7. We say an ideal I ⊆ H is a Hopf ideal if ∆(I) ⊆ I ⊗H +H ⊗ I

and S(I) ⊆ I.

Proposition 2.2.8. If I ⊆ is a Hopf ideal, then the quotient algebra H/I is again a

Hopf algebra. If H is graded and I is homogeneous, H/I is also graded.

Proof. Due to the definition of Hopf ideal, the induced coproduct ∆ and induced

antipode S are well-defined. So the quotient algebra is a Hopf algebra as well.

Definition 2.2.9. Suppose A is an abelian group, consider the tensor algebra

T (A) =
∞⊕
n=0

A⊗n, endowed with a shuffle product

(a⊗ w1)� (b⊗ w2) = a⊗ (w1� (b⊗ w2)) + b⊗ ((a⊗ w1)� w2)

∀a, b ∈ A,w1 ∈ A⊗n, w2 ∈ A⊗m

(2.2.3)

The following results are well-known, yet their proofs are frequently omitted.

We present them here for completeness and future reference.
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Proposition 2.2.10. We can define a graded connected Hopf structure over this

shuffle algebra, with restricted coproduct

∆′(a1 ⊗ · · · ⊗ an) =
n−1∑
i=1

(a1 ⊗ · · · ⊗ ai)
⊗

(ai+1 ⊗ · · · ⊗ an) (2.2.4)

and antipode

S(a1 ⊗ · · · ⊗ an) = (−1)nan ⊗ · · · ⊗ a1 (2.2.5)

Proof. Note that coproduct is defined like deconcatenations of a word. It is trivial

to check coassociativity and counity. We are left to check that the antipode satisfies

S(a1 ⊗ · · · ⊗ an) + a1 ⊗ · · · ⊗ an +m(1⊗ S)∆′(a1 ⊗ · · · ⊗ an) = 0 (2.2.6)

If n = 2, this is trivial, and for n ≥ 3 we see that m(1⊗ S)∆′(a1 ⊗ · · · ⊗ an) equals

n−1∑
i=1

(−1)iai ⊗ · · · ⊗ a1� ai+1 ⊗ · · · ⊗ an

=
n−1∑
i=1

(
(−1)iai ⊗ (ai−1 ⊗ · · · ⊗ a1� ai+1 ⊗ · · · ⊗ an)

+ (−1)iai+1 ⊗ (ai ⊗ · · · ⊗ a1� ai+2 ⊗ · · · ⊗ an)
)

=
n−1∑
i=1

(−1)iai ⊗ (ai−1 ⊗ · · · ⊗ a1� ai+1 ⊗ · · · ⊗ an)

−
n∑

i=2

(−1)iai ⊗ (ai−1 ⊗ · · · ⊗ a1� ai+1 ⊗ · · · ⊗ an)

= −a1 ⊗ a2 ⊗ · · · ⊗ an − (−1)nan ⊗ an−1 ⊗ · · · ⊗ a1

This proves (2.2.6).

Definition 2.2.11. Due to coassociativity, we can decompose ∆◦k into the sum of

components of

∆n1,··· ,nk
: Hn →

⊕
n1+···+nk=n

ni≥0

Hn1 ⊗ · · · ⊗Hnk
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And we denote

∆n1,··· ,nk
(a) =

∑
i

a
(n1,··· ,nk)
i1 ⊗ · · · ⊗ a

(n1,··· ,nk)
ik (2.2.7)

We omit (n1, · · · , nk) when the context is clear.

Definition 2.2.12. The symbol map ∆1,··· ,1 : H → T ∗H1 is the direct sum of

∆1,··· ,1 : Hn → T nH1

Proposition 2.2.13. ∆1,··· ,1 is a morphism of graded Hopf algebras.

Proof. To show that ∆1,··· ,1 preserves product we need

∆1,··· ,1(ab) = ∆1,··· ,1(a)�∆1,··· ,1(b) (2.2.8)

for any |a| = k, |b| = l. Let’s assume

∆1,k−1(a) =
∑
i

a
(1,k−1)
i1 ⊗ a

(1,k−1)
i2 , ∆1,l−1(b) =

∑
j

b
(1,l−1)
j1 ⊗ b

(1,l−1)
j2 .

Since ∆(ab) = ∆(a)∆(b), we have

∆1,k+l−1(ab) = ∆1,k−1(a)∆0,l(b) + ∆0,k(a)∆1,l−1(b)

=

(∑
i

ai1 ⊗ ai2

)
(1⊗ b) + (1⊗ a)

(∑
j

bj1 ⊗ bj2

)

=
∑
i

ai1 ⊗ (ai2b) +
∑
j

bj1 ⊗ (abj2),

Note that

∆1,··· ,1(a) = (id⊗∆1,··· ,1) ◦∆1,k−1(a) =
∑
i

ai1 ⊗∆1,··· ,1(ai2),

similarly

∆1,··· ,1(b) = (id⊗∆1,··· ,1) ◦∆1,l−1(b) =
∑
j

bj1 ⊗∆1,··· ,1(bj2).
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So we have

∆1,··· ,1(ab) = (id⊗∆1,··· ,1) ◦∆1,k+l−1(ab)

=
∑
i

ai1 ⊗∆1,··· ,1(ai2b) +
∑
j

bj1 ⊗∆1,··· ,1(abj2)

=
∑
i

ai1 ⊗ (∆1,··· ,1(ai2)�∆1,··· ,1(b)) +
∑
j

bj1 ⊗ (∆1,··· ,1(a)�∆1,··· ,1(bj2))

The last equality is by induction on lower weight ((2.2.8) is automatic when k = 0).

On the other hand

∆1,··· ,1(a)�∆1,··· ,1(b)

=

(∑
i

ai1 ⊗∆1,··· ,1(ai2)

)
�

(∑
j

bj1 ⊗∆1,··· ,1(bj2)

)

=
∑
i,j

ai1 ⊗∆1,··· ,1(ai2)� bj1 ⊗∆1,··· ,1(bj2)

=
∑
i,j

ai1 ⊗ (∆1,··· ,1(ai2)� bj1 ⊗∆1,··· ,1(bj2)) + bj1 ⊗ (ai1 ⊗∆1,··· ,1(ai2)�∆1,··· ,1(bj2))

=
∑
i

ai1 ⊗

(
∆1,··· ,1(ai2)�

∑
j

bj1 ⊗∆1,··· ,1(bj2)

)

+
∑
j

bj1 ⊗

(∑
i

ai1 ⊗∆1,··· ,1(ai2)�∆1,··· ,1(bj2)

)

=
∑
i

ai1 ⊗ (∆1,··· ,1(ai2)�∆1,··· ,1(b)) +
∑
j

bj1 ⊗ (∆1,··· ,1(a)�∆1,··· ,1(bj2))

To show ∆1,··· ,1 preserves coproduct (to reduce confusion, we use
⊗

in T (A)
⊗

T (A))

we need

(∆1,··· ,1
⊗

∆1,··· ,1) ◦∆(a) = ∆ ◦∆1,··· ,1(a) (2.2.9)
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First note that for any |a| = n

∆1,··· ,1(a) = (∆1,··· ,1 ⊗∆1,··· ,1) ◦∆k,n−k(a)

= ∆1,··· ,1 ⊗∆1,··· ,1

(∑
ik

a
(k,n−k)
ik1

⊗ a
(k,n−k)
ik2

)

=
∑
ik

(
∆1,··· ,1

(
a
(k,n−k)
ik1

)
⊗∆1,··· ,1

(
a
(k,n−k)
ik2

))
=
∑
j

a
(1,··· ,1)
j1 ⊗ · · · ⊗ a

(1,··· ,1)
jn

Therefore

(∆1,··· ,1
⊗

∆1,··· ,1) ◦∆(a) =
n∑

k=0

∑
ik

∆1,··· ,1

(
a
(k,n−k)
i1

)⊗
∆1,··· ,1

(
a
(k,n−k)
i2

)
=

n∑
k=0

∑
j

a
(1,··· ,1)
j1 ⊗ · · · ⊗ a

(1,··· ,1)
jk

⊗
a
(1,··· ,1)
j(k+1) ⊗ · · · ⊗ a

(1,··· ,1)
jn

=
∑
j

n∑
k=0

a
(1,··· ,1)
j1 ⊗ · · · ⊗ a

(1,··· ,1)
jk

⊗
a
(1,··· ,1)
j(k+1) ⊗ · · · ⊗ a

(1,··· ,1)
jn

=
∑
j

∆
(
a
(1,··· ,1)
j1 ⊗ · · · ⊗ a

(1,··· ,1)
jn

)
= ∆

(∑
j

a
(1,··· ,1)
j1 ⊗ · · · ⊗ a

(1,··· ,1)
jn

)

= ∆ ◦∆1,··· ,1(a)

2.2.2 Lie coalgebra

The quotient of a Hopf algebra H by products admits the structure of a

Lie coalgebra, which is graded if H is connected graded. We now give the formal

definition of a Lie coalgebra.
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Definition 2.2.14. Let k be a Z-algebra. A Lie coalgebra L is a module over k with

a linear mapping called the cobracket δ : L → L ∧ L, such that (δa) ∧ b = a ∧ (δb)

and δ(1 ∧ δ) = δ(δ ∧ 1). δ can be extend to a linear mapping δ :
∧n L →

∧n+1 L

δ(a1 ∧ · · · ∧ an) =
n∑

i=1

(−1)i+1a1 ∧ · · · ∧ (δai) ∧ · · · ∧ an (2.2.10)

This forms a chain complex known as the Chevalley-Eilenberg complex
∧∗ L

L
δ−→ L ∧ L

δ−→ L ∧ L ∧ L
δ−→ · · · (2.2.11)

Definition 2.2.15. We say that a Lie coalgebra L is graded if L =
⊕

i Li and

δ(Ln) ⊆
⊕

p+q=n Lp ∧ Lq. The degree n part of
∧∗ L is

Ln →
⊕

p+q=n

Lp ∧ Lq →
⊕

p+q+r=n

Lp ∧ Lq ∧ Lr → · · · → L∧n
1

denoted as (
∧∗ L)n

Example 2.2.16. (
∧∗ L)2 reads

L2 →
∧2 L1

(
∧∗ L)3 reads

L3 → L2 ⊗ L1 →
∧3 L1

(
∧∗ L)4 reads

L4 → L3 ⊗ L1 ⊕
∧2 L2 → L2 ⊕

∧2 L1 →
∧4 L1

It is known that there exists a projection map on a connected graded Hopf

algebra H over Q, whose image can be canonically identified with H modulo products.
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Definition 2.2.17. [13] Suppose H is a connected graded Hopf algebra over a

field Q and denote H>0 =
⊕

i>0Hi. First we define R : H → H inductively by

R(x) = nx−m(1⊗R)∆′(x) where |x| = n and m is multiplication. The projection

map P : H → H is simply such that P |Hn =
1

n
Rn.

Proposition 2.2.18. P is an idempotent map with kerP = H>0 ·H>0.

Proof. It is straightforward to check that kerP ⊆ H>0 ·H>0. Let’s prove H>0 ·H>0 ⊆

kerP . Suppose |x| = k, |y| = l and k, l > 0, and write

∆′(x) =
∑
i

xi1 ⊗ xi2, ∆′(y) =
∑
j

yj1 ⊗ yj2

Then we have

R(x) = kx−
∑
i

xi1R(xi2), R(y) = ly −
∑
j

yj1R(yj2)

and

∆′(xy) =
∑
i,j

xi1yj1 ⊗ xi2yj2 +
∑
i

(xi1y ⊗ xi2 + xi1 ⊗ xi2y)

+
∑
j

(xyj1 ⊗ yj2 + yj1 ⊗ xyj2) + x⊗ y + y ⊗ x

By induction, we may assume that R annihilates products of lower weights, and we

get

R(xy) = (k + l)xy −m(1⊗R)∆′(xy)

= (k + l)xy −

(∑
i

xi1yR(xi2) +
∑
j

xyj1R(yj2) + xR(y) + yR(x)

)

= (k + l)xy − y

(∑
i

xi1R(xi2) +R(x)

)
− x

(∑
j

yj1R(yj2) +R(y)

)

= (k + l)xy − kxy − lxy = 0

27



P is an idempotent because

P 2(x) =
1

k
R

(
x− 1

k

∑
i

xi1R(xi2)

)
=

1

k
R(x)− 1

k

∑
i

R (xi1R(xi2)) = P (x)

Therefore H = imP ⊕ kerP . We call imP the subspace of indecomposable

elements.

Theorem 2.2.19. H modulo products has a Lie coalgebra structure, and there is

an isomorphism

H

H>0 ·H>0

∼= imP, x̄ 7→ P (x)

with cobracket (P ∧ P )∆ : imP → imP ∧ imP

Proof. We only need the following diagram, which commutes because (P ∧ P )∆P =

(P ∧ P )∆.

H imP

H ∧H imP ∧ imP

δ

P

(P∧P )∆

P∧P

The following is elementary.

Proposition 2.2.20. If φ : H → H ′ is a morphism between connected graded Hopf

algebras, then it induces a morphism between the Lie coalgebras H/(H>0 ·H>0) →

H ′/(H ′
>0 ·H ′

>0).
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2.3 Multiple polylogarithms

Multiple polylogarithms are multivariate multi-valued holomorphic functions

that are often defined as the analytic continuation of some power series. However, it

is more convenient to define them as iterated integrals (Lemma 2.1.9).

2.3.1 Multiple polylogarithms

Multiple polylogarithms naturally live on Cd − |D| for some simple normal

crossing divisor D. Its multi-valuedness comes from looping around the divisors.

First we give a clear description of this natural domain

Definition 2.3.1.

Sd(C) =

{
(x1, . . . , xd) ∈ Cd

∣∣∣∣∣xi 6= 0,
k∏

r=j

xr 6= 1, ∀1 ≤ j ≤ k ≤ d

}
. (2.3.1)

We also write S̃d(C)
π̃−→ Sd(C) and Ŝd(C)

π̂−→ Sd(C) as the universal cover and

the universal abelian cover of Sd(C). It is clear that Lin1,··· ,nd
(x1, · · · , xd) can be

analytically continued as Lin1,··· ,nd
(x̃1, · · · , x̃d) throughout all of S̃d(C). And for

convenience, we also give a concrete model for Ŝd(C) ( [2], for more details see [15])

Ŝd(C) =

{
(ui, vj,k) ∈ Cd+(d+1

2
)

∣∣∣∣∣ exp
(

k∑
r=j

ui

)
+ exp(vj,k) = 1,∀1 ≤ j ≤ k ≤ d

}
.

(2.3.2)

Here ui, vj,k should be thought of as log xi, log(1 − xj · · · xk). In other words, the

coordinates on Ŝd(C) are logarithms of xi and 1− xj · · ·xk. It is often convenient

to write vj in place of vj,j, and we shall use this convention throughout the thesis.

When d = 1, it simply becomes Ĉ defined in (1.1.4).
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Example 2.3.2.

S2(C) = {(x1, x2) ∈ C2|x1x2 6= 0, x1 6= 1, x2 6= 1, x1x2 6= 1}

Ŝ2(C) =
{
(u1, u2, v1, v2, v1,2) ∈ C5

∣∣∣∣ exp(u1)+exp(v1)=1
exp(u2)+exp(v2)=1

exp(u1+u2)+exp(v1,2)=1

}
Definition 2.3.3. Suppose γ : [0, 1] → C is the straight path from 0 to 1 with

γ(t) = t, and |xi| < 1. We could define the multiple polylogarithm of depth d with

weights n1, · · · , nd as

Lin1,··· ,nd
(x1, · · · , xd) = (−1)dIγ(0; (x1 · · ·xd)

−1,

n1−1︷ ︸︸ ︷
0, · · · , 0, · · · , x−1

d ,

nd−1︷ ︸︸ ︷
0, · · · , 0; 1)

(2.3.3)

We also refer to n1 + · · · + nd as the weight (or total weight). When we replace

ai with (xi · · ·xd)
−1 in (2.1.9) we get the power series expansion of the multiple

polylogarithm ∑
1≤m1<···<md

xn1
1 · · ·xnd

d

mn1
1 · · ·mnd

d

(2.3.4)

By differentiating each term one can compute the derivatives.

Proposition 2.3.4. If ni ≥ 2, we have

∂

∂xi

Lin1,··· ,nd
(x1, · · · , xd) =

1

xi

Lin1,··· ,ni−1,··· ,nd
(x1, · · · , xd) (2.3.5)

If ni = 1, we have three different cases

∂

∂xd

Lin1,··· ,1(x1, · · · , xd) =
1

1− xd

Lin1,··· ,nd−1
(x1, · · · , xd−1xd) (2.3.6)

∂

∂x1

Li1,··· ,nd
(x1, · · · , xn) =

1

1− x1

Lin2,··· ,nd
(x2, · · · , xd)

− 1

1− x1

Lin2,··· ,nd
(x1x2, · · · , xd)−

1

x1

Lin2,··· ,nd
(x1x2, · · · , xd) (2.3.7)
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∂

∂xi

Lin1,··· ,1,··· ,nd
(x1, · · · , xd) =

1

1− xi

Lin1,··· ,1̂,··· ,nd
(x1, · · · , xi−1xi, · · · , xd)

− 1

1− xi

Lin1,··· ,1̂,··· ,nd
(x1, · · · , xixi+1, · · · , xd)−

1

xi

Lin1,··· ,1̂,··· ,nd
(x1, · · · , xixi+1, · · · , xd)

(2.3.8)

Example 2.3.5.

∂

∂x1

Li2,1,1(x1, x2, x3) =
1

x1

Li1,1,1(x1, x2, x3)

∂

∂x2

Li2,1,1(x1, x2, x3) =
1

1− x2

Li2,1(x1x2, x3)−
1

1− x2

Li2,1(x1, x2x3)−
1

x2

Li2,1(x1, x2x3)

∂

∂x3

Li2,1,1(x1, x2, x3) =
1

1− x3

Li2,1(x1, x2)

2.3.2 Goncharov’s inversion formula for multiple polylogarithms

In [21], Goncharov gives an inductive inversion formula for multiple polyloga-

rithms. His formulation involves Bernoulli numbers and Bernoulli polynomials, so

let us first recall these definitions.

Definition 2.3.6. The Bernoulli numbers Bn are the coefficients of the formal series

t

et − 1
=
∑
n≥0

Bnt
n

n!
. The n-th Bernoulli polynomial is Bn(x) =

n∑
k=0

(
n

k

)
Bn−kx

k.

Theorem 2.3.7. [21] Suppose (x1, · · · , xd) ∈ Sd(C) with |xi| = 1, ∀1 ≤ i ≤ d,
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log(−1) = πi. We have

Lind,··· ,n1(x
−1
d , · · · , x−1

1 ) = −
d−1∑
r=0

Linr,··· ,n1(x
−1
r , · · · , x−1

1 ) Linr+1,··· ,nd
(xr+1, · · · , xd)−

d∑
r=1

∑
m1+···+md=nr

(−1)1+nr+···+nd+mr+1+···+md

∏
1≤i≤d
i 6=r

(
ni +mi − 1

ni − 1

)
Bmr

(
log(x1 · · ·xd)

2πi

)

(2πi)mr

mr!
Linr−1+mr−1,··· ,n1+m1(x

−1
r−1, · · · , x−1

1 ) Linr+1+mr+1,··· ,nd+md
(xr+1, · · · , xd)

(2.3.9)

Example 2.3.8.

Lin(x) + (−1)n Lin(x
−1) = −(2πi)n

n!
Bn

(
log x

2πi

)
(2.3.10)

Li1,1(x
−1
2 , x−1

1 ) = −Li1,1 (x1, x2) + Li1 (x1) Li1 (x2)− Li2 (x1) + Li2 (x2)

+ Li1 (x2) log (x1) + Li1 (x1) log (x1x2)− Li1 (x2) log (x1x2)

− 1

2
log2 (x1) + log (x1x2) log (x1)− iπ log (x1x2)− iπ Li1 (x1)−

2π2

3
(2.3.11)

2.3.3 Coproduct on the Hopf algebra of iterated integals

In this section, we discuss a coproduct defined on the Hopf algebra of iterated

intergrals. To motivate this, we first need to talk about a coproduct on the Hopf

algebra of rooted trees.

Theorem 2.3.9 (Connes-Kreimer’s coproduct on Hopf algebra of rooted trees).

Consider the free graded algebra generated by rooted trees T . The weight of a tree

is the number of leaves. It has a Hopf algebra structure with coproduct of a tree T

being

∆(T ) = T ⊗ 1 + 1⊗ T +
∑

admissible cuts

R(T )⊗ P (T ) (2.3.12)
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a0 a1 an an+1

Figure 2.3.1: Decoration on a rooted plane trivalent tree

Here an admissible cut of the tree T is to remove edges such that each path from

the root to any leaf sees only one removed edge. After an admissible cut, T becomes

of set of rooted trees. R(T ) is the one which contains the root, and P (T ) is the

product of the other ones.

Remark 2.3.10. This is slightly different than in the literature, where normally the

Connes-Kreimer’s coproduct is defined to be

∆(T ) = T ⊗ 1 + 1⊗ T +
∑

admissible cuts

P (T )⊗R(T )

Example 2.3.11.

∆

( )
= ⊗ 1 + 1⊗ + ⊗ + ⊗ + ⊗ + ⊗ + ⊗

Definition 2.3.12. (see [8], section 4) Suppose S is a set. An S-decoration of a

rooted plane trivalent tree T with n+1 leaves is a tuple (a0; a1, · · · , an; an+1) ∈ Sn+2.

See Figure 2.3.1 for an illustration.

We could think of a rooted trivalent plane tree growing down from the root (root

is the only node that has one distinguished leg), and all leaves lie on an imaginary
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line which has been divided by leaves into n+ 2 parts labeled as a0, a1, · · · , an, an+1

in order.

Remark 2.3.13. A subtree of T also has a decoration from the decoration of T ,

which is just a contiguous subsequence (ai; ai+1, · · · , aj−1; aj).

Theorem 2.3.14. (see [8], section 4) The free algebra T (S) generated by S-decorated

rooted plane trivalent trees again forms a graded Hopf algebra with Connes-Kreimer’s

coproduct on trees.

Theorem 2.3.15. (see [8], section 4) Suppose S is a set, and let Ĩ(S) be the free

graded algebra generated by I(a0; a1, · · · , an; an+1), ai ∈ S in weight n ≥ 1. Then it

is a graded Hopf algebra with coproduct

∆I(a0; a1, · · · ; an; an+1) =∑
0=i0<i1<···<ik<ik+1=n+1

I(ai0 ; ai1 , · · · , aik ; aik+1
)⊗

k∏
p=0

I(aip ; aip+1, · · · , aip+1−1; aip+1)

(2.3.13)

Here we assume I(a; b) = 1 for all a, b.

Proof. There is an embedding of Ĩ(S) into T (S) that maps I(a0; a1, · · · , an; an+1)

to the sum of rooted plane trivalent trees with decoration (a0; a1, · · · , an; an+1).

Example 2.3.16.

∆I(a0; a1, a2, a3; a4) = 1⊗ I(a0; a1, a2, a3; a4) + I(a0; a1; a4)⊗ I(a1; a2, a3; a4)

+ I(a0; a2; a4)⊗ I(a0; a1; a2)I(a2; a3; a4) + I(a0; a3; a4)⊗ I(a0; a1, a2; a3)

+ I(a0; a1, a2; a4)⊗ I(a2; a3; a4) + I(a0; a1, a3; a4)⊗ I(a1; a2; a3)

+ I(a0; a2, a3; a4)⊗ I(a0; a1; a2) + I(a0; a1, a2, a3; a4)⊗ 1
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Since an iterated integral evaluates to zero if its integration path is the trivial

constant path at a point, we sometimes wish to get rid of such elements in Ĩ(S).

Definition 2.3.17. Elements like I(a; · · · ; a) that start and end with the same

element are called degenerate. Define I(S) to be Ĩ(S) modulo degenerates.

Proposition 2.3.18. I(S) is a graded Hopf algebra with a coproduct induced from

Theorem 2.3.15.

Proof. It is not hard to see that the ideal generated by degenerates is a homogeneous

Hopf ideal. So the quotient algebra I(S) of Ĩ(S) is again a graded Hopf algebra

according to Proposition 2.2.8.

2.3.4 Symbols of multiple polylogarithms

Herbert Gangl, Goncharov et al. explored the symbols of multiple polyloga-

rithms (see [24]).

Definition 2.3.19. The symbol of a hyperlogarithm I(a0; · · · ; an+1) is its image

under ∆1,··· ,1

Example 2.3.20. The symbol of I(a0; a1, a2, a3; a4) is

I(a0; a1; a4)⊗ I(a1; a2; a4)⊗ I(a2; a3; a4)+ I(a0; a1; a4)⊗ I(a1; a3; a4)⊗ I(a1; a2; a3)

+ I(a0; a2; a4)⊗ I(a0; a1; a2)⊗ I(a2; a3; a4)+ I(a0; a2; a4)⊗ I(a2; a3; a4)⊗ I(a0; a1; a2)

+I(a0; a3; a4)⊗I(a0; a1; a3)⊗I(a1; a2; a3)+I(a0; a3; a4)⊗I(a0; a2; a3)⊗I(a0; a1; a2)

(2.3.14)
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Example 2.3.21. Similarly, we can compute the symbol of multiple polylogarithm

Li2,1(x1, x2), the previous example becomes

∆1,··· ,1(Li2,1(x1, x2)) = ∆1,··· ,1

(
I

(
0;

1

x1x2

, 0,
1

x2

; 1

))
=

Li1 (x2)⊗ Li1 (x1)⊗ log (x1)− Li1 (x1x2)⊗ log (x1)⊗ log (x1)

+ Li1 (x1x2)⊗ log (x1x2)⊗ Li1 (x2)− Li1 (x1x2)⊗ Li1 (x1)⊗ log (x1)

+ Li1 (x1x2)⊗ Li1 (x2)⊗ log (x1) (2.3.15)

2.3.5 Monodromies of multiple polylogarithms

In [9], Zhao described a variation of mixed Hodge structures encoded by

multiple polylogarithms and computed the monodromies for multiple logarithms.

Firstly, let us describe the fundamental group of Sd(C).

Theorem 2.3.22 ( [15]). π1(Sd(C)) is the free group generated by loops around the

divisors

{xr = 0} and {xj · · · xk = 1}

More specifically, it is torsion free of rank 2d+
(
d
2

)
, generated by νr, 1 ≤ r ≤ d and

νjk, 1 ≤ j ≤ k ≤ d, where νr is the positive loop around the divisor xr = 0, i.e.

∫
νr

d log(xs) = 2πiδrs,

∫
νi

d log(1− xj · · ·xk) = 0

and νj,k is the positive loop around the divisor xj · · ·xk = 1, i.e.

∫
νj,k

d log(xs) = 0,

∫
νj,k

d log(1− xp · · ·xq) = 2πiδjpδkq

Here δ is the Kronecker delta.
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Zhao also gives concrete choices for νr, νj,k. For example, νr could be a loop in

some plane {xs = as 6= 0,∀s 6= r} such that

∮
νr

dz

z
= 2πi,

∮
νj,k

dz

z − 1
= 0

and νj,k could be a loop in some plane {xs = as 6= 0,∀s 6= r} where any products of

as does not equal to 1, and νj,k satisfies

∮
νr

dz

z
= 0,

∮
νj,k

dz

z − 1
= 2πi

Zhao’s strategy is to convert these iterated integrals on C into iterated integrals

on Sd(C), and then use this to compute the monodromies of multiple logarithms.

Theorem 2.3.23. Multiple polylogarithms can be expressed as iterated integrals of

logarithmic differential forms over Sd(C).

Example 2.3.24.

Li1,1(x1, x2) =

∫ (1,1)

(0,0)

dx2

1− x2

dx1

1− x1

+
d(x1x2)

1− x1x2

(
dx2

1− x2

+
dx1

x1(x1 − 1)

)
(2.3.16)

Let’s denote the monodromy operator as Mνi and Mνj,k . Zhao has the following

theorem describing the monodromy of multiple logarithms - multiple polylogarithms

Lin1,··· ,nd
with n = (n1, · · · , nd) = (1, · · · , 1). In Chapter 5, we will generalize the

theorem to arbitrary n.

Theorem 2.3.25.

(Mνi − id) Li1,··· ,1(x1, · · · , xd) = 0, 1 ≤ i ≤ d (2.3.17)

(Mνj,k − id) Li1,··· ,1(x1, · · · , xd) = 0, ∀1 ≤ j < k < d (2.3.18)
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(Mνj,j − id) Li1,··· ,1(x1, · · · , xd) = 0, ∀1 ≤ j < d (2.3.19)

(Mνd,d − id) Li1,··· ,1(x1, · · · , xd) = 2πiLi1,··· ,1(x1, · · · , xd−1) (2.3.20)

(Mνj,d − id) Li1,··· ,1(x1, · · · , xd) = 2πiLi1,··· ,1(x1, · · · , xj−1)

Li1,··· ,1

(
1− xjxj+1

1− xj

, · · · , 1− xj · · ·xd

1− xj · · ·xd−1

)
, ∀1 ≤ j < d (2.3.21)

2.4 Variation of mixed Hodge structures

Multiple polylogarithms naturally define variations of mixed Hodge structures.

These mixed Hodge structures are described by filtrations on the flat sections of a

vector bundle, so first we need to review connections on vector bundles and how they

are related to local systems with monodromies.

2.4.1 Connection on vector bundles

Definition 2.4.1. Suppose B is a complex manifold and E → B is a vector bundle.

The E valued k-forms are defined to be

Ωk(E) = Γ
(∧k T ∗B ⊗ E

)
= Ωk(B)⊗ Γ(E)

a vector bundle(Koszul) connection is

∇ : Ω0(E) → Ω1(E) = T ∗B ⊗ Γ(E)

satisfying the Leibniz rule

∇(f ⊗ s) = df ⊗ s+ f ∧∇s (2.4.1)

38



A vector field X ∈ TB defines the covariant derivative ∇X : Γ(E) → Γ(E) along X,

which by (2.4.1) uniquely extends to a exterior covariant derivative ∇ : Ωk(E) →

Ωk+1(E) through

∇(ω ⊗ s) = dω ⊗ s+ (−1)|ω|ω ∧∇s

Definition 2.4.2 (Connection form).

Over a local trivialization, suppose s =
∑

i si ⊗ ei, ∇ei =
∑

j ωji ⊗ ej, then

∇s =
∑
i

dsi ⊗ ei +
∑
i

si ∧

(∑
j

ωji ⊗ ej

)
=
∑
i

(
dsi +

∑
j

ωij ∧ sj

)
⊗ ei

In short, we have ∇s = ds+ ω ∧ s, where ω = (ωij) is known as the connection form.

Definition 2.4.3 (Curvature). The curvature tensor is defined as

∇2 : Ω0(E) → Ω2(E)

Over a local trivialization, ∇2s = ∇(ds+ω∧s) = (dω+ω∧ω)∧s, thus dω+ω∧ω is

called the curvature form. A connection is flat(completely integrable) if its curvature

is zero.

Proposition 2.4.4. If φ is an automorphism of E → B, the conjugate ∇φ =

φ−1 ◦ ∇ ◦ φ is again a connection. Furthermore, ∇φ is flat if ∇ is flat.

Proof.

∇φ(f ⊗ s) = φ−1 ◦ ∇(f ⊗ φs) = φ−1(df ⊗ φs+ f ∧∇(φs)) = df ⊗ s+ f ∧∇φs

Over a local trivialization, φs = As. We then have

A−1(∇(As)) = A−1(d(As) + ω ∧ As) = A−1(dAs+ Ads+ ω ∧ As)

= ds+ (A−1dA+ A−1ωA)s
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Hence the connection form for ∇φ is A−1dA+ A−1ωA. If dω + ω ∧ ω = 0, then

d(A−1dA+ A−1ωA) + (A−1dA+ A−1ωA) ∧ (A−1dA+ A−1ωA) = 0

Hence, ∇φ is a flat connection.

We can rephrase vector bundles as locally free sheaves.

Definition 2.4.5. Suppose B is a complex manifold and E → B is a vector bundle.

The sheaf of sections of E is a locally free sheaf E , and a connection ∇ on E can be

naturally generalized as a connection on E , via ∇ : Ωk
B ⊗OB

E → Ωk+1
B ⊗OB

E

∇(ω ⊗ s) = dω ⊗ s+ (−1)|ω|ω ∧∇s

Note that locally Γ(Ωk
U ⊗OU

EU) ∼= Ωk(E|U). So we can define connection form

ω = (ωij) as well.

Theorem 2.4.6 (Riemann-Hilbert Correspondence). Suppose B is a complex mani-

fold. The category of locally constant sheaves of vector spaces is equivalent to the

category of locally free sheaves with flat connections.

Proof. Suppose V is a locally constant sheaf, then V = OB ⊗Z V is a locally free

sheaf, and ∇(f ⊗ v) = df ⊗ v defines a flat connection. On the other hand, suppose

E is a locally free sheaf with a flat connection ∇ with connection form ω. Then the

sheaf of flat sections forms a locally constant sheaf. If we take the boundary ∂R of a

simple region R, and suppose f is a flat section so that df + ω ∧ f = 0 locally, then

∫
∂R

df =

∫
R

d2f
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But locally we have

d2f = d(−ω ∧ f)

= ω ∧ df − dω ∧ f

= −ω ∧ ω ∧ f + ω ∧ ω ∧ f

= 0

Therefore f can be well defined on the universal cover of B, thus giving a locally

constant sheaf.

Deligne [25] extended this result, a generalization necessary for constructing

the variation of mixed Hodge structures in Chapter 4.

Theorem 2.4.7. Suppose X is a projective variety with X ⊆ X and D = X −X is

a simple normal crossing. The category of locally constant sheaves of vector spaces

is equivalent to locally free sheaves with connections.

2.4.2 Hodge structures and variations of mixed Hodge structures

Suppose H is a finitely generated abelian group, and denote HR = H ⊗R for

any Z-module R.

Definition 2.4.8. We say H has a pure Hodge structure of weight n if there is a

finite decreasing Hodge filtration F • of HC by subspaces {F pHC}p∈Z such that

HC = F pHC ⊕ F n+1−pHC
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If we denote Hp,n−p = F pHC ∩ F n−pHC, we then have the Hodge decomposition

HC =
⊕

p+q=n

Hp,q

Definition 2.4.9. Suppose H is a finitely generated abelian group. We say it has a

mixed Hodge structure if there is a finite decreasing Hodge filtration F • of HC by

subspaces {F pHC}p∈Z and an increasing weight filtration W • of HQ by subspaces

{WkHQ}k∈Z such that the graded piece grWk HQ is a pure Hodge structure of weight

k with Hodge filtration given by

F p(grWk HQ)C =
F pHC ∩ (Wk+1HQ)C + (WkHQ)C

(WkHQ)C

Let B be a complex manifold and V a locally constant sheaf of finitely generated

abelian groups, then VQ = V ⊗Z Q, VC = V ⊗Z C are locally constant sheaves of

vector spaces, and V = V⊗Z OB is a locally free sheaf.

Definition 2.4.10. A variation of pure Hodge structures of weight n is a decreasing

filtration F • of V by subsheaves {F pV} such that each fiber Vb is a pure Hodge struc-

ture of weight n with Hodge filtration {F pVC,b} which satisfies Griffith transversality:

∇F pV ⊆ F p−1V ⊗ Ω1
B.

Definition 2.4.11. A variation of mixed Hodge structures consists of a decreasing

filtration F • of V by holomorphic subsheaves {F pV}, and a weight filtration W• of

VQ by subsheaves {WkVQ} such that each fiber Vb is a mixed Hodge structure with

Hodge filtration F pVC,b and weight filtration WkVQ,b, again satisfying the Griffith

transversality ∇F pV ⊆ F p−1V ⊗ Ω1
B.
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2.5 Relation between iterated integrals and motivic cohomology

The following discussion can be found in [8].

Suppose M(F ) is the category of mixed Tate motives over a number field F

with pure Tate motives Q(n). The i-th motivic cohomology group H i
M(F,Q(n)) is

defined as i-th Ext group ExtiM(F )(Q(0),Q(n)). Since M(F ) is a Tannakian category,

M(F ) is equivalent to the category of finite-dimension modules over Aut⊗Ψ, where

Ψ : M(F ) → VectQ, M 7→
⊕
n

Hom(Q(n),GrW2nM)

is the fiber functor, and Aut⊗ Φ is the group scheme of automorphisms of Φ respecting

the tensor product.

Aut⊗Ψ is the semidirect product of the multiplicative group scheme Gm and a

pro-unipotent group scheme U(F ), denote L(F ) as the Lie algebra of U(F ), L(F )

is graded due to the action of Gm. Then U(F ) = End(Ψ) is isomorphic to the

universal enveloping algebra of L(F ). Suppose H(F ) is the dual of U(F ), then H(F )

can be identified with the graded Hopf algebra of regular functions on U(F ), and

L(F ) =
H>0(F )

H>0(F ) · H>0(F )
is a graded Lie coalgebra, the cotangent space of U(F )

which is dual of L(F ) = Lie(U(F )).

Goncharov constructed a Hopf algebra A(F ) (see [8]) as the set of equivalences

classes of framed mixed Tate motives IM(a0; a1, · · · , an; an+1), with the coproduct

similar to the coproduct (2.3.13) for iterated integrals, and showed that A(F ) and

H(F ) are canonically isomorphic. He then considered its realizations in various

categories, the benefit of this is that in each case we get a coproduct and Hopf
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algebra structure for free.
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Chapter 3: Hopf Algebra of Multiple Polylogarithms and Its Associ-

ated One Forms

3.1 Two new Hopf algebras of multiple polylogarithms

In this section, we give the definitions of two new purely symbolic Hopf algebras

HSymb and HSymb with generators representing multiple polylogarithms. HSymb is

the smallest Hopf algebra that allows (3.1.2), a purely symbolic representation of

the coproduct for multiple polylogarithms. HSymb is the smallest Hopf algebra that

admits a differential and has no relations among its generators, this is explained in

Lemma 3.1.13. This is worth noting that this differs from Goncharov and others

various definitions of Hopf algebra of multiple polylogarithms, which typically assumes

some polylogarithmic relations among its generators.

We will use the following shorthand throughout this chapter

xi→j :=
∏

i≤k<j

xk, x−1
i→j :=

∏
i≤k<j

x−1
k , 0n :=

k︷ ︸︸ ︷
0, · · · , 0
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3.1.1 Definition of HSymb

Definition 3.1.1. HSymb is the free Q-algebra generated by two types of symbols:

regular symbols: [xi]0, [xi1→i2 , xi2→i3 , · · · , xid→id+1
]n1,n2,··· ,nd

inverted symbols: [x−1
id→id+1

, x−1
id−1→id

, · · · , x−1
i1→i2

]nd,nd−1,··· ,n1

where, i, ik, nk ∈ Z≥1 and 1 ≤ i1 < i2 < · · · < id+1.

One should think of [xi]0, [xi1→i2 , · · · , xid→id+1
]n1,··· ,nd

, [x−1
id→id+1

, · · · , x−1
i1→i2

]nd,··· ,n1

as log(xi), Lin1,··· ,nd
(xi1→i2 , · · · , xid→id+1

) and Lind,··· ,n1(x
−1
id→id+1

, · · · , x−1
i1→i2

) respec-

tively.

If we associate a symbol with weight n1 + · · ·+ nd (1 for [xi]0), then HSymb is

graded with

• HSymb

0 = Q

• HSymb

1 = Q{[xi]0, [xi→j]1}

• HSymb

≥2 = Q{symbols with weights ≥ 2}

For convenience, we also define

[xi→j]0 :=
∑
i≤k<j

[xk]0, [x−1
i→j]0 := −

∑
i≤k<j

[xk]0

Inspired by Goncharov [8]. One could define a coproduct on HSymb. First

denote the formal power series

[y|t] = [y1, . . . , yd|t1, . . . , td] =
∑
ni≥1

[y1, . . . , yd]n1,...,nd
tn1−1
1 . . . tnd−1

d (3.1.1)
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Where [y1, . . . , yd]n1,...,nd
are regular symbols with yk = xik→ik+1

for convenience.

Then the coproduct formula is given by ∆([xi]0) = [xi]0 ⊗ 1+ 1⊗ [xi]0, ∆([x±
i→j]1) =

[x±
i→j]1 ⊗ 1 + 1⊗ [x±

i→j]1 and

∆([y|t]) =
∑

[yi1→i2 , . . . , yik→ik+1
|tj1 , . . . , tjk ]

⊗ k∏
α=0

(−1)jα−iα exp([yiα→iα+1 ]0tjα)

[y−1
jα−1, y

−1
jα−2, . . . , y

−1
iα
|tjα − tjα−1, . . . , tjα − tiα ]

[yjα+1, yjα+2, . . . , yiα+1−1|tjα+1 − tjα , . . . , tiα+1−1 − tjα ].

(3.1.2)

The sum is over all instances of 1 = i0 ≤ j0 < i1 ≤ j1 < · · · < ik ≤ jk < ik+1 = d+1,

and by definition we have yi→j =
∏j−1

r=i yr.

Theorem 3.1.2. HSymb forms a graded Hopf algebra.

Proof. We justify the coassociativity of the coproduct in Corollary 3.1.19. The counit

and antipode is defined by Lemma 2.2.3 and Theorem 2.2.6.

Example 3.1.3.

∆([x1, x2]1,1) = 1⊗ [x1, x2]1,1 + [x2]1 ⊗ [x1]1 − [x1x2]1 ⊗ [x−1
1 ]1

+ [x1x2]1 ⊗ [x2]1 + [x1, x2]1,1 ⊗ 1 (3.1.3)

∆([x1, x2]2,1) = 1⊗ [x1, x2]2,1 + [x1, x2]2,1 ⊗ 1− [x1, x2]1,1 ⊗ [x2]0

+ [x1, x2]1,1 ⊗ [x1x2]0 + [x2]1 ⊗ [x1]2 + [x1x2]1 ⊗ [x−1
1 ]2

− [x1x2]1 ⊗ [x2]2 + [x1x2]2 ⊗ [x2]1 + [x1x2]1 ⊗ ([x2]1[x1x2]0) (3.1.4)
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3.1.2 Definition of HSymb

The following is inspired by Goncharov’s inversion (2.3.9) for multiple polylog-

arithms. It is natural to consider a map INV that converts inverted symbols into

regular symbols. Let HSymb
[πi] denote HSymb adjoined with a free generator πi.

Definition 3.1.4. INV : HSymb → HSymb
[πi] fixes regular symbols and acts on

inverted symbols inductively by

INV([x−1
d , · · · , x−1

1 ]nd,··· ,n1) = −
d−1∑
r=0

INV[x−1
r , · · · , x−1

1 ]nr,··· ,n1 [xr+1, · · · , xd]nr+1,··· ,nd
−

d∑
r=1

∑
m1+···+md=nr

(−1)1+nr+···+nd+mr+1+···+md

∏
1≤i≤d
i 6=r

(
ni +mi − 1

ni − 1

)
Bmr

(
[x1 · · ·xd]0

2πi

)

(2πi)mr

mr!
INV[x−1

r−1, · · · , x−1
1 ]nr−1+mr−1,··· ,n1+m1 [xr+1, · · · , xd]nr+1+mr+1,··· ,nd+md

(3.1.5)

In depth 1 and 2, (2.3.10) and (2.3.10) correspond to

[x]n + (−1)n[x−1]n = −(2πi)n

n!
Bn

(
[x]0
2πi

)
, (3.1.6)

[x1, x2]n1,n2 + (−1)n1+n2 [x−1
2 , x−1

1 ]n2,n1 + (−1)n1 [x−1
1 ]n1 [x2]n2

+
∑

p+q=n1

(2πi)p

p!
(−1)q

(
q + n2 − 1

n2 − 1

)
Bp

(
[x1x2]0
2πi

)
[x2]q+n2

+
∑

p+q=n2

(2πi)p

p!
(−1)n1

(
n1 + q − 1

n1 − 1

)
Bp

(
[x1x2]0
2πi

)
[x−1

1 ]n1+q = 0,

(3.1.7)

It is difficult to work with powers of πi, so we also define INV as INV modulo

πi.

Definition 3.1.5. The map INV : HSymb → HSymb fixes regular symbols and acts

48



on inverted symbols inductively by

INV([y−1
d , · · · , y−1

1 | − td, · · · ,−t1])

=
d−1∑
j=0

(−1)d−1+j INV([y−1
j , · · · , y−1

1 | − tj, · · · ,−t1])[yj+1, · · · , yd|tj+1, · · · , td]

+
d∑

j=1

(−1)d−1+j

tj
INV([y−1

j−1, · · · , y−1
1 | − tj−1, · · · ,−t1])[yj+1, · · · , yd|tj+1, · · · , td]

+
d∑

j=1

(
(−1)d+j

tj
INV([y−1

j−1, · · · , y−1
1 |tj − tj−1, · · · , tj − t1])

exp([y1→d+1]0tj)[yj+1, · · · , yd|tj+1 − tj, · · · , td − tj]

)
(3.1.8)

with the induction starting with INV([y−1| − t]) = [y|t] + exp([y]0t)− 1

t
.

Example 3.1.6. Corresponding to (3.1.6) and (3.1.7), we have

INV([x−1
1 ]n) = (−1)n−1[x1]n +

(−1)n−1

n!
[x1]

n,

INV([x−1
2 , x−1

1 ]1,1) = −[x1, x2]1,1 + [x1]1[x2]1 − [x1]2 + [x2]2 + [x2]1[x1]0

+ [x1]1[x1x2]0 − [x2]1[x1x2]0 −
1

2
[x1]

2
0 + [x1x2]0[x1]0 (3.1.9)

Definition 3.1.7. HSymb is the subalgebra of HSymb generated solely by regular

symbols [xi]0, [xi1→i2 , · · · , xid→id+1
]n1,··· ,nd

.

Theorem 3.1.8. HSymb forms a graded Hopf algebra, with coproduct ∆H : HSymb →

HSymb ⊗ HSymb as the composition of the coproduct ∆H of HSymb and INV, to be

precise, ∆H = (1⊗ INV) ◦∆H

Proof. This is precisely Theorem 3.1.20, combined with Corollary 3.1.19.
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Example 3.1.9.

∆([x1, x2]1,1) = 1⊗ [x1, x2]1,1 + [x2]1 ⊗ [x1]1 − [x1x2]1 ⊗ ([x1]1 + [x1]0)

+ [x1x2]1 ⊗ [x2]1 + [x1, x2]1,1 ⊗ 1 (3.1.10)

∆([x1, x2]2,1) = 1⊗ [x1, x2]2,1 + [x1, x2]2,1 ⊗ 1− [x1, x2]1,1 ⊗ [x2]0

+ [x1, x2]1,1 ⊗ [x1x2]0 + [x2]1 ⊗ [x1]2 + [x1x2]1 ⊗
(
−[x1]2 −

1

2
[x1]

2
0

)
− [x1x2]1 ⊗ [x2]2 + [x1x2]2 ⊗ [x2]1 + [x1x2]1 ⊗ ([x2]1[x1x2]0) (3.1.11)

3.1.3 Orderings on HSymb

To order the terms in the coproduct formula 3.1.2 and in turn the variation

matrix in chapter 4, we define a total ordering on the generators of HSymb. Consider

a total ordering on Z∞
≥0 =

⋃
` Z`

≥0 where k ≺ l if

• ‖k‖ < ‖l‖

• or if ‖k‖ = ‖l‖ and dim(k) < dim(l)

• or if ‖k‖ = ‖l‖ and dim(k) = dim(l) and the rightmost nonzero entry of l− k

is negative.

Here ‖k‖ =
∑

ki is the weight for any k = (k1, · · · , k`) ∈ Z∞
≥0.

Definition 3.1.10. We can impose a total ordering on the set of regular symbols by

identifying it with Z∞
≥0 via

[xi1→i2 , · · · , xid→id+1
]n1,··· ,nd

! (0i1−1, n1, 0
i2−i1−1, n2, · · · , 0id−id−1−1, nd, 0

id+1−id−1)

Here 0i means a tuple of i zeros.
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Example 3.1.11.

0 ≺ (0, 1) ≺ (1, 0) ≺ (0, 2) ≺ (1, 1) ≺ (2, 0) ≺ (0, 3) ≺ (1, 2)

Corresponds to

1 ≺ [x2]1 ≺ [x1x2]1 ≺ [x2]2 ≺ [x1, x2]1,1 ≺ [x1x2]1 ≺ [x2]3 ≺ [x1, x2]1,2

3.1.4 Kähler differentials of HSymb

Just like normal multiple polylogarithms, we can define differentials of elements

of HSymb.

Definition 3.1.12. We define linear maps ∂i : HSymb → ΩHSymb/Q as in Proposi-

tion 2.3.4. Thinking of d[xi]0 as d log(xi) =
dxi

xi
and d[xi]1 as dLi1(xi) =

dxi

1−xi
. We

have

∂i[x1, · · · , xd]n1,··· ,nd
= [x1, · · · , xd]n1,··· ,ni−1,··· ,nd

d[xi]0, ni ≥ 2 (3.1.12)

∂d[x1, · · · , xd]n1,··· ,1 = −[x1, · · · , xd−1xd]n1,··· ,nd−1
d[xd]1 (3.1.13)

∂1[x1, · · · , xn]1,··· ,nd
= ([x1x2, · · · , xd]n2,··· ,nd

− [x2, · · · , xd]n2,··· ,nd
)d[x1]1

− [x1x2, · · · , xd]n2,··· ,nd
d[x1]0 (3.1.14)

∂i[x1, · · · , xd]n1,··· ,1,··· ,nd
= −[x1, · · · , xixi+1, · · · , xd]n1,··· ,1̂,··· ,nd

d[xi]0

+ ([x1, · · · , xixi+1, · · · , xd]n1,··· ,1̂,··· ,nd
− [x1, · · · , xi−1xi, · · · , xd]n1,··· ,1̂,··· ,nd

)d[xi]1

(3.1.15)

The differential d : HSymb → ΩHSymb/Q is defined as the sum
∑

i ∂i.
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The following result is due to the author (not included in [2]). It is useful in

that it shows that there are no formal relations among generators. It can be thought

of as an analog of the classical theorem which says polynomials with zero differential

must be constants.

Lemma 3.1.13. Consider the differential d : HSymb[πi] → ΩHSymb[πi]/Q[πi], if df = 0,

then f ∈ Q[πi] must be a constant.

Proof. The proof can be divided into several steps.

1. If we write f = f0 + (πi)f1 + · · · , where fi ∈ HSymb, then df = 0 ⇐⇒ dfi =

0,∀i. So we may assume f ∈ HSymb.

2. Let HSymb
|n|≥2 ⊂ HSymb be the subalgebra generated by regular symbols of weight no

less than 2, and denote for short [x]p0 = [x1]
p1
0 · · · [xd]

pd
0 , [x]q1 =

∏
1≤j≤k≤d

[xj→k]
qjk
1 .

Write f as

f =
∑

p1,··· ,pd,q1,··· ,qd≥0

fp,q[x]
p
0 [x]

q
1 , fp,q ∈ HSymb

|n|≥2

We will show that f ∈ HSymb
|n|≥2. Pick a term with maximal |p| + |q| 6= 0. We

may assume either pi 6= 0 for some i or qjk 6= 0 for some j < k. If we denote

p′ = (p1, · · · , pi − 1, · · · , pd), q′ = (q12, · · · , qjk − 1, · · · , qd(d+1)), then we have

either

0 = df = dfp,q[x]
p
0 [x]

q
1 + (pifp,qd[xi]0 + dfp′,q)[x]

p′

0 [x]q1 + · · ·

or

0 = df = dfp,q[x]
p
0 [x]

q
1 + (qjkfp,qd[xj→k]1 + dfp,q′)[x]p0 [x]

q′

1 + · · ·
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This implies dfp,q = 0, so fp,q is a nonzero constant by induction on weight.

But then pifp,qd[xi]0 + dfp′,q and qjkfp,qd[xj→k]1 + dfp,q′ cannot be zero.

3. Recall the ordering ≺ in 3.1.3. If we denote the greatest variable of f by L,

then we can write f = Lmfm + Lm−1fm−1 + · · · + f0, fm 6= 0,m ≥ 1. Hence

we get

0 = df = Lmdfm + Lm−1(mfmdL+ dfm−1) + · · ·+ df0

Again, by induction on the weight, dfm = 0 implies that fm is a nonzero

constant. Let us show that mfmdL+ dfm−1 cannot be zero. For this, we only

need to show that dL is not equal to dg for any g ∈ HSymb
|n|≥2 with variables

strictly less than L. Now suppose L corresponds to

(· · · ,
id−1-th

↓
nd−1 , 0, · · · , 0,

id-th
↓
nd , 0, · · · , 0)

and L′ corresponds to

(· · · , nd−1, 0, · · · , 0, nd − 1, 0, · · · , 0)

Then dL contains term L′d[xid−1→id+1
]1 or L′d[xid−1→id+1

]0 which cannot be a

term in dg.

Remark 3.1.14. Multiple polylogarithms satisfy stuffle relations [9] such as

Li1,1(x1, x2) + Li1,1(x2, x1) + Li2(x1x2)− Li1(x1) Li1(x2) = 0 (3.1.16)

so one should have

d([x1, x2]1,1 + [x2, x1]1,1 + [x1x2]2 − [x1]1[x2]1) = 0
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At first glance, this might seem contradictory, however, this won’t be an issue since

symbols like [x2, x1]1,1 with reversed order in x’s do not exist in H. This Lemma

allows us to regard HSymb as a minimally generated Hopf algebra with symbolic

multiple polylogarithmic generators, without assuming any relations.

The differential of the generating series [x1, . . . , xn|t1, . . . , tn] is straightforward

to compute, and is given by:

d[x1, . . . , xn|t1, . . . , tn] = [x1, . . . , xn|t1, . . . , tn]

(
n∑

k=1

d[xk]0tk

)

+ [x2, . . . , xn|t2, . . . , tn]d[x1]1

+
n∑

k=2

[x1, . . . , xk−1xk, . . . , xn|t1, . . . , tk−1, tk+1, . . . , tn)d[xk]1

−
n−1∑
k=1

[x1, . . . , xkxk+1, . . . , xn|t1, . . . , tk−1, tk+1, . . . , tn] (d[xk]1 + d[xk]0)

(3.1.17)

3.1.5 Morphism from iterated integrals to HSymb

In this section, we give a proof of Theorem 3.1.2 and Theorem 3.1.8 using

Goncharov’s coproduct 3.1.2 on plane trees. Note that this is different than the proof

in [8] because our proof doesn’t assume shuffle relations among the generators of

HSymb. We achieve this by constructing a Hopf algebra morphism Φ from a certain

Hopf subalgebra of I(S) to HSymb.

Out of all iterated integrals, we are particularly interested in those that can be

turned in to standard multiple polylogarithms. This is formalized as follows.

Definition 3.1.15. Let S = {0, 1} ∪ {x−1
i→j}i<j. Define ISymb is defined to be the
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Hopf subalgebra of I(S) generated by elements of the forms

I(0; 0n0−1, x−1
i1→m, 0

n1−1, · · · , x−1
id→m, 0

nd−1;x−1
id+1→m),

I(x−1
i1→m; 0

n1−1, · · · , x−1
id→m, 0

nd−1; 0), I(0; 0nd−1, x−1
id→m, · · · , 0n1−1;x−1

i1→m),

I(x−1
i1→m, 0

n1−1, · · · , x−1
id→m, 0

nd−1;x−1
id+1→m)

for any 1 ≤ i1 < · · · < id < id+1 ≤ m and nk ∈ Z≥1. Note x−1
id+1→m could be 1 if

id+1 = m.

Finally, we are ready to construct the Hopf algebra morphism Φ : ISymb →

HSymb. Its definition is based on the properties of iterated integrals.

Definition 3.1.16. [2] Suppose ai 6= 0 and denote [1]0 = 0. Then Φ : ISymb → HSymb

is defined on the generating series as follows

1.

Φ(I(0;a1, · · · , am; am+1|t0, · · · , tm)) =

(−1)m exp([am+1]0t0)

[
a2
a1

, · · · , am+1

am

∣∣∣∣t1 − t0, · · · , tm − t0

] (3.1.18)

2.

Φ(I(a0; a1, · · · , am; 0|t0, · · · , tm)) = (−1)mΦ(I(0; am, · · · , a1; a0|−tm, · · · ,−t1))

(3.1.19)

3.

Φ(I(a0; · · · ; am+1|t0, · · · , tm)) =
k∏

p=0

Φ(I(aip ; aip+1, · · · , ajp ; 0|tip , · · · , tjp))

Φ(I(0; ajp+1, · · · , aip+1−1; aip+1|tjp , · · · , tip+1−1)) (3.1.20)
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Or equivalently, Φ is defined on the generators by

Φ(I(0; 0n0−1, a1, 0
n1−1, · · · , am, 0nm−1; am+1)) =

∑
i0+···+im=n0−1

(−1)n0+i0+m−1

[am+1]
i0
0

i0!

(
n1 + i1 − 1

n1 − 1

)
· · ·
(
nm + im − 1

nm − 1

)[
a2
a1

, · · · , am+1

am

]
n1+i1,··· ,nm+im

(3.1.21)

Φ(I(a0; 0
n0−1, · · · , am, 0nm−1; 0)) = (−1)n0+···+nm−1Φ(I(0; 0nm−1, am, · · · , 0n0−1; a0))

(3.1.22)

Φ(I(a0; 0
n0−1, · · · , am, 0nm−1; am+1)) =

m∑
k=0

∑
p+q=nk>1

Φ(I(a0; · · · , ak, 0p−1; 0))Φ(I(0, 0q−1, ak+1, · · · ; am+1)) (3.1.23)

Example 3.1.17.

Φ(I(0; 0n;x−1
1 )) =

(−1)n

n!
[x1]0

Φ(I(0;x−1
i1→id+1

, 0n1−1, · · · , x−1
id→id+1

, 0nd−1; 1)) = (−1)d[xi1→i2 , · · · , xid→id+1
]n1,··· ,nd

Φ(I(0; 0,0, (x1x2)
−1, 0;x−1

2 )) = −1

2
[x2]

2
0[x1]2 − [x2]0[x1]3 − [x1]4

Φ((x1x2)
−1; 0, 0;x−1

2 ) =
1

2
[x2]

2
0 − [x1x2]0[x2]0 +

1

2
[x1x2]

2
0

Theorem 3.1.18. [2] Φ is a Hopf algebra homomorphism.

Proof. The proof can be found in [2], Proposition 6.12.

Since Φ preserves coproduct, immediately we have

Corollary 3.1.19. The coproduct on HSymb is coassociative.

To prove Theorem 3.1.8, we only need to show that coproduct commutes with

INV. This fact is straightforward yet lengthy and tedious. We put its proof in the

next section.
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3.1.6 Commutativity of the coproduct and INV

Theorem 3.1.20. The map INV : HSymb → HSymb is a homomorphism of Hopf

algebras, i.e. ∆H ◦ INV = INV ◦∆H.

Proof. ∆ ◦ INV = INV ◦∆ clearly holds for the regular terms, so we consider only

inverse terms. Assume this holds for lower depth (the depth one case INV ◦∆[y−1| −

t] = ∆ ◦ INV[y−1| − t] is elementary). By the definition of INV (3.1.8) one has

INV[y−1
d , . . . , y−1

1 |−td, . . . ,−t1] =
∑

INVAi with all Ai of lower depth. By induction,

we thus have

∆ ◦ INV[y−1
d · · · , y−1

1 | − td, · · · ,−t1] =
∑

∆ ◦ INVAi =
∑

INV ◦∆Ai, (3.1.24)

so it suffices to show that
∑

INV ◦∆Ai = INV ◦∆[y−1
d , . . . , y−1

1 | − td, . . . ,−t1]. Re-

arranging the terms this is equivalent to:

0 = INV ◦∆

(
d∑

j=0

(−1)j[y−1
j , · · · , y−1

1 | − tj, · · · ,−t1][yj+1, · · · , yd|tj+1, · · · , td]

+
d∑

j=1

(−1)j

tj
[y−1

j−1, · · · , y−1
1 | − tj−1, · · · ,−t1][yj+1, · · · , yd|tj+1, · · · , td]

−
d∑

j=1

(−1)j

tj
[y−1

j−1, · · · , y−1
1 |tj − tj−1, · · · , tj − t1]

exp([y1→d+1]0tj)[yj+1, · · · , yd|tj+1 − tj, · · · , td − tj]

)
.

(3.1.25)

We must prove (3.1.25). We write the right hand side of (3.1.25) as INV ◦∆(A+

B−C) and rewrite exp([X]0t) as X t. In what follows we use some natural notational

simplifications, e.g. we write y−1
j,...,i instead of (y−1

j , y−1
j−1, . . . , y

−1
i ) and tk−tj,...,i instead
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of (tk − tj, tk − tj−1, . . . , tk − ti). We first rewrite ∆(B) as

d∑
r=1

(−1)r

tr
∆[y−1

r−1,...,1| − tr−1,...,1]∆[yr+1,...,d|tr+1,...,d]

=
d∑

r=1

(−1)r

tr

∑
1=i0≤j0<···<iq≤r<iq+1<···<ik+1=d+1

[y−1
iq−1→iq ,...,i0→i1

| − tjq−1,...,j0 ]

[yiq+1→iq+2,...,ik→ik+1
|tjq+1,...,k]⊗ [y−1

r−1,...,iq
| − tr−1,...,iq ][yr+1,...,iq+1−1|tr+1,...,iq+1−1]

q−1∏
p=0

(−1)jp−ip+1+1y
tjp
ip→ip+1

[yjp+1,...,ip+1−1|tjp+1,...,ip+1−1 − tjp ][y
−1
jp−1,...,ip

|tjp − tjp−1,...,ip ]

k∏
p=q+1

(−1)jp−ipy
tjp
ip→ip+1

[y−1
jp−1,...,ip

|tjp − tjp−1,...,ip ][yjp+1,...,ip+1−1|tjp+1,...,ip+1−1 − tjp ],

which simplifies to

∑
1=i0≤j0<···<iq≤jq<iq+1<···<ik+1=d+1

(−1)jq

tjq
[y−1

iq−1→iq ,...,i0→i1
| − tjq−1,...,j0 ]

[yiq+1→iq+2,...,ik→ik+1
|tjq+1,...,jk ]⊗ [y−1

jq−1,...,iq
| − tjq−1,...,iq ][yjq+1,...,iq+1−1|tjq+1,...,iq+1−1](−1)iq+q+1

∏
0≤p≤k,p 6=q

(−1)jp−ipy
tjp
ip→ip+1

[y−1
jp−1,...,ip

|tjp − tjp−1,...,ip ][yjp+1,...,ip+1−1|tjp+1,...,ip+1−1 − tjp ].

(3.1.26)

Similarly, ∆(C) can be simplified to

∑
1≤i0≤j0<···<iq≤jq<iq+1<···<ik+1=d+1

(−1)jq

tjq
[y−1

iq−1→iq ,...,i0→i1
|tjq − tjq−1,...,j0 ]y

tjq
1→d+1

[yiq+1→iq+2,...,ik→ik+1
|tjq+1,...,jk − tjq ]⊗ [y−1

jq−1,...,iq
, tjq − tjq−1,...,iq ]y

tjq
1→d+1

[yjq+1,...,iq+1−1|tjq+1,...,iq+1−1 − tjq ](−1)iq+q+1

∏
0≤p≤k,p 6=q

(−1)jp−ipy
tjp−tjq
ip→ip+1

[y−1
jp−1,...,ip

|tjp − tjp−1,...,ip ][yjp+1,....ip+1−1|tjp+1,....ip+1−1 − tjp ]

(3.1.27)
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Finally, ∆(A) equals

d∑
r=0

(−1)r∆[y−1
r,...,1| − tr,...,1]∆[yr+1,...,d|tr+1,...,d]

=
d∑

r=0

(−1)r
∑

1=i0≤j0<···<iq≤r+1≤iq+1<···<ik+1=d+1

[y−1
iq−1→iq ,...,i0→i1

| − tjq−1,...,j0 ]

[yiq+1→iq+2,...,ik→ik+1
|tjq+1,...,jk ]⊗ [y−1

r,...,iq
| − tr,...,iq ][yr+1,...,iq+1−1|tr+1,...,iq+1−1]

q−1∏
p=0

(−1)jp−ip+1+1y
tjp
ip→ip+1

[yjp+1,...,ip+1−1|tjp+1,...,ip+1−1 − tjp ][y
−1
jp−1,...,ip

|tjp − tjp−1,...,ip ]

k∏
p=q+1

(−1)jp−ipy
tjp
ip→ip+1

[y−1
jp−1,...,ip

|tjp − tjp−1,...,ip ][yjp+1,...,ip+1−1|tjp+1,...,ip+1−1 − tjp ],

(3.1.28)

which simplifies to

∑
1=i0≤j0<···<iq≤iq+1<···<ik+1=d+1

[y−1
iq−1→iq ,...,i0→i1

| − tjq−1,...,j0 ]

[yiq+1→iq+2,...,ik→ik+1
|tjq+1,...,jk ]

⊗
(−1)q ∑

iq≤r+1≤iq+1

(−1)r−iq+1[y−1
r,...,iq

| − tr,...,iq ][yr+1,...,iq+1−1|tr+1,...,iq+1−1]


∏

0≤p≤k,p 6=q

(−1)jp−ipy
tjp
ip→ip+1

[y−1
jp−1,...,ip

|tjp − tjp−1,...,ip ][yjp+1,...,ip+1−1|tjp+1,...,ip+1−1 − tjp ].

(3.1.29)

We split the sum into two parts depending on whether or not iq = iq+1:

∑
1=i0≤j0<···<iq<iq+1<···<ik+1=d+1

,
∑

1=i0≤j0<···<iq=iq+1<···<ik+1=d+1

(3.1.30)

We then apply INV and use induction on the bracket of (3.1.29). The first sum
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becomes

INV

 ∑
1=i0≤j0<···<iq<iq+1<···<ik+1=d+1

[y−1
iq−1→iq ,...,i0→i1

| − tjq−1,...,j0 ]

[yiq+1→iq+2,...,ik→ik+1
|tjq+1,...,jk ]

⊗
(−1)q−

∑
iq≤r≤iq+1−1

(−1)r−iq+1

tr
[y−1

r−1,...,iq
| − tr−1,...,iq ][yr+1,...,iq+1−1|tr+1,...,iq+1−1]

+
∑

iq≤r≤iq+1−1

(−1)r−iq+1

tr
[y−1

r−1,...,iq
|tr − tr−1,...,iq ]y

tr
iq→iq+1

[yr+1,...,iq+1−1|tr+1,...,iq+1−1 − tr]


∏

0≤p≤k,p 6=q

(−1)jp−ipy
tjp
ip→ip+1

[y−1
jp−1,...,ip

|tjp − tjp−1,...,ip ][yjp+1,...,ip+1−1|tjp+1,...,ip+1−1 − tjp ]

}
.

(3.1.31)

This equals

= − INV

 ∑
1=i0≤j0<···<iq≤jq<iq+1<···<ik+1=d+1

(−1)jq−iq+q+1

tjq
[y−1

iq−1→iq ,...,i0→i1
| − tjq−1,...,j0 ]

[yiq+1→iq+2,...,ik→ik+1
|tjq+1,...,jk ]⊗ [y−1

jq−1,...,iq
| − tjq−1,...,iq ][yjq+1,...,iq+1−1|tjq+1,...,iq+1−1]∏

0≤p≤k,p 6=q

(−1)jp−ipy
tjp
ip→ip+1

[y−1
jp−1,...,ip

|tjp − tjp−1,...,ip ][yjp+1,...,ip+1−1|tjp+1,...,ip+1−1 − tjp ]

}

+ INV

 ∑
1=i0≤j0<···<iq≤jq<iq+1<···<ik+1=d+1

(−1)jq−iq+q+1

tjq
[y−1

iq−1→iq ,...,i0→i1
| − tjq−1,...,j0 ]

[yiq+1→iq+2,...,ik→ik+1
|tjq+1,...,jk ]⊗ [y−1

jq−1,...,iq
|tjq − tjq−1,...,iq ][yjq+1,...,iq+1−1|tjq+1,...,iq+1−1 − tjq ]

y
tjq
iq→iq+1

∏
0≤p≤k
p 6=q

(−1)jp−ipy
tjp
ip→ip+1

[y−1
jp−1,...,ip

|tjp − tjp−1,...,ip ][yjp+1,...,ip+1−1|tjp+1,...,ip+1−1 − tjp ]

 ,

(3.1.32)
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which we write as − INV(T1) + INV(T2). The second sum becomes

INV

 ∑
1=i1≤j1<···<ik+1=d+1

(
∑

0≤q≤k

(−1)q[y−1
iq→iq+1,...,i1→i2

| − tjq ,...,j1 ][yiq+1→iq+2,...,ik→ik+1
|tjq+1,...,jk ]

)

⊗
∏

1≤p≤k

(−1)jp−ipy
tjp
ip→ip+1

[y−1
jp−1,...,ip

|tjp − tjp−1,...,ip ][yjp+1,...,ip+1−1|tjp+1,...,ip+1−1 − tjp ]

}

= INV

 ∑
1=i1≤j1<···<ik+1=d+1

(

−
∑

1≤q≤k

(−1)q

tjq
[y−1

iq−1→iq ,...,i1→i2
| − tjq−1,...,j1 ][yiq+1→iq+2,...,ik→ik+1

|tjq+1,...,jk ]

+
∑

1≤q≤k

(−1)q

tjq
[y−1

iq−1→iq ,...,i1→i2
|tjq − tjq−1,...,j1 ]y

tjq
1→d+1[yiq+1→iq+2,...,ik→ik+1

|tjq+1,...,jk − tjq ]

)

⊗
∏

1≤p≤k

(−1)jp−ipy
tjp
ip→ip+1

[y−1
jp−1,...,ip

|tjp − tjp−1,...,ip ][yjp+1,...,ip+1−1|tjp+1,...,ip+1−1 − tjp ]

}
.

(3.1.33)

This equals

= − INV

 ∑
1=i0≤j0<···<ik+1=d+1

(−1)q

tjq
[y−1

iq−1→iq ,...,i0→i1
| − tjq−1,...,j0 ][yiq+1→iq+2,...,ik→ik+1

|tjq+1,...,jk ]

⊗
∏

0≤p≤k

(−1)jp−ipy
tjp
ip→ip+1

[y−1
jp−1,...,ip

|tjp − tjp−1,...,ip ][yjp+1,...,ip+1−1|tjp+1,...,ip+1−1 − tjp ]

}

+ INV

 ∑
1=i0≤j0<···<ik+1=d+1

(−1)q

tjq
[y−1

iq−1→iq ,...,i0→i1
|tjq − tjq−1,...,j0 ]y

tjq
1→d+1

[yiq+1→iq+2,...,ik→ik+1
|tjq+1,...,jk − tjq ]

⊗
∏

0≤p≤k

(−1)jp−ipy
tjp
ip→ip+1

[y−1
jp−1,...,ip

|tjp − tjp−1,...,ip ][yjp+1,...,ip+1−1|tjp+1,...,ip+1−1 − tjp ]

}
(3.1.34)

which we write as − INV(T3) + INV(T4). We note that

∆(B) = T1, ∆(C) = T4, T2 = T3. (3.1.35)
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This implies that INV ◦∆(A+B − C) = 0, proving the claim.

3.2 Associated one-forms of multiple polylogarithms

3.2.1 Motivation

Recall Goncharov’s definition of Bn(F ) group as Z[P1
F ]/Rn(F ), where gener-

ators [a]n may be viewed as Lin(a) and Rn(F ) is the subgroup generated by all

functional relations between polylogarithms. These Bn(F ) groups make up the Bloch

complex (1.1.3)

Bn(F )
δn−→ Bn−1(F )⊗ F× δn−1−−→ Bn−1(F )⊗

∧2 F× → · · · δ2−→
∧n F×

The differentials are

δn([a]) = [a]⊗ a, δ2([a])⊗ b = a ∧ (1− a) ∧ b

δk([a])⊗ b = [a]⊗ a ∧ b, ∀2 < k < n

(3.2.1)

Goncharov conjectured that the i-th cohomology group of this complex is rationally

isomorphic to H i
M(F,Q(n)).

In [12], Zickert considered lifted polylogarithms which are functions from Ĉ to

C/ (2πi)n

(n−1)!
Z defined by

L̂n(u, v) =
n−1∑
r=0

(−1)r

r!
Lin−r(e

u)ur − (−1)n

n!
un−1v (3.2.2)

He then constructed groups B̂n(C) = Z[Ĉ]/R̂n(C), where generators [(u, v)]n repre-

sent L̂n(u, v) and R̂n(C) is generated by functional relations among L̂n. These B̂

groups forms a chain complex Γ̂(C, n)

B̂n(C)
δ̂n−→ B̂n−1(C)⊗ Ĉ δ̂n−1−−→ B̂n−2(C)⊗

∧2 Ĉ → · · · δ̂2−→
∧n Ĉ (3.2.3)
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where the differentials are

δ̂n([(u, v)]) = [(u, v)]⊗ u, δ̂2([(u, v)])⊗ a = u ∧ v ∧ a

δ̂k([(u, v)])⊗ a = [(u, v)]⊗ u ∧ a, ∀2 < k < n

(3.2.4)

Zickert conjectures that its i-th cohomology group is integrally isomorphic to

H i
M(C,Z(n)). In particular, he argued that L̂n, viewed as a map from ker δ̂n to

C/(2πi)nZ, should correspond to the cycle map (see [?])

bn : CHn(SpecC, 2n− 1) → H1
D(SpecC,Z(n)) (3.2.5)

Since the Chow group CHn(X, 2n− i) isomorphic to H i
M(X,Z(n)) for an alge-

braic manifold X (see [?]), and the Deligne cohomology H i
D(SpecC,Z(n)) is isomor-

phic to C/(2πi)nZ. Therefore bn can be regarded as a map from H i
M(SpecC,Z(n))

to C/(2πi)nZ.

These lifted polylogarithms have well-defined differential one-forms in Ω1(Ĉ):

wn(u, v) = dL̂n = (−1)n
n− 1

n!
un−2(udv − vdu) (3.2.6)

If we treat coordinates u, v as indeterminates in the polynomial ring C[u, v], then

wn(u, v) ∈ Ω1
C[u,v]/C. It is tempting to define lifted multiple polylogarithms L̂n1,··· ,nd

such that

i. They are functions from Ŝd(C) to C/ (2πi)n

(n−1)!
Z, where n = n1 + · · ·+ nd.

ii. They can be expressed as sums and products of multiple polylogarithms of lower

weights.

iii. Their differentials dL̂n1,··· ,nd
are in Ω1

C[{ui,vj,k}]/C.
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Unfortunately, this cannot be done. In fact, Zickert defined L̂1,1, L̂2,1, L̂1,2, L̂1,1,1

(unpublished), but that the best one can do for L̂3,1 is such that

dL̂3,1 = w3,1 − w2(u2, v2)L̂2(u1,2, v1,2), dw3,1 = w2(u2, v2) ∧ w2(u1,2, v1,2) (3.2.7)

Here u1,2 stands for u1 + u2. Note that w3,1 is neither exact (not the differential of

L̂3,1) nor closed. This suggests a Hodge structure hidden behind these lifted multiple

polylogarithms, similar to Zhao’s description of variation of Hodge structures of

multiple polylogarithms. We will tackle this problem in Chapter 4.

These one-forms wn1,··· ,nd
can be obtained from the symbols of the multiple

polylogarithm Lin1,··· ,nd
[2]. By first applying Gangl’s projection map P in Defini-

tion 2.2.17 and then the map

a1 ⊗ · · · ⊗ an → (−1)n+1

(n− 1)!
a2 · · · anda1 (3.2.8)

These one-forms have nice combinatorial properties. We will discuss them in the

next section and later on in Chapter 4.

3.2.2 One-forms

Definition 3.2.1. Let H be a connected graded Hopf algebra. Consider the one-

forms map wf : T ∗H1 → Ω1
Q[H1]/Q

wf (a1 ⊗ · · · ⊗ an) =
(−1)n+1

n!

∑
1≤i≤n

(−1)i−1

(
n− 1

i− 1

)
a1 · · · dai · · · an (3.2.9)

Theorem 3.2.2. wf is equal to the composition of P in Definition 2.2.17 and map

in (3.2.8).

Proof. The proof can be found in [2] Lemma 4.3 with Π as P .
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Definition 3.2.3. The one form map w : HSymb → ΩQ[ui,vj,k]/Q is defined to be

the composite of the symbol map ∆1,··· ,1 : HSymb → T ∗HSymb
1 , wf : T ∗HSymb

1 →

ΩQ[HSymb
1 ]/Q, and ws : ΩQ[HSymb

1 ]/Q → ΩQ[{ui,vj,k}]/Q. Where ws substitute [xi]0 into ui

and [xj→k+1]1 into −vj,k.

Example 3.2.4.

w([x1]n) =
(−1)n

n!
un−2
1 (u1dv1 − v1du1), n ≥ 2 (3.2.10)

w([x1, x2]1,1) = −1

2
u1dv1,2 +

1

2
v1,2du1 +

1

2
v1dv1,2 −

1

2
v2dv1,2

− 1

2
v1,2dv1 +

1

2
v1,2dv2 −

1

2
v1dv2 +

1

2
v2dv1 (3.2.11)

Note that(3.2.10) corresponds to (3.2.6) up to a constant (n− 1).

3.3 Free contraction Hopf algebras

We will construct several different Hopf algebras at the end of this section,

and justifying the Hopf algebra structure of each one individually would require

significant effort. Instead, we introduced the notion of a contraction system, which

captures the essence of the coproduct 3.1.2. Consider maps (i1, i2, · · · , id+1) that

contracts variables

Sn(C)
(i1,i2,··· ,id+1)−−−−−−−−→ Sd(C)

(y1, y2, · · · , yn) 7→

( ∏
i1≤r<i2

yr,
∏

i2≤r<i3

yr, · · · ,
∏

id≤r<id+1

yr

) (3.3.1)

Then the pullback

(i1, i2, · · · , id+1)
∗ Lin1,··· ,nd

(y1, · · · , yn) = Lin1,··· ,nd
(yi1→i2 , · · · , yid→id+1

) (3.3.2)

appears in the second term of the tensor products in the coproduct formula 3.1.2.
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3.3.1 Contraction System

A contraction system is a category that formalizes the contraction property

described in (3.3.2). In fact, it is equivalent to a semisimplical category with X1 = {∗}.

However, we retain the term “contraction system” because it is more suggestive of

the context of our work. Hopf algebras in Definition 3.3.6 are called contraction

algebras due to this.

Let’s denote C as the category where

• The objects are sets of the form [n] = {0, 1, · · · , n} for n ≥ 1.

• A morphism from [n] to [d] is given by a tuple i = (i1, · · · , id+1), 1 ≤ i1 <

· · · < id+1 ≤ n+ 1.

• The identity morphism for each object [n] is 1 = (1, 2, · · · , n+ 1)

• and composition of j = (j1, · · · , jk+1) : [d] → [k] and i is j ◦ i = (ij1 , · · · , ijk+1
).

Example 3.3.1. Let X =
⋃

d X d be the set of continuous products of x symbols

where X d = {(xi1→i2 , · · · , xid→id+1
)}. Then X forms a contraction system with

contractions

X d (j1,··· ,jk+1)−−−−−−→ X k, (xi1→i2 , · · · , xid→id+1
) 7→ (xij1→ij2

, · · · , xijk→ijk+1
)
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With this notation, (3.1.2) becomes

∆([y|t]) =
∑

[(i1, · · · , id+1)y|tj1 , . . . , tjk ]
⊗ k∏

α=0

(−1)jα−iα exp([(iα, iα+1)y]0tjα)

[((iα, iα + 1, · · · , jα)y)−1|tjα − tjα−1, . . . , tjα − tiα ]

[(jα + 1, jα + 2, · · · , iα+1)y|tjα+1 − tjα , . . . , tiα+1−1 − tjα ].

(3.3.3)

The sum is over all instances of 1 = i0 ≤ j0 < i1 ≤ j1 < · · · < ik ≤ jk < ik+1 = d+1.

Example 3.3.2. We can turn the maps in Example 3.3.1 into maps between schemesSn = SpecZ

x±1
i ,

( ∏
j≤r<k

xr − 1

)−1


where Sn
(i1,··· ,id+1)−−−−−−→ Sd is given by xp 7→

∏
ip≤r<ip+1

xr.

We would like to interpret the sets in both examples as functors, this leads to

a formal definition of a contraction system.

Definition 3.3.3. A contraction system in D is defined as a functor from C to D .

A morphism between contraction systems is a natural transformation.

Example 3.3.4. Given a field F , all morphisms between contraction systems

X → {Sn(F )} are in one-to-one correspondence with tuples {(ai)i∈Z>0 , ai ∈ F}

determined by {xi → ai}i∈Z>0

Example 3.3.5. Suppose F is a field and π : E → F ∗ is a torsion free extension of

F ∗ by Z. Similar to the construction of Ŝd(C) (where π = exp : C → C∗), we can

construct a contraction system {Ŝn(F )} as

Ŝn(F ) =
{
({ui}1≤i≤n, {vj,k}1≤j≤k≤n) ∈ En+(n+1

2
)
∣∣∣π (∑k

r=j ur

)
+ π(vj,k) = 1,∀j ≤ k

}
(3.3.4)
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and the contraction maps are

(i1, · · · , id+1) ({up}p, {vj,k}j≤k) =

({∑iq+1−1
r=iq

ur

}
q
,
{
vij ,ik+1−1

}
j≤k

)
(3.3.5)

3.3.2 Free contraction Hopf algebra

In this subsection, we want to construct H and H as functors from the category

of contraction systems to the category of graded Hopf algebras.

Definition 3.3.6. [2] For any contraction system A, we define H(A) to be the free

algebra generated by regular symbols [α]n1,··· ,nd
and inverted symbols [α−1]nd,··· ,n1 ,

where α ∈ Ad,n = (n1, · · · , nd) ∈ Zd
>0 and [α]0, [α

−1]0, α ∈ A1 modulo relations

[(i1, i2)α]0 + [(i2, i3)α]0 = [(i1, i3)α]0, ∀α ∈ Ad, d ≥ 2, [α−1]0 = −[α]0

Here d is referred to as the depth. We also denote H(A) as the subalgebra of H(A)

generated solely by regular symbols [α]n1,··· ,nd
, [α]0.

Similar to (3.1.8), we can also define INV : H(A) → H(A) which fixes the

regular symbols and acts on inverted symbols inductively as

INV([y−1| − td, · · · ,−t1])

=
d−1∑
j=0

(−1)d−1+j INV([((1, · · · , j + 1)y)−1| − tj, · · · ,−t1])[(j + 1, · · · , d+ 1)y|tj+1, · · · , td]

+
d∑

j=1

(−1)d−1+j

tj
INV([((1, · · · , j)y)−1| − tj−1, · · · ,−t1])[(j + 1, · · · , d+ 1)y|tj+1, · · · , td]

+
d∑

j=1

(
(−1)d+j

tj
INV([((1, · · · , j)y)−1|tj − tj−1, · · · , tj − t1])

exp([(1, d+ 1)y]0tj)[(j + 1, · · · , d+ 1)y|tj+1 − tj, · · · , td − tj]

)
(3.3.6)
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Proposition 3.3.7. The coproduct ∆ given by (3.3.3) and

∆([α±]0) = 1⊗ [α]0 + [α±]0 ⊗ 1, ∆([α]±1 ) = 1⊗ [α±]1 + [α±]1 ⊗ 1

on any H(A) and H(A) define Hopf algebra structures.

Proof. The proof is straightforward. See [2], Theorem 2.15.

Example 3.3.8. With X defined in Example 3.3.1, it is not hard to see that

H(X ) = HSymb, H(X ) = HSymb.

We call these H(A) and H(A) free contraction Hopf algebras. And we have the

following proposition.

Proposition 3.3.9. H, H are functors from the category of contraction systems to

the category of graded Hopf algebras.

Example 3.3.10. Suppose A is the contraction system {Sn(F )}, then the corre-

sponding free contraction Hopf algebras are denoted by HSymb
(F ), HSymb(F ). The

corresponding free contraction Hopf algebra of {Ŝn(F )} in Example 3.3.5 is denoted

ĤSymb
E (F ) or ĤSymb(F ) for short. Specifically, if E = F = C and π : C → C∗ is the

exponential map, we get the free contraction Hopf algebra as ĤSymb(C).

More generally, we can construct sheaves of Hopf algebras over manifolds.

Example 3.3.11. Let M be a smooth complex manifold and U be an open subset of

M , then holomorphic maps from U to Ŝn(C) forms a contraction system where the

contraction maps Ω0(U, Ŝn(C)) → Ω0(U, Ŝd(C)) are simply induced by contraction

maps Ŝn(C) → Ŝd(C). This way we obtain a sheaf ĤSymb
M of Hopf algebras on M .
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3.4 Motivic complex

In this section, we assume 0 → Z → E
π−→ F ∗ → 0 is a torsion free Z

extension, and construct candidates for motivic complexes in Question 1.1.1 ii. and

Question 1.1.2 iii.. And we formulate the conjecture that relates motivic cohomology

and singular cohomology through our construction.

3.4.1 The LSymb complex

Recall that according to Definition 2.2.14, any connected graded Hopf algebra

modulo products defines a Lie coalgebra, it is natural to define Lie coalgebras

LSymb := HSymb/(HSymb
>0 ·HSymb

>0 )

L̂Symb(F ) := ĤSymb(F )/
(
ĤSymb(F )>0 · ĤSymb(F )>0

)
L̂Symb

M := ĤSymb
M /

(
ĤSymb

M >0 · Ĥ
Symb
M >0

) (3.4.1)

The one form map HSymb → Ω1
Q[{ui,vj,k}]/Q induces a chain map from its Chevalley-

Eilenberg complex
∧∗ LSymb to the de Rham complex Ω∗

Q[{ui,vj,k}]/Q.

Remark 3.4.1. Even though HSymb, ĤSymb(F ) and ĤSymb
M are defined over Q, but

LSymb, L̂Symb(F ) and L̂Symb
M are defined over Z.

Theorem 3.4.2. [2] The one-form map induces a chain map from
∧∗ LSymb to

Ω∗
Q[{ui,vj,k}]/Q, i.e. the following diagram commutes

LSymb
∧2 LSymb

∧3 LSymb · · ·

Ω1 Ω2 Ω3 · · ·

w

δ

w∧w

1∧δ−δ∧1

w∧w∧w

d d d
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Proof. First we show that wf defined in (3.2.9) induces a chain map wf :
∧∗ L(T (H1)) →

Ω∗, where L(T (H1)) =
T (H1)

T (H1)>0·T (H1)>0
. This is Proposition 4.4 in [2].

On the other hand, ∆1,··· ,1 induces a chain map L(H) to L(T (H1)) by Proposi-

tion 2.2.20, where L(H) = H
H>0·H>0

. Composing both chain maps, we obtain a chain

map from
∧∗ LSymb to Ω∗

Q[{ui,vj,k}]/Q.

3.4.2 Main conjectures

In [12], Zickert defined the lifted Bloch complex Γ̂(F, n)

B̂n(F )
δ̂1−→ B̂n−1(F )⊗ E

δ̂2−→ B̂n−2(F )⊗
∧2E → · · · → B̂2(F )⊗

∧n−2E
δ̂n−1−−→

∧n E

(3.4.2)

with differentials given by 3.2.4. Assuming π : E → F ∗ is an Z extension. He

conjectured that the i-th cohomology group of this complex is integrally isomorphic

to H i
M(F,Z(n)).

We wish to generalize the Bloch complex (1.1.3) and the lifted Bloch com-

plex (3.4.2) to include generators representing multiple polylogarithms and lifted

multiple polylogarithms. Similar to the definition of B and B̂ groups, we define

Ln(F ) and L̂n(F ) to be LSymb
n (F )/Rn(F ) and L̂Symb

n (F )/R̂n(F ) respectively. Where

Rn(F ) is inductively defined similar to Goncharov [7], which can be found in [1],

section 3. And R̂n(F ) is yet unknown, but it should be constructed similar to that

in [12], and it is expected to be generated by all functional relations between lifted

multiple polylogarithms of weight n.

Their Chevalley-Eilenberg complexes
∧∗ L(F ) and

∧∗ L̂(F ) will be referred
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to as the motivic complex and lifted motivic complex. We conjecture that they

compute rational and integral motivic cohomology, respectively.

Conjecture 3.4.3.

H i
(
(
∧∗ L(F ))n

)
Q
∼= H i

M(F,Q(n))Q, H i
((∧∗ L̂(F )

)
n

)
∼= H i

M(F,Z(n))

We use subscript Q in the first isomorphism to indicate that this only conjectured to

be true rationally.

L̂Symb
M also defines a sheaf of Lie coalgebras over a complex manifold M . Theo-

rem 3.4.2 induces a sheaf map
∧∗ L̂Symb

M → Ω∗
M defined locally by L̂Symb

M (U) → Ω1
M(U)

as pulling back of one-form map w. For example, for f = (f1, f2, f3, f4, f5) : U → Ŝ2,

that

w([f ]1,1) =
1

2
(−f ∗

1u1f
∗
5dv1,2 + f ∗

5 v1,2f
∗
1du1 + f ∗

3 v1f
∗
5dv1,2

− f ∗
4 v2f

∗
5dv1,2 − f ∗

5 v1,2f
∗
3dv1 + f ∗

5 v1,2f
∗
4dv2 − f ∗

3 v1f
∗
4dv2 + f ∗

4 v2f
∗
3dv1) ∈ Ω1

M(U).

(3.4.3)

Assume RM is the subsheaf of L̂Symb
M generated by functional relations of lifted

multiple polylogarithms pullback to M . Then
∧∗ L̂M → Ω∗

M is well defined. Since

one forms are differentials of lifted multiple polylogarithms modulo products of lower

weight functions, and the differential of any functional relation should be zero.

Conjecture 3.4.4. [2] If M is an algebraic manifold, we conjecture the following

diagram commutes

H i(M, (
∧∗ L̂M)n) H i(M,Ω∗

M)

H i
M(M,Z(n)) H i(M,C)

∼=
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Recall from Definition 2.2.15 that (
∧∗ L̂M)n is the degree n part of the complex. The

top arrow is induced by
∧• L̂M → Ω•, the bottom arrow is the realization functor

from integral motivic cohomology to singular cohomology, the right arrow is the

isomorphism between de Rham cohomology and singular cohomology [14], and the

left arrow is yet unclear and requires further investigation.
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Chapter 4: Variation of Mixed Hodge Structures of Multiple Polylog-

arithms

Deligne and Beilinson first constructed the variation matrix

L(z) =



1

Li1(z) 1

Li2(z) log(z) 1

Li3(z)
1
2
log2(z) log(z) 1

... ... ... . . . . . .

Lin(z)
1

(n−1)!
logn−1(z) 1

(n−2)!
logn−2(z) · · · log(z) 1



(4.0.1)

as the fundamental solution to the linear partial differential equation

dL(z) =



0

dz
1−z

0

dz
z

0

dz
z

0

. . . . . .

dz
z

0



L(z) (4.0.2)
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They computed the monodromy matrices for L(z)τ(2πi) which are

Mσ0 =



1

1

1 1

1
2

1 1

... . . . . . . . . .

1
(n−1)!

· · · 1
2

1 1



, Mσ1 =



1

−1 1

1

1

. . .

1



(4.0.3)

Here σ0, σ1 are loops around 0, 1, generating π1(P1 − {0, 1,∞}), and

τ(2πi) =



1

2πi

(2πi)2

(2πi)3

. . .

(2πi)n


In this chapter, we will construct variation matrices for multiple polylogarithms,

describe variations of mixed Hodge structures with it. This has been done by Zhao [9],

but only for multiple logarithms. And at the last section, we discuss two other

potential applications of variation matrices.

4.1 Variation matrix

Goncharov’s coproduct (2.3.13) naturally defines a matrix satisfying Theo-

rem 4.1.3, which we will refer to as the variation matrix. This matrix is a lower-
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triangular unipotent square matrix, with rows and columns determined by Gon-

charov’s coproduct formula (2.3.13) on iterated integrals. Goncharov used this

concept to describe a variation of mixed Hodge structures on the torsor of path in

C− {a1, · · · , an} (see [21], Section 5).

In this section, we shall first prove that the variation matrix behaves as a

group-like element under the coproduct. We also derive a matrix of symbols by

repeatedly applying the coproduct, and a matrix of one-forms by further apply the

one-form map w to these symbols.

4.1.1 Variation matrix for iterated integrals

Definition 4.1.1. Suppose {ai}n+1
i=0 ⊆ S, the rows and columns of Goncharov’s

variation matrix V Ĩ are parameterized by tuples

i = (i0, · · · , in+1), 0 = i0 < i1 < · · · < id < id+1 = n+ 1

and entries in Ĩ(S). Specifically, the (i, j) entry of V is defined as

V Ĩ
i,j =


∏m

p=0 I(aikp ; aikp+1
, · · · ; aikp+1

), if j = (ik0 , · · · , ikm+1) is a subsequence of i

0, otherwise
(4.1.1)

Remark 4.1.2. Note that here we did not specify the order of rows and columns of

the variation matrix. In fact, we can choose any ordering of the indices as long as

we make sure that if j is a subsequence of i, then the j-th row/column is before the

i-th row/column.
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We are now ready to state the group-like hehavior of the variation matrix.

Theorem 4.1.3. We have ∆(V Ĩ)T = (V Ĩ)T ⊗ (V Ĩ)T . Here ·T means matrix

transpose.

Proof. This is a direct corollary of Theorem 4.1.8.

We say that V Ĩ is a profinite matrix because for a fixed i = (i0, · · · , in+1) we

can define the variation (square) matrix for I(ai0 , · · · , ain+1) to be the submatrix

with rows and columns indexed by all indices j = (ik0 , · · · , ikm+1) with k0 = 0,

km+1 = n+ 1.

Example 4.1.4. The variation matrix for I(a0; a1, a2; a3) is

1 0 0 0

I(a0; a1; a3) 1 0 0

I(a0; a2; a3) 0 1 0

I(a0; a1, a2; a3) I(a1; a2; a3) I(a0; a1; a2) 1


(4.1.2)

4.1.2 Variation matrix for free contraction Hopf algebras

We would like to generalize the concept of variation matrix by defining it for

a free contraction Hopf algebra H, equipped with a total graded ordering ≺ on

its generators. This generalization allows us to state and derive results about the

variation matrix in a more abstract setting, making it easier to explore its properties.

Definition 4.1.5. Suppose H is a free contraction Hopf algebra with W being the

set of generators, and there is a total graded ordering ≺ on W. The variation matrix

is a matrix V H where
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• the first column is all of its generators in order.

• the rest of the matrix are determined by the coproduct formula

∆(v) =
∑
w∈W

w ⊗ V H
v,w

We call the entry of V H
v,w the complementary entry of w with respect to v. If in

addition W is isomorphic to (Z∞
≥0,≺) in 3.1.3 as a totally ordered graded countable

set. Then we can parameterize the rows and columns of V H by indices in Z∞
≥0.

Remark 4.1.6. Note that V H
v,w = 0 if dim(v) 6= dim(w) or if v ≺ w, so V H is a

lower right triangular unipotent matrix, and there are only finitely many entries in

each row and column if the coproduct formula is finite.

Using this definition, the variation matrix from Definition 4.1.1 becomes a

variation matrix with H = Ĩ(S).

While writing down the entire variation matrix is impractical due to it profinite

nature, it is feasible to express its submatrices truncated at specific entries, allowing

us to study the matrix while retaining essential information about its structure.

Definition 4.1.7. The variation matrix of an element v is the submatrix of V H

with the rows whose first entry appears in the coproduct of ∆(v), and columns of

the same indices as rows.

Since the definition of the variation matrix relies on the coproduct, the group-

like property is now obtained automatically. This simplifies our analysis, as the

matrix inherently satisfies this key structural property.
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Theorem 4.1.8. The variation matrix satisfies ∆(V H)T = (V H)T ⊗ (V H)T

Proof. The proof simply uses coassociativity of the coproduct. First, note that

∆2(v) =
∑
w

w ⊗∆(V H
v,w)

On the other hand

∆2(v) =
∑
w

∆(w)⊗ V H
v,w

=
∑
w

(∑
u

u⊗ V H
w,u

)
⊗ V H

v,w

=
∑
w,u

u⊗ V H
w,u ⊗ V H

v,w

=
∑
u,w

w ⊗ V H
u,w ⊗ V H

v,u

=
∑
w

w ⊗

(∑
u

V H
u,w ⊗ V H

v,u

)

Comparing both we have

∆(V H
v,w) =

∑
u

V H
u,w ⊗ V H

v,u (4.1.3)

This concludes the theorem.

Recall the Definition 3.1.15. H = ISymb produces a variation matrix V I. Apply

the Hopf algebra morphism Φ and map INV, we will subsequently derive variation

matrices V H = Φ(V I) and V H = INV(V H). Each of these three variation matrices

can be useful in different scenarios, depending on the specific properties or structures

we wish to emphasize or explore.
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Example 4.1.9. The V I variation matrix of I(0; a1, 0, a2; a3) is

1 0 0 0 0 0

I(0; a2; a3) 1 0 0 0 0

I(0; a1; a3) 0 1 0 0 0

I(0; a1, a2; a3) I(0; a1; a2) I(a1; a2; a3) 1 0 0

I(0; a1, 0; a3) 0 I(a1; 0; a3) 0 1 0

I(0; a1, 0, a2; a3) I(0; a1, 0; a2) I(a1; 0, a2; a3) I(a1; 0; a2) I(0; a2; a3) 1


(4.1.4)

Example 4.1.10. The V H variation matrix of [x1, x2]2,1 is

1 0 0 0 0 0

[x2]1 1 0 0 0 0

[x1x2]1 0 1 0 0 0

[x1, x2]1,1 [x1]1 [x2]1 − [x−1
1 ]1 1 0 0

[x1x2]2 0 [x1x2]0 0 1 0

[x2, x2]2,1 [x1]2 [x−1
1 ]2 − [x2]2 + [x2]1[x1x2]0 [x1]0 [x2]1 1



(4.1.5)

The V H variation matrix of [x1, x2]2,1 is

1 0 0 0 0 0

[x2]1 1 0 0 0 0

[x1x2]1 0 1 0 0 0

[x1, x2]1,1 [x1]1 [x2]1 − [x1]1 − [x1]0 1 0 0

[x1x2]2 0 [x1x2]0 0 1 0

[x2, x2]2,1 [x1]2 −[x1]2 − [x2]2 − 1
2
[x1]

2
0 + [x2]1[x1x2]0 [x1]0 [x2]1 1



(4.1.6)
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To better prepare for the monodromy computations in Chapter 5, we will now

discuss the structure of V I in much greater detail. To streamline this discussion,

we will introduce some shorthand notations that will make the expressions more

manageable and concise.

Definition 4.1.11. Inspired by Zhao [9]. For a word w = σj1 · · ·σjm we define

Iw(ai0 ; ai1 , · · · , ain ; ain+1) to be 0 if (j1, · · · , jm) is a not subsequence of (i1, · · · , in)

and otherwise the sum of all possible

I(ai0 ; · · · ; aj1)I(aj1 ; · · · ; aj2) · · · I(ajm ; · · · ; ain+1)

Example 4.1.12.

Iσ1σ2
0(0; a1, 0, 0, a2, 0; 1) = I(0; a1)I(a1; 0)I(0; 0)I(0; a2, 0; 1)

+ I(0; a1)I(a1; 0)I(0; 0, a2; 0)I(0; 1)

+ I(0; a1)I(a1; 0; 0)I(0; a2; 0)I(0; 1)

With this shorthand, (2.3.13) now reads

∆I(a0; a1, · · · ; an; an+1) =∑
0=i0<i1<···<ik<ik+1=n+1

I(ai0 ; ai1 , · · · , aik ; aik+1
)⊗ Iσi1

···σik (a0; a1, · · · ; an; an+1)

(4.1.7)

Since 0 could appear multiple times in the iterated integral, so the coproduct (4.1.7)

may have collapsing terms and degenerates. For example, we just have

∆′I(0; a1, 0, 0; 1) = I(0; a1, 0; 1)⊗(I(a1; 0; 0) + I(0; 0; 1))+I(0; a1; 1)⊗I(a1; 0, 0; 1)

(4.1.8)
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where

I(0; 0, 0; 1)⊗ I(0; a1; 0), I(0; 0; 1)⊗ I(0; a1; 0)I(0; 0; 1), I(0; 0; 1)⊗ I(0; a1, 0; 0)

are degenerates, and

I(0; a1, 0; 1)⊗ I(a1; 0; 0), I(0; a1, 0; 1)⊗ I(0; 0; 1)

simply collapsed into I(0; a1, 0; 1)⊗ (I(a1; 0; 0) + I(0; 0; 1)).

We are now ready to describe the variation matrix of

(−1)dI(0; a1, 0
n1−1, · · · , ad, 0nd−1; 1)

in ISymb(d). The inclusion of the sign (−1)d accounts for the sign in (2.3.3). Given

the profinite nature of the variation matrix, this description provides a complete

description of V I. We summarize this in the following Proposition.

Proposition 4.1.13. The first column of the variation matrix of

(−1)dI(0; a1, 0
n1−1, · · · , ad, 0nd−1; 1)

consist of entries of the form

(−1)kI(0; ai1 , 0
mi1

−1, · · · , aik , 0mik
−1; 1)

where (i1, · · · , ik) is a subsequence of (1, · · · , d) and miα ≤ niα . They are ordered by

the corresponding words σi1σ
mi1

−1

0 · · ·σikσ
mik

−1

0 , where we define σi1σ
mi1

−1

0 · · ·σikσ
mik

−1

0 ≺

σj1σ
pj1−1

0 · · ·σjlσ
pjl−1

0 if

• mi1 + · · ·+mik < pj1 + · · ·+ pjl
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• else if σik−r+1
σ
mik−r+1

−1

0 · · ·σikσ
mik

−1

0 = σjl−r+1
σ
pjl−r+1

−1

0 · · ·σjlσ
mil

−1

0 and ik−r <

jl−r

• else if σ
mik−r

−1

0 σik−r+1
· · ·σikσ

mik
−1

0 = σ
pjl−r

−1

0 σjl−r+1
· · ·σjlσ

mil
−1

0 and mik−r
>

pjl−r

Note that this order is accordance with the order in Definition 3.1.10.

We then turn our attention to the remaining entries. It is not hard to see that

the complementary entry of (−1)kI(0; ai1 , 0
mi1

−1, · · · , aik , 0mik
−1; 1) with respect to

(−1)lI(0; aj1 , 0
pj1−1, · · · , ajl , 0pjl−1; 1) is

(−1)l−kIσi1
σ
mi1

−1

0 ···σik
σ
mik

−1

0 (0; aj1 , 0
pj1−1, · · · , ajl , 0pjl−1; 1)

Where (i1, · · · , ik) is subsequence of (j1, · · · , jl), (j1, · · · , jl) is subsequence of (1, · · · , d),

and mα ≤ pα ≤ nα.

Remark 4.1.14. The words σi1σ
mi1

−1

0 · · ·σikσ
mik

−1

0 and σj1σ
pj1−1

0 · · ·σjlσ
pjl−1

0 indi-

cate the column and row index of

(−1)l−kIσi1
σ
mi1

−1

0 ···σik
σ
mik

−1

0 (0; aj1 , 0
pj1−1, · · · , ajl , 0pjl−1; 1)

Since mα < pα, for all α, the variation matrix is evidently a lower-triangular unipotent

matrix.

Example 4.1.15. We update Example 4.1.9. The variation matrix of (−1)2I(0; a1, 0, a2; 1)
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is

1 0 0 0 0 0

−I(0; a2; 1) 1 0 0 0 0

−I(0; a1; 1) 0 1 0 0 0

I(0; a1, a2; 1) −I(0; a1; a2) −I(a1; a2; 1) 1 0 0

−I(0; a1, 0; 1) 0 I(a1; 0; 1) 0 1 0

I(0; a1, 0, a2; 1) −I(0; a1, 0; a2) −I(a1; 0, a2; 1) I(a1; 0; a2) −I(0; a2; 1) 1


(4.1.9)

where

− I(0; a1; a2) = (−1)Iσ2(0; a1, a2; 1), −I(a1; a2; 1) = (−1)Iσ1(0; a1, a2; 1),

I(a1; 0; 1) = Iσ1(0; a1, 0; 1), −I(0; a1, 0; a2) = (−1)Iσ2(0; a1, 0, a2; 1),

− I(a1; 0, a2; 1) = (−1)Iσ1(0; a1, 0, a2; 1), I(a1; 0; a2) = Iσ1σ2(0; a1, 0, a2; 1),

− I(0; a2; 1) = (−1)Iσ1σ0(0; a1, 0, a2; 1).

4.1.3 Grading on variation matrix by weights

The entries of the variation matrix V H have various weights, and we can divide

them into different weight blocks. We start by dividing the rows according to weights

in the first column. Following this, we apply the same divisions to the columns,

ensuring that the weight of the (p, q)-th block is p− q. Notably, the (p, p)-th block

is the identity matrix.
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Example 4.1.16.

1 0 0 0 0 0

[x2]1 1 0 0 0 0

[x1x2]1 0 1 0 0 0

[x1, x2]1,1 [x1]1 [x2]1 − [x1]1 − [x1]0 1 0 0

[x1x2]2 0 [x1x2]0 0 1 0

[x1, x2]2,1 [x1]2 −1
2
[x1]

2
0 + [x1x2]0[x2]1 − [x1]2 − [x2]2 [x1]0 [x2]1 1


Following Zhao’s notation, we now define the τ matrix. The matrix τ(2πi) will

play an important role in formulating Theorem 4.2.18 and 4.2.6.

Definition 4.1.17. τn1,··· ,nd
(a) is defined to be the diagonal square matrix of the

same size and blocking as the variation matrix of [x1, · · · , xd]n1,··· ,nd
, where the

(p, p)-th block is the ap times the identity matrix.

Example 4.1.18.

τ2,1(2πi) =



1 0 0 0 0 0

0 (2πi) 0 0 0 0

0 0 (2πi) 0 0 0

0 0 0 (2πi)2 0 0

0 0 0 0 (2πi)2 0

0 0 0 0 0 (2πi)3


For simplicity, given a matrix V , we shall use Vp,q to refer to its (p, q)-th block,

and Vk =
∑

p+q=k Vp,q to denote the submatrix consisting of all weight blocks of

weight k.
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The following useful lemma is straightforward.

Lemma 4.1.19. Suppose M is a matrix of the same dimension as the variation

matrix, then (τ(a)−1Mτ(a))p,q = (2πi)q−pMp,q.

Recall the symbol map ∆1,··· ,1 is the repeated coproduct. A direct corollary of

Theorem 4.1.8 derives a matrix computation of symbols of multiple polylogarithms.

Corollary 4.1.20. Suppose k1 + · · ·+ km = n, we have

∆k1,··· ,km(V
T ) = V T

k1
⊗ · · · ⊗ V T

km

In particular, by the definition of the symbol map ∆1,··· ,1, the symbol of the top right

entry of V T is equal to the top right entry of ∆1,··· ,1(V
T ) = (V T

1 )⊗n.

Example 4.1.21. We calculate V T
1 ⊗V T

1 ⊗V T
1 for the variation matrix V of [x1, x2]2,1

0 [x2]1 [x1x2]1 0 0 0

0 0 0 [x1]1 0 0

0 0 1 −[x1]0 − [x1]1 + [x2]1 [x1x2]0 0

0 0 0 0 0 [x1]0

0 0 0 0 0 [x2]1

0 0 0 0 0 0



⊗3

(4.1.10)

and the top right entry is the symbol of [x1, x2]1,1.

∆1,1,1([x1, x2]2,1) = [x2]1⊗[x1]1⊗[x1]0−[x1x2]1⊗[x1]0⊗[x1]0+[x1x2]1⊗[x1x2]0⊗[x2]1

− [x1x2]1 ⊗ [x1]1 ⊗ [x1]0 + [x1x2]1 ⊗ [x2]1 ⊗ [x1]0 (4.1.11)

Note that this is the same as (2.3.21).
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4.1.4 Difference between V H and V H

Recall that INV gets rid of powers of πi, while INV corresponds to the full

Goncharov inversion, it is natural to ask how much do INV(V H) and V H = INV(V H)

differ. We now demonstrate that they differ only by a constant matrix multiplication.

To establish this, we first need to prove a simple proposition.

Proposition 4.1.22. Suppose V is a variation matrix and denote ω = dV1. We

then have dV = ωV .

Proof. According to Corollary 4.1.20, ∆n−1,1V
T
n = V T

n−1 ⊗ V T
1 . By Lemma 4.1.23, we

know that dV T
n = V T

n−1(dV
T
1 ), i.e. dVn = ωVn−1. If we tally up all weights, we have

dV = ωV .

Lemma 4.1.23. The d = ϕ ◦∆n−1,1 on HSymb
n , where ϕ takes x⊗ y to xdy.

Proof. It is easy to show that ϕ ◦∆n−1,1[y1, . . . , yn|t1, . . . , tn] equals the right hand

side of (3.1.17). We just need to check if it still holds for products, let P1 and P2 be

symbols in weight k and l, respectively. We then have (for n = k + l)

ϕ ◦∆n−1,1(P1P2) = ϕ
(
∆k−1,1(P1)(P2 ⊗ 1) + (P1 ⊗ 1)∆l−1,1(P2)

)
= P2 dP1 + P1 dP2 = d(P1P2). (4.1.12)

The result follows.

Theorem 4.1.24. INV(V H) = V HC for some constant matrix C with entries in

Q[πi].
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Proof. Since differential gets rid of constants, by Proposition 4.1.22 we have

dINV(V H) = d INV(V H) = dV H = ωV H

For convenience we denote INV(V H), V H as V1, V2 respectively. We then have

d(V −1
2 V1) = −V −1

2 (dV2)V
−1
2 V1 + V −1

2 (dV1) = −V −1
2 ωV2V

−1
2 V1 + V −1

2 ωV1 = 0

Thanks to Lemma 3.1.13 we know V −1
2 V1 equals to some constant matrix C with

entries in Q[πi].

We can evaluate C by simply replacing [x]n with 0 on both sides of the equation

INV(V H) = V HC. This corresponds to evaluating the regularized values of Lin(x),

log(x) at the origin. As a result

INV(V H)
∣∣∣
[x]n→0

= V H∣∣
[x]n→0

C = IC = C

We can actually do better with a matrix C̃ that express as this difference

totally rationally.

Corollary 4.1.25. INV(V H)τ(2πi) = V Hτ(2πi)C̃ for some constant matrix C̃ with

entries in Q.

Proof. We take C̃ = τ(2πi)−1Cτ(2πi), and under Theorem 4.1.24 we have

INV(V H)τ(2πi) = V HCτ(2πi) = V Hτ(2πi)C̃

We only need to justify that C̃ is rational. It is not hard to see that Theorem 2.3.7

tells us that the (p, q)-th block Cp,q is of weight p− q, so it equals to (2πi)p−q times
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some rational matrix. On the other hand, according to Lemma 4.1.19, we know that

C̃p,q is equal to (2πi)q−pCp,q, which would be rational, and therefore so is C̃.

Example 4.1.26.

INV





1 0 0 0

[x2]1 1 0 0

[x1x2]1 0 1 0

[x1, x2]1,1 [x1]1 − [x−1
1 ]1 + [x2]1 0 1





=



1 0 0 0

[x2]1 1 0 0

[x1x2]1 0 1 0

[x1, x2]1,1 [x1]1 πi− [x1]0 − [x1]1 + [x2]1 1



=



1 0 0 0

[x2]1 1 0 0

[x1x2]1 0 1 0

[x1, x2]1,1 [x1]1 −[x1]0 − [x1]1 + [x2]1 1





1 0 0 0

0 1 0 0

0 0 1 0

0 0 πi 1


(4.1.13)

and

C̃ = τ1,1(2πi)
−1



1 0 0 0

0 1 0 0

0 0 1 0

0 0 πi 1


τ1,1(2πi) =



1 0 0 0

0 1 0 0

0 0 1 0

0 0 1 1


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4.2 Variation of mixed Hodge structures encoded by multiple poly-

logarithms

Zhao extended Goncharov’s idea by treating iterated integrals as actual func-

tions on Sd(C). He defined a variation of mixed Hodge structures on Sd(C) using

filtrations on the matrix columns. Since these functions are multi-valued, he had to

demonstrate that their monodromies are rational. He gave explicit formulas for the

monodromy for multiple logarithms (i.e. Li1,··· ,1). We will deal with the general case

in Chapter 5.

In this section, we first review Zhao’s contruction. Then we demonstrate that

V H under the one-form map gives the connection form of a flat connection on Ŝd(C).

Finally, we will prove that the flat sections of this connection form a lifted variation

matrix V̂ which encodes a variation of mixed Hodge structures over Ŝd(C). Moreover,

the entries of first column of V̂ define lifted multiple polylogarithms L̂n1,··· ,nd
.

4.2.1 Realization of variation matrix

We write H(d) for the elements of depth d (see Definition 3.3.6) in a free

contraction Hopf algebra H.

We can “realize” the entries of these variation matrices as actual multi-valued

multiple polylogarithmic functions. We call this process the realization map.

Definition 4.2.1. The realization map <I : ISymb(d) → O(S̃d(C)) is defined via

Proposition 2.1.13 under the choice of ai = (xi · · ·xd)
−1 with 0 < xi < 1, so that 1 <
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0 1 ad aj ai a1· · · · · ·

γ

Figure 4.2.1: Realization map <I

ad < · · · < a1. And we choose the canonical path γ such that γ((0, 1)) ⊆ {Im z < 0}

(See Figure 4.2.1).

<I annihilates degenerate elements and <I(I(0; a1, 0
n1−1, · · · , ad, 0nd−1; 1)) =

Lin1,··· ,nd
(x1, · · · , xd) as expected.

Definition 4.2.2. Similarly, realization map <H : H(d) → O(S̃d(C)) can be defined

by

<H([x1, · · · , xd]n1,··· ,xd
) = Lin1,··· ,nd

(x1, · · · , xd) (4.2.1)

and

<H([x
−1
d , · · · , x−1

1 ]nd,··· ,x1) = Lind,··· ,n1(x
−1
d , · · · , x−1

1 ) (4.2.2)

which can simplified using Theorem 2.3.7. We could also define <H : H(d) →

O(S̃d(C)) to be the restriction <H|H.

<I, <H, <H simply regard symbols as actual multi-valued functions, the differ-

ence is that they have different domains. Recall that Φ takes an iterated integral in

ISymb and turns it into multiple polylogarithms in H, we have a more precise relation

between <I, <H, <H.

Proposition 4.2.3. For fixed d, the following diagram commutes

ISymb(d) HSymb
(d) HSymb[πi](d)

O(S̃d(C))
<

Φ

<

INV

<
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Example 4.2.4. Suppose V H, V H are truncated at [x1, x2]2,1 as in Example 4.1.10,

then <H(V
H) would be

1 0 0 0 0 0

Li1(x2) 1 0 0 0 0

Li1(x1x2) 0 1 0 0 0

Li1,1(x1, x2) Li1(x1) Li1(x2)− Li1(x
−1
1 ) 1 0 0

Li2(x1x2) 0 log(x1) + log(x2) 0 1 0

Li2,1(x1, x2) Li2(x1)
Li2(x

−1
1 )−Li2(x2)+

Li1(x2)(log(x1)+log(x2))
[x1]0 Li1(x2) 1



(4.2.3)

and <H(V
H) would be

1 0 0 0 0 0

Li1(x2) 1 0 0 0 0

Li1(x1x2) 0 1 0 0 0

Li1,1(x1, x2) Li1(x1) Li1(x2)− Li1(x1)− log(x1) 1 0 0

Li2(x1x2) 0 log(x1) + log(x2) 0 1 0

Li2,1(x1, x2) Li2(x1)
−Li2(x1)−Li2(x2)− 1

2
log2(x1)+

Li1(x2)(log(x1)+log(x2))
log(x1) Li1(x2) 1



(4.2.4)

4.2.2 Variation of mixed Hodge structures of lifted multiple polyloga-

rithms

As it turns out, the one-forms that we described in Definition 3.2.3, can be

interpreted as the differential one-forms inside a connection form of a flat connection

of a vector bundle over Ŝd(C) whose flat sections are defined to be the lifted multiple

polylogarithms. Furthermore, we can define a variation of mixed Hodge structures on
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this vector bundle by defining filtrations on these lifted multiple polylogarithms. This

is described in [9]. However, Zhao only states and proves it explicitly for multiple

logarithms Li1,··· ,1.

For simplicity, denote either <(V H) or <(V H) truncated at Lin1,··· ,nd
(x1, · · · , xd)

by V . Suppose V is a N×N matrix and let {µp} be integers such that the (p, q)-weight

block is the submatrix with indices (i, j) satisfying µp−1 < i ≤ µp, µq−1 < j ≤ µq.

Additionally, let ω = dV1 be the differential of V1, where V1 is the submatrix of V

consisting of weight 1 blocks. Zhao’s connection theorem says

Theorem 4.2.5. [9] ∇ = d − ω defines a flat connection on the trivial bundle

Sd(C)× CN → Sd(C), and the columns of V τ(2πi) generate the global sections of

the local system corresponding to ∇.

Proof. We simply need to prove that ∇ ◦∇V τ(2πi) = 0. By Proposition 4.1.22, we

have dV = ω ∧ V , so

0 = d2V = d(ω ∧ V ) = dω ∧ V − ω ∧ (ω ∧ V ) = (dω − ω ∧ ω) ∧ V

Since V is invertible, dω− ω ∧ ω = 0, i.e. ω is a flat connection form, and ∇ is a flat

connection as in Definition 2.4.3 with the columns generating the global sections of

the local system corresponding to ∇.

Using this, Zhao also stated his variation theorem

Theorem 4.2.6. [9] The columns {Cj}Nj=1 of V τ(2πi) define a variation of Hodge

structures over Sd(C) as follows: Let {ei}Ni=1 denote the standard basis of CN . The
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Hodge filtration and weight filtration are given by

F−p = C〈{ei}µp

i=1〉, W1−2m = W−2m = Q〈{Cj}j≥µm〉. (4.2.5)

Proof. The k-th graded weight piece grWk is the (k, k)-th weight block of V τ(2πi),

which is (2πi)k times the identity matrix, thus obviously a direct sum of Hodge

structures. To ensure that the weight filtration is well-defined under analytic con-

tinuation amounts to showing that the monodromies preserve the weight filtration.

Zhao [26] gives explicit formulas for the monodromy in the case n = (1, . . . , 1). We

tackle the general case in chapter 5. Finally, Griffith transversality follows directly

from the fact that dV = ωV , which implies dCi = ωCi ⊆ C〈{ej}
µp−1

j=1 〉 ⊗ Ω1
X for any

µp−1 < i ≤ µp.

Example 4.2.7. Consider V H truncated at [x1, x2]1,1, we have

V =



1 0 0 0

Li1(x2) 1 0 0

Li1(x1x2) 0 1 0

Li1,1(x1, x2) Li1(x1) f(x1, x2) 1



V τ(2πi) =



1 0 0 0

Li1(x2) (2πi) 0 0

Li1(x1x2) 0 (2πi) 0

Li1,1(x1, x2) (2πi) Li1(x1) (2πi)f(x1, x2) (2πi)2


where f(x1, x2) denotes − log(x1)− Li1(x1) + Li1(x2). The connection form is given
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by

ω = dV1 =



0 0 0 0

−v2 0 0 0

−v1,2 0 0 0

0 −v1 −u1 + v1 − v2 0


V τ(2πi) encodes a variation of mixed Hodge structures, with the Hodge filtration

being

• F n = 0 for n >= 0

• F−1 = C





1

0

0

0





• F−2 = C





1

0

0

0


,



0

1

0

0


,



0

0

1

0




• F n = C4, for n ≤ −3

And the weight filtration being

• Wm = 0 for m < −6
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• W−5 = W−6 = Q





0

0

0

(2πi)2





• W−3 = W−4 = C





0

(2πi)

0

(2πi) Li1(x1)


,



0

0

(2πi)

(2πi)f(x1, x2)


,



0

0

0

(2πi)2





• Wn = Q





1

Li1(x2)

Li1(x1x2)

Li1,1(x1, x2)


,





0

(2πi)

0

(2πi) Li1(x1)


,



0

0

(2πi)

(2πi)f(x1, x2)


,



0

0

0

(2πi)2






,

for n ≥ −2.

We have shown that ∇ = d−ω is a flat connection on the trivial vector bundle

Sd(C)×CN → Sd(C), with entries of V being its flat sections. Therefore, its pullback

π∗∇ = d − π∗ω, under the projection π : Ŝd(C) → Sd(C), is also a flat connection

on the pullback trivial vector bundle, with connection form Ω = π∗V1 .

Recall that the symbols on entries of V T are (V T
1 )⊗n from Corollary 4.1.20.

It is natural to ask for the one-forms of the entries in V . We answer this with the

following lemma.
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Lemma 4.2.8. [2, Proposition 4.9] We have

w(Vn) =
1

n!

∑
k+l=n−1

(−1)k
(
n− 1

k

)
ΩkωΩl. (4.2.6)

Proof. Since ∆(V T ) = V T ⊗ V T , it follows that ∆n−1,1V
T
n = V T

n−1 ⊗ ΩT . Therefore,

∆1,...,1(V
T ) = I + ΩT + ΩT ⊗ ΩT + ΩT ⊗ ΩT ⊗ ΩT + · · · , (4.2.7)

from which it follows that

w(V T
n ) =

(−1)n+1

n!

n∑
i=1

(−1)i−1

(
n− 1

i− 1

)
(ΩT )i−1ωT (ΩT )n−i. (4.2.8)

Hence,

w(Vn) =
(−1)n+1

n!

n∑
i=1

(−1)i−1

(
n− 1

i− 1

)
Ωn−iωΩi−1. (4.2.9)

The result follows after reindexing k = n− i.

Interestingly, up to some constants, w(V ) as a connection form is also flat.

Theorem 4.2.9. [2, Corollary 4.17] Define ω̂n = (n− 1)w(Vn), ω̂ =
∑

n ω̂n. Then

−ω̂ is a flat connection form. More specifically, it is the connection form of conjugated

connection of π∗∇ under the automorphism s 7→ eΩs.

Proof. According to Proposition 2.4.4, the following lemma proves that −ω̂ is the

conjugated flat connections.

We prove this in the following lemma with a slightly more general assumption

of Ω only being nilpotent.

Lemma 4.2.10. Suppose Ω is any nilpotent matrix and ω = dΩ, then

ω̂ = de−ΩeΩ + e−ΩωeΩ =
∑
n≥1

n− 1

n!

∑
k+l=n−1

(−1)k
(
n− 1

k

)
ΩkωΩl. (4.2.10)
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Proof. First we compute

de−ΩeΩ + e−ΩωeΩ = d

(∑
j≥0

(−1)j
Ωj

j!

)(∑
r≥0

Ωr

r!

)
+

(∑
k≥0

(−1)k
Ωk

k!

)
ω

(∑
l≥0

Ωl

l!

)

=

(∑
p,q≥0

(−1)p+q+1

(p+ q + 1)!
ΩpωΩq

)(∑
r≥0

Ωr

r!

)
+

(∑
k≥0

(−1)k
Ωk

k!

)
ω

(∑
l≥0

Ωl

l!

)

=
∑
n≥1

 ∑
p+q+r=n−1

p,q,r≥0

(−1)p+q+1

(p+ q + 1)!r!
ΩpωΩq+r +

∑
k+l=n−1

k,l≥0

(−1)k

k!l!
ΩkωΩl

 .

(4.2.11)

The interior sum simplifies to

∑
k+l=n−1

ΩkωΩl

(∑
q+r=l

(−1)k+q+1

(k + q + 1)!r!
+

(−1)k

k!l!

)
=

n− 1

n!

∑
k+l=n−1

(−1)k
(
n− 1

k

)
ΩkωΩl,

(4.2.12)

Let’s denote the this conjugated flat connection as ∇̂, and refer to it as the

“lifted” connection, according to Proposition 2.4.4, V̂ = e−Ω(π∗V ) are the flat sections

under ∇̂. We refer to it as the “lifted” variation matrices, and we define the entries

of the first column of V̂ to be the lifted multiple polylogarithms.

Definition 4.2.11. The lifted multiple polylogarithm L̂n1,··· ,nd
is defined as the

entry in the first column of V̂ that corresponds to the entry for Lin1,··· ,nd
in the first

column of V .

98



Example 4.2.12. The variation matrix V̂ for Li1,1(x1, x2) is

1 0 0 0

0 1 0 0

0 0 1 0

L̂1,1(x1, x2) 0 0 1


and the connection form is 

0 0 0 0

0 0 0 0

0 0 0 0

w1,1(x1, x2) 0 0 0


Note that L̂1 and ω̂1 are 0.

We summerize previous discussions as the lifted connection theorem for refer-

ence.

Theorem 4.2.13. ∇̂ = d− ω̂ is a flat connection on Ŝd(C)×CN → Ŝd(C), and the

columns of V̂ τ(2πi) generate the global sections of the local system corresponding

to ∇̂.

Proof. This is simply Theorem 4.2.9.

Because the one-form map factors through projection map P (see Remark 3.2.2),

it gets rid of products. Therefore the connection form can be obtained simply by

replacing Lin1,··· ,nd
with (n− 1)wn1,··· ,nd

(Theorem 4.2.9), and then modulo products.

There is a nice description of the entries of the lifted variation matrix V̂ due

to the author (not included in [2]).
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Theorem 4.2.14. Entries of V̂ are obtained by simply replacing Lin1,··· ,nd
with

L̂n1,··· ,nd
for n1 + · · ·+ nd ≥ 2, and log, Li1 with zeros.

Proof. If we represent the replacement by φ, then by Lemma 4.2.16 below, we see

that V̂ = φ(V ), and V̂1 = 0. Then we use the fact that φ is multiplicative and

that L̂n1,··· ,nd
is the defined the bottom left corner of the lifted variation matrix of

Lin1,··· ,nd
, i.e. L̂n1,··· ,nd

= φ(Lin1,··· ,nd
).

Example 4.2.15. Consider the variation matrix V H and lifted variation matrix V̂

for Li2,2,1(x1, x2, x3). Since they are huge matrices, we will only look at the comple-

mentary entry of Li1(x2x3) with respect to Li2,2,1(x1, x2, x3), which are respectively

−Li2(x1) Li2(x2)−Li2(x1) Li2(x3)−
1

2
Li2(x1) log

2(x2)+Li1(x3) Li2(x1)(log(x2)+log(x3))

and

−L̂2(u1, v1)L̂2(u2, v2)− L̂2(u1, v1)L̂2(u3, v3)

Lemma 4.2.16. Suppose H is a graded connected Hopf algebra, consider

φn,k : Hn

∆1,··· ,1,n−k−−−−−−→ H⊗k
1 ⊗Hn−k

m◦k
−−→ Hn

We define φ : H → H as the direct sum of φn : Hn → Hn, φ =
∑n

k=0(−1)kφn,k/k!,

note that φ0 = id. We claim that φ is multiplicative.

Proof. Suppose a ∈ Hn, b ∈ Hm. Recall if n = (n1, . . . , nd) ∈ Zd
≥0 with |n| = n,

∆n1,··· ,nd
(a) =

∑
i a

n
i1 ⊗ · · · ⊗ anid. Denote an =

∑
i a

n
i1 · · · anid so that φn,k(a) =
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a(1,...,1,n−k). Now it is not hard to see that

∆r1,...,rd(ab) =
∑

n+m=r
n,m∈Zd

≥0

(∑
i

ani1 ⊗ · · · ⊗ anid

)(∑
j

bmj1 ⊗ · · · ⊗ bmjd

)

=
∑

n+m=r
n,m∈Zd

≥0

∑
i

∑
j

ani1b
m
j1 ⊗ · · · ⊗ anidb

m
jd,

and

m◦d ◦∆r1,...,rd(ab) =
∑

n+m=r
n,m∈Zd

≥0

∑
i

∑
j

ani1 · · · anid · bmj1 · · · bmjd =
∑

n+m=r
n,m∈Zd

≥0

anbm

In particular, we get

φr(ab) =
r∑

p=0

(−1)p

p!
φr,p(ab) =

r∑
p=0

(−1)p

p!

∑
k+l=p
k,l≥0

(
p

k

)
a(1,...,1,n−k)b(1,...,1,m−l) (4.2.13)

On the other hand, we have

φn(a)φm(b) =

(
n∑

k=0

(−1)k

k!
φn,k(a)

)(
m∑
l=0

(−1)l

l!
φm,l(b)

)

=
r∑

p=0

∑
k+l=p
k,l≥0

(−1)p

k!l!
a(1,...,1,n−k)b(1,...,1,m−l)

(4.2.14)

Both equations above are equivalent.

Remark 4.2.17. Note that φ1 = 0. This explains why Li1, log are replaced with

zero in Theorem 4.2.14.

We are now able to generalize Zhao’s variation theorem to a lifted variation

theorem.

Theorem 4.2.18. ( [2], Theorem 5.8) The columns {Cj}Nj=1 of V̂ τ(2πi) define a

variation of Hodge structures over Ŝd(C) with Hodge filtration and weight filtration

given by

F−p = C〈{ei}µp

i=1〉, W1−2m = W−2m = Q〈{Cj}j≥µm〉 (4.2.15)
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Proof. Griffith transversality follows from the fact that dV̂ = ω̂V̂ . All else follows

from Theorem 4.2.6.

4.3 Applications of variation matrix

4.3.1 Single-valued multiple polylogarithms

We first recall the definition of single-valued polylogarithms from [4].

Definition 4.3.1. The single-valued polylogarithm L̂n(z) is defined to be

ReImn

(
n−1∑
r=0

2rBr

r!
Lin−r(z) log

r |z|

)
(4.3.1)

Here ReIm is Re when n is odd and Im when n is even, Br are Bernoulli numbers.

This notion can be further generalized using the variation matrix.

Definition 4.3.2. [9] The single-valued multiple polylogarithm Ln1,··· ,nd
is defined

to be i2b(n1+···+nd)/2c−1

2
multiplies the bottom left entry of log

(
τ(i)V τ(−1)V

−1
τ(i)

)
,

where V = <(V H) or V = <(V H) is the variation matrix of Lin1,··· ,nd
(x1, · · · , xd).

Remark 4.3.3. To see it is single-valued, consider monodromy MV τ(2πi) =

V τ(2πi)M̃ , where M̃ is a rational matrix, then

M log
(
τ(i)V τ(−1)V

−1
τ(i)

)
= log

(
τ(i)V τ(2πi)M̃τ(2πi)−1τ(−1)V τ(2πi)M̃τ(2πi)−1

−1

τ(i)

)
= log

(
τ(i)V τ(2πi)M̃τ(1/2πi)τ(−1)τ(−2πi)M̃−1τ(−1/2πi)V

−1
τ(i)

)
= log

(
τ(i)V τ(−1)V

−1
τ(i)

)
(4.3.2)

Note that τ(a)τ(b) = τ(ab), τ(a)k = τ(ak) for k ∈ Z and τ(a) = τ(a) .
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Example 4.3.4. Consider the variation matrix of Li1,1(x1, x2)

V =



1 0 0 0

Li1(x2) 1 0 0

Li1(x1x2) 0 1 0

Li1,1(x1, x2) Li1(x1) − log(x1)− Li1(x1) + Li1(x2) 1


we have

log
(
τ(i)V τ(−1)V

−1
τ(i)

)
=

0 0 0 0

2iL1(x2) 0 0 0

2iL1(x1x2) 0 0 0

−2iL1,1(x1, x2) 2iL1(x1) 2i(log |x1| − L1(x1) + L1(x2)) 0


(4.3.3)

where L1(x) = ReLi1(x) = − log |1− x| and

L1,1(x1, x2) = ImLi1,1(x1, x2) + ImLi1(x1x2) Re log(x1)

− ImLi1(x2) Re Li1(x1) + ImLi1(x1x2) Re Li1(x1)− ImLi1(x1x2) Re Li1(x2) (4.3.4)

Re, Im denotes the real and imaginary parts.

In [12] (Theorem 2.10, 4.7), Zickert proved that Ln ◦ π coincides with the real

or imaginary part of L̂n on B̂n(C).

Here we would like to give an alternative formulation of this result in terms of
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the variation matrices. Let us assume V̂ to be the variation matrix in depth 1.

1

0 1

L̂2(u, v) 0 1

L̂3(u, v) 0 0 1

L̂4(u, v) 0 0 0 1

... ... ... ... . . .



(4.3.5)

Immediately we notice V̂iV̂j = 0 for i, j ≥ 2, so we have

V̂ −1 = (I + V̂1 + V̂2 + · · · )−1 = I − V̂1 − V̂2 − · · ·

log(V̂ ) = log(I + V̂1 + V̂2 + · · · ) = V̂1 + V̂2 + · · ·

Then we can make the following simplifications

log
(
τ(i)V τ(−1)V

−1
τ(i)

)
= log

(
τ(i)eΩV̂ τ(−1)(eΩV̂ )

−1

τ(i)

)
= log

(
τ(i)eΩV̂ τ(−1)V̂

−1

e−Ωτ(i)

)
= log

(
eiΩ

(
I +

∑
k≥2

ikV̂k

)(
I −

∑
k≥2

(−i)kV̂k

)
eiΩ

)

= log

(
eiΩ

(
I +

∑
k≥2

ik
(
V̂k − (−1)kV̂k

))
eiΩ

)
(4.3.6)

The third equality is a bit tricky, but this can be verified by comparing with the

(p, q)-th weight blocks.

For simplicity, we denote Wk =
(
V̂k − (−1)kV̂k

)
. Then exp

(∑
k≥2 i

kWk

)
=

I +
∑

k≥2 i
kWk. Apply Baker-Campbell-Hausdorff formula to the previous result

log

(
eiΩ exp

(∑
k≥2

ikWk

)
eiΩ

)
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which renders sums of folded Lie brackets of the format

[· · · , [ikWk, [· · · ]], · · · ], [· · · ]

where the omitted arguments are either Ω or Ω.

Example 4.3.5. We work out all the Lie brackets up to weight 4.

log

(
eiΩ exp

(∑
k≥2

ikWk

)
eiΩ

)
− I −

∑
k≥2

ikWk

= i
(
Ω + Ω

)
+ i2

(
W2 +

1

2
[Ω,Ω]

)
+ i3

(
W3 +

1

2
[Ω− Ω,W2] +

1

12
[Ω− Ω, [Ω,Ω]]

)
+ i4

(
W4 +

1

2
[Ω− Ω,W3] +

1

8
[Ω− Ω, [Ω− Ω,W2]]−

1

24
[Ω + Ω, [Ω + Ω,W2]]

− 1

96

(
[Ω + Ω, [Ω + Ω, [Ω,Ω]]]− [Ω− Ω, [Ω− Ω, [Ω,Ω]]]

))
+ · · ·

(4.3.7)

If we restrict our attention to the bottom left entry, we will show that (4.3.6)

establishes an equality between the left hand side L ◦ π(u, v) and the right hand side

which is the real or imaginary part of L̂(u, v) plus a bunch of folded Lie brackets

(see Example 4.3.5).

Imitating Zickert [12], let us show that these folded Lie brackets can be realized

as a composition of maps that always starts with δ̂n : B̂n(C) → B̂n−1(C) ⊗ C for

n > 2 or δ̂2 : B̂2(C) →
∧2C. First we define Ψs, s < n − 1 similar to [12] as

(δn−s+1 ⊗ 1⊗ · · · ⊗ 1) · · · (δ̂n−1 ⊗ 1) ◦ δ̂n

Ψs : Z[Ĉ] → B̂n−s(Ĉ)⊗ C⊗s, [(u, v)] 7→ [(u, v)]⊗ u⊗s, s < n− 2

Ψn−2 : Z[Ĉ] → ∧2C⊗ C⊗(n−2), (u ∧ v)⊗ u⊗s

(4.3.8)
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So Ψs(V̂
T ) = V̂ T ⊗ ΩT⊗s

, s < n− 2, Ψn−2(V̂
T ) = (ΩT ∧ ΩT )⊗ ΩT⊗s.

Ψs always starts with δ̂n, then any of these Lie brackets can start some Ψs. For

example, [Ω, [Ω, [i3W3, [Ω,Ω]]]] can be realized as the composition of maps

V̂ T
7 V̂ T

3 ⊗ ΩT⊗3

Ω⊗ Ω⊗ Ω⊗ Ω⊗ i3W3 [Ω, [Ω, [W3, [Ω,Ω]]]]

Ψ4

·T ◦(ik(id−(−1)k·)⊗id⊗ id⊗·⊗·)

Here · stands for conjugation, ·T stands for transpose, and the last map is a sum of

products of i3W3,Ω,Ω. Similarly [Ω,Ω] can be realized as

V̂ T
4 Ω⊗2 ⊗ (Ω ∧ Ω) [Ω, [Ω, [Ω,Ω]]]

·T ◦Ψ3

The last map is a sum of products of Ω,Ω.

Now that if we decompose Ω,Ω into ReΩ ± i ImΩ. Then the coefficients

obtained by applying Baker-Campbell-Hausdorff formula should correspond to the

coefficients in Theorem 2.10 in [12].

4.3.2 Recursion of one-forms

In [15], Greenberg found a recursion formula of the one-forms. We say a

one-form is of weight n if it can be written as
∑

i pidui +
∑

j,k qj,kdvj,k, where pi, qj,k

are polynomials in u, v variables of degree n − 1. We use
(
Ω[ui,vj,k]/Q

)
n

to denote

weight n one-forms.

Example 4.3.6. (
Ω[ui,vj,k]/Q

)
1
=
⊕
i,j,k

Qdui +Qdvj,k (4.3.9)

(
Ω[ui,vj,k]/Q

)
2
= ⊕i,j,k(Quj +Qvj,k)dui ⊕⊕i,j,k,l(Qui +Qvi,j)dvk,l (4.3.10)
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We provide a reformulation of the recursion formula in terms of the variation

matrix.

Theorem 4.3.7. Suppose Ω = V H
1 , ω = dΩ, Then the bottom left entry of the

following direct identity is the recursion formula

[n!w(Vn),Ω] = (n+ 1)!w(vn+1) (4.3.11)

Note that the first argument on the left hand side Lie bracket and the right hand

side is n!w(Vn), (n+ 1)!w(Vn1) respectively according to (4.2.8).

Proof. According to (4.2.8), (4.3.11) is really the following direct computation.[ ∑
k+l=n−1

(−1)k+1

(
n− 1

k

)
ΩkωΩl,Ω

]
=
∑

k+l=n

(−1)k+1

(
n

k

)
ΩkωΩl (4.3.12)

Example 4.3.8. Take the variation matrix for Li2,1(x1, x2) for an example, we have

w(V ) =



0 0 0 0 0 0

−v2 0 0 0 0 0

−v1,2 0 0 0 0 0

w1,1(x1, x2) −v1 v1 − v2 − u1 0 0 0

w2(x1x2) 0 u1 + u2 0 0 0

w2,1(x1, x2) w2(x1) −w2(x1)− w2(x2) u1 −v2 0


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Ω =



0 0 0 0 0 0

−v2 0 0 0 0 0

−v1,2 0 0 0 0 0

0 −v1 v1 − v2 − u1 0 0 0

0 0 u1 + u2 0 0 0

0 0 0 u1 −v2 0


So the bottom left entry of [2w(V2),Ω] = 6w(V3) gives

w2,1(x1, x2) =
1

3
(−v2w2(x1) + v1,2(w2(x1) + w2(x2))− u1w1,1(x1, x2) + v2w2(x1x2))

(4.3.13)
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Chapter 5: Monodromy of variation matrices

Zhao in [9] gave formulas for the monodromy of multiple logarithms Li1,··· ,1, by

interpreting them as iterated integrals over Sd(C) (see Section 2.3.5). He claimed

that the monodromy of a general multiple polylogarithm can be computed by taking

the limit of variation mixed Hodge structures of multiple logarithms, but gave neither

an explicit formula nor an algorithm.

In this chapter, we present a fresh viewpoint by interpreting multiple polyloga-

rithms as iterated integrals on P1 − {0, 1,∞}. Using Proposition 2.1.13, we show

that when a multiple polylogarithm undergoes a monodromy, it corresponds to a

continuous deformation of the integration path, providing an alternative geometric

interpretation. This perspective naturally give rise to explicit formulas, which are

also implemented by the author using Mathematica.

5.1 Deformation of integration paths of iterated integrals under mon-

odromy

Recall from Section 2.3.5 that νi, νj,k are loops around divisors xi = 0 and

xj · · ·xk = 1 in Sd(C), and that Mνi , Mνj,k denote the monodromy operators on

iterated integrals if we think of them as multi-valued functions on Sd(C).
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Recall the realization map <I : ISymb → O(S̃d(C)) from Definition 4.2.1.

Without loss of generality, we fix some choice of ai = (xi · · ·xd)
−1 with 0 < xi < 1,

and paths γ from ai to aj such that the image of γ is below the real axis {Im z = 0}.

Since monodromies of I(ai0 ; ai1 , · · · , ain ; ain+1) can be converted into deformations

of the integration path of Iγ(ai0 ; ai1 , · · · , ain ; ain+1), as discussed in Remark 2.1.12

and Remark 2.1.22, we are able to give a complete formulation of monodromies of

realizations of iterated integrals in ISymb(d).

5.1.1 Deformation of integration path under Mνi0

If we fix a path from a to b, then the homotopy classes of paths in C− {ai}

from a to b can be identified with π1(C− {ai}), so we could write any path from a

to b as a loop in π1(C− {ai}).

Theorem 5.1.1.

i. If 1 ≤ i ≤ i0 < j ≤ d+ 1, then

Mνi0
I(ai; · · · ; aj) = Iσi0+1···σj−1σ0(ai; · · · ; aj) (5.1.1)

ii. If 1 ≤ i ≤ i0, then

Mνi0
I(0; · · · ; ai) = Iσ−1

0 σ−1
d ···σ−1

i0+1
(0; · · · ; ai) (5.1.2)

Proof. We choose νi0 to be a very small counterclockwise circle around 0, causing

a1, · · · , ai0 to move around 0 in clockwise, concentric circles.
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0 aj

ai0+1

ai0 ai a1· · · · · ·

...
γ0

γ1/3

(a) Iγ0(a0; · · · ; aj) to Iγ1/3(a0; · · · ; aj)

0 aj

ai0+1

ai0

ai
a1

· · ·

...

...

γ 1
3

γ2/3

(b) Iγ1/3(a0; · · · ; aj) to Iγ2/3(a0; · · · ; aj)

0 aj

ai0+1

ai0

ai

a1

· · ·

...

· · ·

γ3/4

γ1

(c) Iγ2/3(a0; · · · ; aj) to Iγ1(a0; · · · ; aj)

Figure 5.1.1: Deformation of I(a0; · · · ; aj)

To justify (5.1.1), first we deform γ0 to γ1/3 as a1, · · · , ai0 moves clockwise by

π/2. This is shown in Figure 5.1.1a, where the faint path is γ0, while the dashed

paths are traces of a1, · · · , ai0 . Then we deform γ1/3 to γ2/3 as a1, · · · , ai0 move

111



clockwise by π. This is illustrated in Figure 5.1.1b. Lastly we deform γ2/3 to γ1 as

a1, · · · , ai0 move clockwise by π/2, and back to where they started. This is presented

in Figure 5.1.1c.

(5.1.2) is similar, and the deformation from γ0 to γ1 is shown in Figure 5.1.2.

0
ai0+1

ai0 ai a1· · · · · · · · ·

γ1

γ0

Figure 5.1.2: Deformation from Iγ0(0; · · · ; ai) to Iγ1(0; · · · ; ai)

5.1.2 Deformation of integration path under Mνi0 ,νj0

Theorem 5.1.2.

i.

Mνi0,j0
I(ai0 ; · · · ; aj0+1)

= Iσi0+1···σj0
σ−1
j0+1···σ

−1
i0

σ−1
j0

···σ−1
i0+1σi0

···σj0
(ai0 ; · · · ; aj0+1)

= Iσi0+1···σj0
σ−1
j0

···σ−1
i0+1σ

−1
j0

···σ−1
i0+1σi0+1···σj0

(ai0 ; · · · ; aj0+1)

= I(ai0 ; · · · ; aj0+1)

(5.1.3)

ii. If j0 + 1 < j ≤ d+ 1, then

Mνi0,j0
I(ai0 ; · · · ; aj) = Iσi0+1···σj0

σ−1
j0+1···σ

−1
i0

(ai0 ; · · · ; aj)

= Iσi0+1···σj0
σ−1
j0+1···σ

−1
i0+1

(ai0 ; · · · ; aj)
(5.1.4)
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iii. If 1 ≤ i < i0, then

Mνi0,j0
I(ai; · · · ; aj0+1) = Iσ−1

j0
···σ−1

i0+1σi0
···σj0

(ai; · · · ; aj0+1) (5.1.5)

iv.

Mνi0,j0
I(0; · · · ; ai0) = Iσi0

···σj0
σ−1
j0+1···σ

−1
i0+1

(0; · · · ; ai0)

= Iσi0+1···σj0
σ−1
j0+1···σ

−1
i0+1

(0; · · · ; ai0)
(5.1.6)

v.

Mνi0,j0
I(0; · · · ; aj0+1) = Iσ−1

j0
···σ−1

i0+1σi0
···σj0

(0; · · · ; aj0+1) (5.1.7)

Proof. We choose νi0j0 to be the loop in Sd(C) where xi0 traces through the path

αεα−1 (see Figure 5.1.3) and {xj}j 6=i0 stay still. Here α is an arc and ε is a sufficiently

small circle around (xi0+1 · · ·xj0)
−1.

xi0
(xi0+1 · · · xj0)

−1

α

ε

Figure 5.1.3: Choice of νi0,j0

To justify (5.1.3), first we deform γ0 into γ1/3. As shown in Figure 5.1.4a. The

faint path is γ0, while the dashed path is the trace of ai0 .
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aj0+1 aj0 ai0
· · ·

γ0

γ1/3

(a) Deformation from Iγ0(ai0 ; · · · ; aj0+1) to Iγ1/3(ai0 ; · · · ; aj0+1)

aj0+1
aj0

ai0

· · · γ1/3

γ2/3

(b) Deformation from Iγ1/3(ai0 ; · · · ; aj0+1) to Iγ2/3(ai0 ; · · · ; aj0+1)

aj0+1

aj0

ai0

· · ·
γ2/3

γ′

(c) Deformation from Iγ2/3(ai0 ; · · · ; aj0+1) to Iγ1(ai0 ; · · · ; aj0+1)

Figure 5.1.4: Deformation of I(ai0 ; · · · ; aj0+1)
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Notice that we didn’t take the traces of a1, · · · , ai0−1 into account, simply

because the iterated integral I(ai0;··· ;aj0+1
) is not affected by them. Next, we deform

γ1/3 into γ2/3. This is illustrated in Figure 5.1.4b. Lastly, we can stretch γ2/3 into

γ1 = γ′γ2/3. This is presented in Figure 5.1.4c. This proves the first equality in (5.1.3).

The second equality holds since ai0 and aj0+1 are the endpoints, so the monodromy

σi0 , σj0+1 are trivial. The last equality holds because σ’s cancel off each other.

The deformations in (5.1.4), (5.1.5), (5.1.6) and (5.1.7) are similar. The even-

tual paths γ1 are presented in Figure 5.1.5.

aj

aj0+1 aj0 ai0
· · · · · ·

γ0

γ1

(a) Deformation of I(ai0 ; · · · ; aj)

aj0+1

aj0

ai0
ai

· · · · · ·
γ0

γ1

(b) Deformation of I(ai; · · · ; aj0+1)

0
aj0+1 aj0 ai0

· · · · · ·
γ0

γ1

(c) Deformation of I(0; · · · ; ai0)

0 aj0+1

aj0 ai0
· · · · · ·
γ0

γ1

(d) Deformation of I(0; · · · ; aj0+1)

Figure 5.1.5: Deformations for (5.1.4), (5.1.5), (5.1.6) and (5.1.7)
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5.2 Computation of monodromy matrices

5.2.1 Monodromies of iterated integrals

In this section, let us assume {ai}i ⊆ C, and σp are the loops such that∫
σq

d log(z − aq) = 2πiδpq where δ is the Kronecker delta. The following Lemma is

the key to the calculation of the monodromies matrices.

Lemma 5.2.1. (Corollary 2.6 in [21], Proposition 6.3 in [19]) Suppose γ = γ′
1γ

′
2 is a

path from a0 to an+1 and γ′ = γ′
1σγ

′
2, ai 6= a for 1 ≤ i ≤ n, then

Iγ′(a0; · · · ,
k︷ ︸︸ ︷

a, · · · , a, · · · ; an+1)− Iγ(a0; · · · ,
k︷ ︸︸ ︷

a, · · · , a, · · · ; an+1) (5.2.1)

is equal to

∑
p+q+r=k

r≥1

Iγ1(a0; · · · ,
p︷ ︸︸ ︷

a, · · · , a; a)Iσ(a;
r︷ ︸︸ ︷

a, · · · , a; a)Iγ2(a;
q︷ ︸︸ ︷

a, · · · , a, · · · ; an+1) (5.2.2)

Which is equal to

∑
p+q+r=k

r≥1

(2πi)r

(r)!
Iγ1(a0; · · · ,

p︷ ︸︸ ︷
a, · · · , a; a)Iγ2(a;

q︷ ︸︸ ︷
a, · · · , a, · · · ; an+1) (5.2.3)

a0 an+1

a
σ

a′γ1 γ2

γ′
1 γ′

2

Figure 5.2.1: Monodromy of I(a0; · · · , a, · · · , a, · · · ; an+1) at a
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Proof. Let’s write ωp =
dt

t− ap
and ω =

dt

t− a
, then (5.2.3) can be written as

∫
γ′
1σγ

′
2

ω1 · · ·
k︷ ︸︸ ︷

ω · · ·ω · · ·ωn −
∫
γ′
1γ

′
2

ω1 · · ·
k︷ ︸︸ ︷

ω · · ·ω · · ·ωn

=
∑

p+q+r=k
r≥1

∫
γ′
1

ω1 · · ·
p︷ ︸︸ ︷

ω · · ·ω
∫
σ

r︷ ︸︸ ︷
ω · · ·ω

∫
γ′
2

q︷ ︸︸ ︷
ω · · ·ω · · ·ωn

+
∑
i

∑
q+r=k

∫
γ′
1

ω1 · · ·ωi

∫
σ

ωi+1 · · ·
r︷ ︸︸ ︷

ω · · ·ω
∫
γ′
2

q︷ ︸︸ ︷
ω · · ·ω · · ·ωn

+
∑
j

∑
p+r=k

∫
γ′
1

ω1 · · ·
p︷ ︸︸ ︷

ω · · ·ω
∫
σ

r︷ ︸︸ ︷
ω · · ·ω · · ·ωj

∫
γ′
2

ωj+1 · · ·ωn

When a′ approaches a, we may take the limit of γ′
1, γ

′
2 to be γ1, γ2 respectively. If we

choose σ to be a+ εeiθ, and let ε → 0 we have

∫
σ

r︷ ︸︸ ︷
ω · · ·ω =

∫ 2π

0

r︷ ︸︸ ︷
εieiθdθ

εeiθ
· · · εie

iθdθ

εeiθ
= ir

∫ 2π

0

r︷ ︸︸ ︷
dθ · · · dθ =

(2πi)r

r!

which explains the coefficients in the first sum. To prove that the second and third

sum vanish as ε → 0, note that∣∣∣∣∣
∫
σ

ωi+1 · · ·
r︷ ︸︸ ︷

ω · · ·ω

∣∣∣∣∣ =
∣∣∣∣∣∣∣∣
∫ 2π

0

εieiθdθ

a− ai+1 + εeiθ
· · ·

r︷ ︸︸ ︷
εieiθdθ

εeiθ
· · · εie

iθdθ

εeiθ

∣∣∣∣∣∣∣∣
≤ ε · 1

|a− ai+1| − ε
· · ·

∣∣∣∣∣∣∣∣
∫ 2π

0

r︷ ︸︸ ︷
εieiθdθ

εeiθ
· · · εie

iθdθ

εeiθ

∣∣∣∣∣∣∣∣ ≤ ε · C

and similarly

∣∣∣∣∣
∫
σ

r︷ ︸︸ ︷
ω · · ·ω · · ·ωj

∣∣∣∣∣ ≤ ε · C. One might argue that
∫
γ′
2

q︷ ︸︸ ︷
ω · · ·ω · · ·ωn is

singular, but we know from Proposition 2.1.19 that it is O(logq ε). Therefore we have

proved (5.2.3).

Remark 5.2.2. If we replace σ with σ−1, then∫
σ−1

r︷ ︸︸ ︷
ω · · ·ω = (−1)r

∫
σ

r︷ ︸︸ ︷
ω · · ·ω =

(−2πi)r

r!
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and (5.2.2) becomes

∑
p+q+r=k

r≥1

(−2πi)r

(r)!
Iγ1(a0; · · · ,

p︷ ︸︸ ︷
a, · · · , a; a)Iγ2(a;

q︷ ︸︸ ︷
a, · · · , a, · · · ; an+1) (5.2.4)

When γ, γ1, γ2 are fixed choices, without ambiguity, we omit the mention

of the integration path γ, and write only its monodromy loops. For instance, we

simplify Iγ′ to Iσ and Iγ, Iγ1 , Iγ2 to I. In addition, for degenerates I(a; · · · ; a), we

pick the trivial path so that they evaluate to zero.

If we remove the condition ai 6= a, for 1 ≤ i ≤ n, and deploy the notation in

Definition 4.1.11. Lemma 5.2.1 can be easily generalized.

Corollary 5.2.3.

Iσε
p
(ai0 ; ai1 , · · · , ain ; ain+1) =

∞∑
k=0

(2πiε)k

k!
Iσ

k
p (ai0 ; ai1 , · · · , ain ; ain+1) (5.2.5)

Here ε = ±1 is the sign, I(a; a) = 1 and degenerates vanish. For a product of loops,

we have

Iσε1
p1

···σεm
pm
(ai0 ; · · · ; ain+1) =

∑
k1,··· ,kl≥0

m∏
r=1

(2πiεr)
kr

kr!
Iσ

k1
p1

···σkm
pm (ai0 ; · · · ; ain+1) (5.2.6)

Where εr = ±1. By Proposition 2.1.6, ii., We also deduce that

Iσεm
pm ···σε1

p1
(ain+1 ; · · · ; ai0) =

∑
k1,··· ,kl≥0

m∏
r=1

(2πiεr)
kr

kr!
Iσ

km
pm ···σk1

p1 (ain+1 ; · · · ; ai0)

=
∑

k1,··· ,kl≥0

m∏
r=1

(2πiεr)
kr

kr!
(−1)n−km−···−k1Iσ

k1
p1

···σkm
pm (ai0 ; · · · ; ain+1)

= (−1)n
∑

k1,··· ,kl≥0

m∏
r=1

(−2πiεr)
kr

kr!
Iσ

k1
p1

···σkm
pm (ai0 ; · · · ; ain+1)

= (−1)nI
σ
−ε1
p1

···σ−εm
pm

(ai0 ; · · · ; ain+1)

(5.2.7)
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Remark 5.2.4. If pr = pr+1 and εr = −εr+1, then σεr
prσ

εr+1
pr+1

= 1 may cancel each

other.

Proof. This is just applying Lemma 5.2.1 repeatedly.

5.2.2 Computation of monodromy matrices

Recall from Proposition 4.1.13, that

(−1)l−kIσi1
σ
mi1

−1

0 ···σik
σ
mik

−1

0 (0; aj1 , 0
pj1−1, · · · , ajl , 0pjl−1; 1) (5.2.8)

is the complementary entry of (−1)kI(0; ai1 , 0
mi1

−1, · · · , aik , 0mik
−1; 1) with respect

to (−1)lI(0; aj1 , 0
pj1−1, · · · , ajl , 0pjl−1; 1). Now we can describe a concrete algorithm

for computing monodromy matrices. For this, we only need to compute the entry

corresponding to (5.2.8) in the monodromy matrix.

First we discuss the monodromy matrix for Mνi0
.

Theorem 5.2.5. Suppose ir ≤ i0 < ir+1, and denote w0 = σi1σ
mi1

−1

0 · · ·σikσ
mik

−1

0 ,

we have

Mνi0
Iw0(0; aj1 , 0

pj1−1, · · · , ajl , 0pjl−1; 1) =
∑
w

M (i0)
w,w0

Iw(0; aj1 , 0
pj1−1, · · · , ajl , 0pjl−1; 1)

(5.2.9)

With constant coefficient

M (i0)
w,w0

=
∑

θα∈{0,1}
q0,qr≥0

(−2πi)q0

q0!
(2πi)θi0+1+···+θir+1−1

(2πi)qr

qr!
(5.2.10)

for w = σq0
0 σi1σ

mi1
−1

0 · · ·σirσ
θi0+1

i0+1 · · ·σθir+1−1

ir+1−1 σ
mir−1+qr
0 · · ·σikσ

mik
−1

0 , and otherwise

zero. It is then straightfoward to see that M (i0) =
{
(−1)k+θi0+1+···+θir+1−1M

(i0)
w,v

}
w,v

defines precisely the monodromy matrix for the operator Mνi0
.
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Proof. First notice that

Iσi1
σ
mi1

−1

0 ···σik
σ
mik

−1

0 (0; aj1 , 0
pj1−1, · · · , ajl , 0pjl−1; 1)

= I(0; · · · ; ai1)

(
k∏

t=1

Iσ
mit

−1

0 (ait ; · · · ; ait+1)

)
(5.2.11)

And if mit > 1,

Iσ
mit

−1

0 (ait ; · · · ; ait+1) =
∑

I(ait ; · · · ; 0)I(0; · · · ; ait+1) (5.2.12)

Thanks to Corollary 5.2.3 and Theorem 5.1.1, we have

Mνi0
I(0; · · · ; ai1) =

∑
q0≥0

(−2πi)q0

q0!
Iσ

q0
0 (0; · · · ; ai1) (5.2.13)

If mir = 1,

Mνi0
I(air ; · · · ; air+1)

=
∑

θi0+1,··· ,θir+1−1∈{0,1}
qr≥0

(2πi)θi0+1+···+θir+1−1
(2πi)qr

qr!
I
σ
θi0+1
i0+1 ···σ

θir+1−1

ir+1−1 σqr
0 (air ; · · · ; air+1)

(5.2.14)

And if mir > 1,

Mνi0
Iσ

mir−1

0 (air ; · · · ; air+1) =
∑

Mνi0
I(air ; · · · ; 0)Mνi0

I(0; · · · ; air+1)

=
∑

θα∈{0,1}
qr≥0

(2πi)θi0+1+···+θir+1−1
(2πi)qr

qr!
I
σ
θi0+1
i0+1 ···σ

θir+1−1

ir+1−1 σqr
0 (air ; · · · ; 0)I(0; · · · ; air+1)

=
∑

θα∈{0,1}
qr≥0

(2πi)θi0+1+···+θir+1−1
(2πi)qr

qr!
I
σ
θi0+1
i0+1 ···σ

θir+1−1

ir+1−1 σ
mir−1+qr
0 (air ; · · · ; air+1)

(5.2.15)
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Note that for the second equality (5.2.7) is used. If mit > 1 and t < r,

Mνi0
Iσ

mit
−1

0 (ait ; · · · ; ait+1) =
∑

Mνi0
I(ait ; · · · ; 0)Mνi0

I(0; · · · ; ait+1)

=
∑
x,y≥0

(2πi)x

x!
Iσ

x
0 (ait ; · · · ; 0)

(−2πi)y

y!
Iσ

y
0 (0; · · · ; ait+1)

=
∑
qt≥0

(2πi)qt
∑

x+y=qt

(−1)y

x!y!
Iσ

x
0 (ait ; · · · ; 0)Iσ

y
0 (0; · · · ; ait+1)

= 0

(5.2.16)

To summarize, we have

Mνi0
Iσi1

σ
mi1

−1

0 ···σik
σ
mik

−1

0 (0; aj1 , 0
pj1−1, · · · , ajl , 0pjl−1; 1)

=
∑

θα∈{0,1}
q0,qr≥0

(−2πi)q0

q0!
(2πi)θi0+1+···+θir+1−1

(2πi)qr

qr!

I
σ
q0
0 σi1

σ
mi1

−1

0 ···σirσ
θi0+1
i0+1 ···σ

θir+1−1

ir+1−1 σ
mir−1+qr
0 ···σik

σ
mik

−1

0 (0; aj1 , 0
pj1−1, · · · , ajl , 0pjl−1; 1)

(5.2.17)

Next we discuss the monodromy matrix for Mνi0,j0
.

Theorem 5.2.6.

Mνi0,j0
Iw0(0; aj1 , 0

pj1−1, · · · , ajl , 0pjl−1; 1) =
∑
w

M (i0,j0)
w,w0

Iw(0; aj1 , 0
pj1−1, · · · , ajl , 0pjl−1; 1)

(5.2.18)

With constant coefficient M
(i0,j0)
w,w0 being

(−1)δ(2πi)δ(θi0+1+···+θj0+1) (5.2.19)

for w = σi1σ
mi1

−1

0 · · ·σirσ
δθi0+1

i0+1 · · · σδθj0
j0

σδ
j0+1σ

mir−1
0 · · ·σikσ

mik
−1

0 , ir = i0 < j0 + 1 <

ir+1, and

(2πi)δ(1+θi0+1+···+θj0 ) (5.2.20)
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for w = σi1σ
mi1

−1

0 · · · σirσ
mir−1
0 σδ

i0
σ
δθi0+1

i0+1 · · ·σδθj0
j0

· · ·σikσ
mik

−1

0 , ir < i0 < j0+1 = ir+1.

It is then straightforward to see that M (i0,j0) =
{
(−1)k+δ(1+θi0+1+···+θj0 )M

(i0,j0)
w,v

}
w,v

defines precisely the monodromy matrix for the operator Mνi0,j0
.

Proof. Again with the help of Corollary 5.2.3 and Theorem 5.1.2, it is not difficult

to show that

Mνi0,j0
I(ai0 ; · · · ; aj) =

∑
θα,δ∈{0,1}

(−1)δ(2πi)δ(θi0+1+···+θj0+1)Iσ
δθi0+1
i0+1 ···σ

δθj0
j0

σδ
j0+1(ai0 ; · · · ; aj)

(5.2.21)

Mνi0,j0
I(ai0 ; · · · ; 0) =

∑
θα,δ∈{0,1}

(−1)δ(−2πi)δ(θi0+1+···+θj0+1)Iσ
δθi0+1
i0+1 ···σ

δθj0
j0

σδ
j0+1(ai0 ; · · · ; 0)

(5.2.22)

Mνi0,j0
I(ai; · · · ; aj0+1) =

∑
θα,δ∈{0,1}

(2πi)δ(1+θi0+1+···+θj0 )Iσ
δ
i0
σ
δθi0+1
i0+1 ···σ

δθj0
j0 (ai; · · · ; aj0+1)

(5.2.23)

Mνi0,j0
I(0; · · · ; aj0+1) =

∑
θα,δ∈{0,1}

(2πi)δ(1+θi0+1+···+θj0 )Iσ
δ
i0
σ
δθi0+1
i0+1 ···σ

δθj0
j0 (0; · · · ; aj0+1)

(5.2.24)

If i0 ≤ ir < ir+1 ≤ j0 + 1 or {i0, j0 + 1} ∩ {ir}kr=1 = ∅, Mνi0,j0
acts trivially.

If ir = i0 < j0 + 1 < ir+1,

Mνi0,j0
Iσ

mir−1

0 (ai0 ; · · · ; air+1)

=
∑

θα,δ∈{0,1}

(−1)δ(2πi)δ(θi0+1+···+θj0+1)Iσ
δθi0+1
i0+1 ···σ

δθj0
j0

σδ
j0+1σ

mir−1

0 (ai0 ; · · · ; air+1) (5.2.25)

therefore

Mνi0,j0
Iσi1

σ
mi1

−1

0 ···σik
σ
mik

−1

0 (0; aj1 , 0
pj1−1, · · · , ajl , 0pjl−1; 1)

=
∑

θα,δ∈{0,1}

(−1)δ(2πi)δ(θi0+1+···+θj0+1)

Iσi1
σ
mi1

−1

0 ···σirσ
δθi0+1
i0+1 ···σ

δθj0
j0

σδ
j0+1σ

mir−1

0 ···σik
σ
mik

−1

0 (0; aj1 , 0
pj1−1, · · · , ajl , 0pjl−1; 1)

(5.2.26)

122



If ir < i0 < j0 + 1 = ir+1,

Mνi0,j0
Iσ

mir−1

0 (air ; · · · ; aj0+1)

=
∑

θα,δ∈{0,1}

(2πi)δ(1+θi0+1+···+θj0 )Iσ
mir−1

0 σδ
i0
σ
δθi0+1
i0+1 ···σ

δθj0
j0 (air ; · · · ; aj0+1) (5.2.27)

therefore,

Mνi0,j0
Iσi1

σ
mi1

−1

0 ···σik
σ
mik

−1

0 (0; aj1 , 0
pj1−1, · · · , ajl , 0pjl−1; 1)

=
∑

θα,δ∈{0,1}

(2πi)δ(1+θi0+1+···+θj0 )

Iσi1
σ
mi1

−1

0 ···σirσ
mir−1

0 σδ
i0
σ
δθi0+1
i0+1 ···σ

δθj0
j0

···σik
σ
mik

−1

0 (0; aj1 , 0
pj1−1, · · · , ajl , 0pjl−1; 1)

(5.2.28)

Example 5.2.7. The monodromy matrix of Li3,1(x1, x2) for ν1, ν2, ν1,1, ν2,2, ν1,2 are

respectively

M1 =



1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 −1 1 0 0 0 0

0 0 1 0 1 0 0 0

0 0 0 1 0 1 0 0

0 0 1
2

0 0 0 1 0

0 0 0 1
2

0 0 0 1



, M2 =



1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 1 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 1
2

0 0 0 1 0

0 0 0 0 0 0 0 1


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M1,1 =



1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 −1 1 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1



, M2,2 =



1 0 0 0 0 0 0 0

−1 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 −1 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 −1 1 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 −1 1



M1,2 =



1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

−1 0 1 0 0 0 0 0

1 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1


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