A naive guide to mixed Hodge theory

Alan H. Durfee

Deligne’s mixed Hodge theory is a beautiful, powerful subject which is finding more and more
uses. Unfortunately its complexity makes it rather difficult to learn. This short paper consists of a
few instructive elementary examples and applications collected as I was learning the subject. After
reading this, the reader could go on to a detailed introduction such as [2], and then tackle Deligne’s
papers.

In this paper, I focus on the weight filtration and the fact that its quotients have a pure Hodge
sturcture. This filtration can easily be described in the special cases when underlying space is either
two smooth transverslly-intersecting divisors, a variety with an isolated singular point which resolves
in one blowing-up, or the complement in a smooth variety of smooth codimension-one divisor.

I then give two typical applications of mixed Hodge theory. The first is the invariant cycle
theorem, whose proof uses the weight filtration alone. The second application shows how the mixed
Hodge structure on an elliptic curve with a node determines its analytic type, just as the Hodge
structure determines the analytic type of a nonsingular elliptic curve.

The material of this paper was developed in lectures at the University of Washington, the Uni-
versity of British Columbia and Kyoto University.



1 Hodge theory

Let X be a complex manifold. Choose complex local coordinates
z1 =21+ 11, 20 = Tn +1Un

in some open subset of X. Any smooth complex-valued differential m-form may be written in this
subset as a sum of forms
gdzil /\---/\dzip/\dfj1 /\"'/\deq

of type (p, q), where g is a complex-valued function

th = d.’I)h + ’Ldyh
th — dd)h — 'ldyh

and p + ¢ = m.

Now suppose that X is a complex projective algebraic variety, that is, the zero locus in complex
projective N-space of a set of homogeneous complex polynomials. Suppose also that X is a smooth
complex manifold. Let HP'?(X) denote the cohomology classes in HP74(X) which can be represented
by differential forms of type (p, g). (All cohomology will be with complex coefficients unless otherwise
stated.) A theorem of Hodge [3] says that there is a direct sum decomposition

H™(X)= @ HPY(X)
pt+g=m
for each m, and that

Hp:9 = HIP

Such a direct sum decomposition of H™ is called a pure Hodge structure (HS) of weight m.
The Hodge filtration
H"=F'D>F'>---DF"D>F"!=0

is defined by
FP = PP g HptlLm—p-1 Q- H™0

Thus FP means "at least p dz’s”. The spaces HP'? can be recovered by

HP4 = FP UFd

2 The weight filtration

Now suppose that X is a projective variety which is not necessarily smooth, or more generally, a
quasi-projective variety (the difference of two such varieties). Deligne’s work then tells us what the
(p, 9)-type of a cohomology class on X should be.

Theorem 2.1. Let X be a quasi-projective variety. For each m, there is an increasing weight
filtration
0=W_i1CWpC:-- CW2m:Hm(X)
such that
Gr; = Wi /W1

for each l has a pure Hodge structure of weight I.
Thus Gr; looks like the I-th cohomology group of a smooth projective variety. This weight filtration
has the following properties:



(i). If X is projective and smooth them
0=Wn 1 C Wy =H"(X)

for each m (so H™(X) is of pure weight m).

(it). If X is projective (but not necessarily smooth) then

0=W_,1CWoC--- CWp=H"X)

for each m.

(@ii). If X is smooth (but not necessarily projective) then

0=Wpn1CWpC- - CWop=H"(X)
for each m. Also for any smooth compactification
1 X=X

of X

Wp =7*H™(X)
(iv). It is functorial: For any algebraic map
f: XY

of varieties X and'Y
f*(Wl) cwW;

and f* preserves the pure Hodge structure of weight I on Gry, for eachl. Actually, f* strictly
preserves the weight filtration. One way of saying this is that a sequence of algebraic varieties
and algebraic maps which gives an exact sequence of cohomology groups remains exact after
taking Gry, for each l.

3 Mixed Hodge structure

The more precise version of Deligne’s theorem is as follows:

Theorem 3.1. Let X be a quasi-projective algebraic variety. For each m, there is an increasing
wetght filtration
0=W_,CWpC--- CWQm:Hm(X)

which is defined over the rational numbers, and decreasing Hodge filtration
H™"X)=F'>F'>.-.DF" O F™1 =0

such that the filtration induced by F'® on the l-the graded quotient Gr; of the weight filtration gives
a Hodge structure of pure weight [.

This is called a mixed Hodge structure (MHS) on H™(X). More generally, a mixed Hodge
structure on a complex vector space H consists of rationally defined filtration W, and filtration F'®
which induces a Hodge structure of pure weight [ on the graded quotients of W,.

There are two subtleties to be noticed here. First, the weight filtration is defined over the rational
numbers, and hence fixed under complex conjugation, making it possible to have a Hodge structure
on its graded quotients. Second, the Hodge filtration induced on the graded pieces Gr; actually
comes from a global filtration F'®. This is important in moduli problems §8



4 An example with X compact

Suppose that the algebraic variety X is the union of two projective nonsingular varieties X; and X,
intersecting transversally. In this case, the weight filtration for X can be found using the Mayer-
Vietoris sequence

Pt gm=1(x, 1 X,) S BH™(X) S H™(X) @ H™(X,) 22 H™ (X1 N X,) —

The first term has pure weight m — 1 and the last two terms have pure wieght m. The maps By,_1
and B, are constructed from geometric maps, and hence preserve the (p, g) type of a form. Thus,
assuming that both § and a are maps of MHS, the weight filtration on H™(X) must be defined by

Wm—2=0
Wnmo1 = lmﬂ
W = H™(X)
Then
W—1/Wp—5 2 1imé = coker B, 1

has a pure HS of weight m — 1, and
Wm/Wmfl = ker ﬂm

has a pure HS of weight m, since the kernel and cokernel of a map of Hodge structures have a Hodge
structure.
For example, when dim X; = dim X, = 1, the exact sequence is

0— HY(X;NnX,) = HY(X) —» HY(X,) @ HY(X;) —

and H'(X) has classes of two types: Those of weight 1, which lie in one of the X;’s and naturally
have type (1,0) or (0,1), and those of weight 0 and type (0,0), which come from the intersection of
X3 and X, via Mayer-Vietoris sequence.

e

X3

More generally, if X of arbitrary dimension is the union of may varieties Xy, -« , X, with mutually
transverse intersections, then the above Mayer-Vietoris sequence must be replaced by a spectral
sequence



5 An example with X singular

An example with X is singular
Suppose that 7 : Y — X is a map of algebraic varieties, that & C X is a closed subvariety, and that
7 restricts to an isomorphism of X — % to X — ¥/, where &' = 771(%)

EI
z Y
\ /
X
Under these circumstances there is an exact "Mayer-Vietoris” sequence

— HY(X) - H(Y)® H'(Z) - H'(Z') = H'Y(X) —»

Which may be easily derived by looking at the ladder formed from the exact sequence of the pairs
(X,Z) and (Y,%') and the map between them.

Now suppose that X is a variety with an isolated singular point p and that ¥ = {p}. Suppose
also that Y is smooth and that X' is a smooth subvariety D of codimension one in Y. The above
exact sequence then becomes (m > 0)

— H™(Y) - H™ (D) » H™(X) =5 H™(Y) - H™(D) —
which may be used as in the previous section to deduce the weight filtration on H™(X). The case
when X is a curve is treated in §8
6 An example with X open

Suppose that Z is a smooth projective variety and that D C Z is a smooth codimension one
subvariety. We will find the MHS on the cohomology groups of the open smooth space

X=Z-D
The cohomology of X can be computed useing the De Rham complex of smooth forms, so we let
FP C H™(X)
be those cohomology classes which can be represented by forms with p or more dz’s. Let
1: X —Z
be the inclusion map. In the Gysin sequence
— H™2(D) 2= H™(2) 5 H™(X) & YD) I HY(Z) -

the group H™ 2(D) has a pure HS of weight m — 2 and the group H™(Z) has a pure HS of weight
m. Furthermore, the Gysin map 7, takes a form of type (p, q) to a form of type (p + 1,9+ 1), the
restriction map ¢* preserves Hodge filtration, and the reside map R has the property that

R(F?) C FP1



dz
since it removes a factor of type — from a form. At this point nothing looks right. Now let us change
z

the Hodge structure on H™ 2(D) by redefining a class of type (p,q) to be of type (p + 1,q + 1).
Then H™ 2(D) has a pure Hodge structure of weight m, «,, is a morphism of Hodge structures,
and R now takes FP to FP. As before, we can bow define the weight filtration on H™(X) by

Wpn1=0
Wy = im*
W1 = H™(X)
Then
W /W1 = imi* = coker v,

has a pure HS of weight m, and
Wm+1/Wm = ker TYm+1

has a pure HS of weight m + 1. Furthermore, ¢* and R preserve this weight filtration.
For example, when Z is a smooth curve and

D:{pla"'rpk}

is a collection of points on Z, the sequence is
0 HY(2) S HY(X) & B9D) = 0

The class of weight 1 (and type (1,0) or (0,1)) in H}(X) come from H(Z). The classes of weight
2 in H'(X) are represented by differences of the forms

dz dz

S
Z2—p1 Z — Pk

and have type (1,1).
More generally, if D is an arbitrary codimension one divisor on Z, then the Gysin sequence must
be replaced by the Gysin spectral sequence

7 The invariant cycle theorem

The invariant cycle theorem is a simple application of the ideas developed so far. Let X be a
projective variety, C' a projective curve, and

m: X —>C
a surjective algebraic map. Such a map has only finite number of critical values. Let

C* = C — {critical values of 7}

X*=7"1(C")
.Xt :7'('71(25)
and let
1 Xt — X*
X = X



be the inclusions. Consider the map
H™(X) 5 Hm (Xt S H™(X)
The fundamental group w1 (C*) acts on H™(X:). Let
Hm(Xt)Wl(C*)

denote the elements invariant under this action. Clearly this group is the image of i* in H™(X}).
The invariant cycle theorem states that Hm(Xt)”l(c*) is the image of 7*7*.

To prove this, we note that a class in Hm(Xt)”l(c*) is of pure weight m, and hence pulls
back under z* to a class of pure weight m (since ¢* strictly preserves the filtrations). Now X is
compactification of X*, so all classes of weight m on X* are restrictions of classes on X.

This theorem is false when C is a disk and X is not a Ké&hler manifold

8 Mixed Hodge structure and moduli
Mixed Hodge structure and moduli

We will now show, more or less, how the mixed Hodge structure on an elliptic curve with a node
determines its analytic type, just as the Hodge structure on a nonsingular elliptic curve determines
its analytic type. For further details, see [1]

Let Y = C/L be a smooth complex curve of genus one defined as the quotient of C by the lattice
L C C generated by 1 and some complex number y with positive imaginary part.

Let p: C —» Y be the projection map. Let

D = {p(0), p(2)}

and let X = Y/D be the singular curve defined by identifying the images in Y of the origin and
some point z in the parallelogram spanned by 1 and y. Let

a,ﬁ,’)’ € Hl(X’Z)

be homology classes defined by the images of the line segments runing from origin to 1,y and z

respectively.
Y
p(0)
o (=
p(z)
1
[r ¥
T
=)
X
Let

o*, B, y* € HY(X;7Z)

be their duals (so that a* integrated along a is 1, etc.). These form a basis.



The MHS on X is determined as in §5: The exact sequence is
0— B°D) % HY(X) = HY(Y) — 0

The space H°(D) has pure weight 0, and H!(Y") has pure weight one, so the weight filtration is
defined by

WoH'(X) = im ¢+ = subspace spanned by v*
WiHY(X) = HY(X)

Thus
W, = H°(D)

has a pure Hodge structure of weight 0, and
Wi /Wy = HY(Y)

has a pure Hodge structure of weight 1.

Here knowledge of the Hodge structure on the quotient W7 /Wy is not enough; we need the Hodge
filtration F! on all H(X;C). Let F! be the cohomology classes of holomorphic forms on the regular
points of X which are square integrable; these are exactly the homolomorphic forms w such that
m*w extends to a homolomorphic form on Y. The one-dimensional spaces F! and Wy in H*(X)
intersect only at the origin. Furthermore 7* preserves the filtration F'®.

Let

we F'c HY(X)

be a generator. Since (7p)*w is a constant multiple of dz, we may assume without loss of generality
that
(mp)*w = dz

In therms of the basis a*, f*,v* of H'(X;C) we have

= ([2)o () ()1

Where
1 1
/w:/ (ﬂp)*w:/ dz=1
a 0 0
y y
w:/(wp)*w:/ dz=1y
B 0 0
and

/Qw:/oz('/rp)*w:‘/ozdz:m

Thus the positions of the one-dimensional complex space F' and the three dimensional lattice
HY(X;Z) inside H!(X;C) are related to z and y and hence the analytic type of X.

9 Biliography
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